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S

Two Basic Limits

o lim A=A, where A is a constant
x—cC

e lim x =c, ¢ areal number
x—=C

e Limit of a Root: lim {/ f(x) = n/limc fx)
X=C e

provided f(x)>0if n>2is even

m/n
* Limit of [{@I™": lim[ £ (1" = [1im f(x)}

Properties of Limits
If f and g are functions for which lim f(x) and lim g(x) both exist,
x—c x—=c

and k is a constant, then
o Limit of a Sum or a Difference:

lim[f(x) £ g(x)]= lim f(x) % lim g(x)

x—C x—=c x—=c
¢ Limit of a Product: JEini[f(x) -g(x)]= lim f(x) - lim g(x)

=¥ XxX—>c xX—>C
¢ Limit of a Constant Times a Function: lim[kg(x)] =k lim g(x)
X—=C xX—C
o Limit of a Power: lim [ f(x)]" = [lim f(x)] "
X=>C X

where n > 2 is an integer

provided [ f (x))™/" is defined for positive integers m and n

[f(x)] e

e Limit of a Quotient: ll_r’n Rﬁ = Tm g5)

c
provided lim g(x) # 0
X=»C

¢ Limit of a Polynomial Function: lim P(x) = P(c)

o Limit of a Rational Function: lim R(x) = R(c)
¥ o

if ¢ is in the domain of R

[12]Assess\youn Understanding

Concepts and Vocabulary

1. (a) lm‘z (-3)= ; (b)) limz = 19. lim +/5x —4 20. lim+/3:+4
— x—0 4 x—3 =2
2. Ifli =3, then li P
B Fex) en B f ()] 21, limy (/G +3) 0 +4)] 22 lim (/G + D@ =D
—> t——
3. If lim f(x) =64, then lim S fx)= "
. 23. li i 13
4@ lmr=____ () limx= B U B 0264
xX—— x—e
5. (@ lim(x—2)=—__; (b) lim G+x)= 25. lim [41(r + 1)]?3 26. lim (x2 —2x)3/5
x—0 x—>1/2 —-1 x—0
6. (@) lim (—3x)= ; lim (3x) =
x—>2 ) ®) x—>0( %) 27. lim (3[2 —2t+4) 28. lim (—3x4 +2x+1)
7. True or False If p is a polynomial function, . s
then lim p(x) = p(5). 29. lim (2x* —8x% +4x - 5) 30. lim (27x3+9x+1)
8. If the domain of a rational function R is {x | x # 0}, 7 =y
then lim R(x) = R( ). 5 T x*+4 —_ x2+5
i . lim
9. True or False Properties of limits cannot be used for one-sided FH ofE 23 N3
limits. 3
2x° 4+ 5x 2x4 —
D(x+2 33. S g = — 1
10. True or False If f(x)= (x_-l'x_)f‘l_"'_) and g(x) =x +2, then - x>-2 3x -2 & xh_,m, 3x3 42
xl—i>n-11 fx)= Xliml g(x). . 2 _4 2
~- ) 35. lim . 21
a =2 x—2 36. xl_l,n_lg x2— 4
Skill Building x3—x 3442
In Prob imit usi - esoflimits, o . Jlim 50
ems 1144, find each limit using algebraic properties of limits. ==lx+1 x>-1 x2—1
1. lim [2(x + 4)) 12, lim 3¢+ D)) 39, tim -2, 16 i gl 2% 8
x—— % _
13 g —>-8\x+8 x+8 . P_,mz x_z—x_z)
5 lim xGx-D(x+2)] 14, lim [x(x —D(x+10)]
x—>—
. AGE ) . \/—— \/5 —
15 lim (31 — 2)2 16. lim (—3x +1)2 Al L e 4. tim Y223
= x—0 =2 x=2 =3 x—3
17, ji 1 =
lim (3/) 18. lim (Zé/i) 43. lim YX+5-3 Vx+1-2
b I S AG D i g 22

=3 x(x— 3)
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In Problems 45-50, find each one-sided limit using properties of
limits.

45. lim (x2—4) 46. lim (3x%+x)
x—>3~ x—2+
2 2_9
47, lim 2 48. lim =
>3- x—3 =3+ x—-3

49. lim (v/9-x2+4x)? 50. lim (2v/x2 4+ 3x)
x—>37 x—2

In Problems 51-58, use the information below to find each limit.

lim f(x)=5 lim g(x)=2 lim h(x) =0
X—=>C X—>C X—=>c

lim £ (x) ~ 3g(x)]

, 69. f(x)=3x2+4x+1

63 f(x)———2x2+4, c=1 64. f(X)=20—0.8x2, c

65. fFx)=+x c=1 66. f(x)=v2x, c=5
. xX)= 5 =

it of the difference quotient for eqcy
67-72, find the limit of

In Problems s o e

g

h
68. f(x)=3x+5

function f. That is, find '}1_1:%
67. f(x) =4x—3
70. f(x)=2x*+x

2 =2
T fe == 72. f)=23

51. 52, limc [5f(x)] In Problems 73-80, find lim f(x) and XHT+ f(x) forthe
y x—>c” P 5,
; ; d on the results, determine whether lim f(x)
53. lim g0’ 54 T f(x) given number c. Base X-sc
P x—c g(x) —h(x) exists.
. hx) -3 if x<I1
55. lim —X) 56. lim [4f(x) - g(x)] _JBd b xEL e
x—>c g(x) , x—=>c 3. f(X) - 3—x lf X. = 1
1
57. lim |— 58. lim /5g(x) — Sx+2 if x<2
x> [g(x)] LR 74, fay=4 T2 0 atc=2
143x if x>2
In Problems 59 and 60, use the graphs of the JSunctions and properties 3x—1 if x<l
of limits to find each limit, if it exists. If the limit does not exist, write, 75. f(x)= 4 if x=1 atc=1
“the limit does not exist,” and explain why. i
2% if x>1
$9. @ lim [£(x)+g(0)] A=l z<l
xX—>
. y . 76. f(x)= 2 if x=1 atc=1
(b) P_rg {f(x)[g(x) —h(x)]} 10+ y=f) 2x if x>1
(© lm[f(x)-g(x)] . o= { *—1 if x<l
) vx—1 if x>1 ate=1
(GY) llH‘l‘ [2h(x)]
xX—>
9—x2 j
© lim g(x) 24 78. f(x)={ F T bexep atc=3
x4 f(x) 4,0) , x2-9 if x=3 -
® lim 2 N " T2 it s
= = - x
£+4 ) /B,-2) y=30) . fx)=4 x-3 # atc=3
6 ' 6 if x=3
- (a) lli%{2[f(x)+h(x)]} x=2 e
. - 2 _ I x3#2
(®) lim [g(x) +h(x)] 80 fOy=q -4 ? atc=2
x—3~ -
1 if x= 2
c3
© lim {/hCx) Applications and Extensions
Heaviside Functi e et
. f) ; 1CHONS  In Problems g e
@ }1313 h(x) exists, of the glvg i I-ZeGVisidefunction atazd e e
: 3 ; 81 u(t)= L ¢ =]
©) P_rg[h(x)] 3 = 1) {l if r>p Ae=1
® 1 - 3/2 -24 _ .
D lim(f () ~ 2n ey 1 B, —2D"_y = h(x) 82. us(t) = {0 if <3
1 if > atc=3
fln Prroblzms 6166, for each Sunction f, find the limit as x =3
O
ﬁf:i aches ¢ of the average rate of change of f from c to x. That is, In Problems 83-9;, find each lim;;
N 6 ) L )
i T0 = £ BolmT——" a4 iy VTR e
x—>c X —@ 1 ’ h—0 %
6L f(x)=3x2, c=] 85. limXth x . 1
62. f(x)=8x3 c=2 e 86. lim m‘ﬁ
h—Q TTT——
h
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Section 1.2 « Analytic Techniques for Finding Limits of Functions 101

1 1 1 . 2 1 1
g |2 F e 88. 1 .
g7. lim [x (4+x 4)] o [x+1 <3 x+4

x—1 90. lim —>—2
8. I 23 T a-2/x12-2
w3 =3x24+3x—1 02 lim X34+ 7x2+15x+9
. ox=3x43x—1 g T PRI
91. im—7 o ¥l x>0 X2 +6x+9

93, Cost of Water The Jericho Water District determines quarterly
water costs, in dollars, using the following rate schedule:

Water used
(in thousands of gallons) Cost
0<x<10 $9.00
10<x<30 $9.00 + 0.95 for each thousand
gallons in excess of 10,000 gallons
30 <x <100 $28.00 + 1.65 for each thousand
gallons in excess of 30,000 gallons
x> 100 $143.50 + 2.20 for each thousand

gallons in excess of 100,000 gallons

Source: Jericho Water District, Syosset, NY.

(a) Find a function C that models the quarterly cost, in dollars, of
using x thousand gallons of water.
(b) What is the domain of the function C?
(c) Find each of the following limits. If the limit does not exist,
explain why.
li lim C i i
Lo - Sm o Jmend Ty o)
(d) Whatis lim C(x)?
x—0*t
(e) Graph the function C.
94. Cost of Electricity In January 2019, Florida Power and Light

charged customers living in single-family residences for their
electric usage according to the following table.

Monthly customer charge for electricity:

$7.98 per household, plus
$0.08692 for each kWH used less than or
: equal to 1000 kWH, plus
$0.10708 for each kWH used in excess of
1000 kWH

Source: Florida Power and Light, Miami, FL.

(a) Find a function C that models the monthly cost, in dollars, of
using x kWH of electricity.

(b) What is the domain of the function C?
(¢) Find im C(x), if it exists. If the limit does not exist,
explain why.
(d) Whatis lim C(x)?
x—0t

(€) Graph the function C.

95. Low-Temperature Physics In thermodynamics, the average
molecular kinetic energy (energy of motion) of a gas having
molecules of mass m is directly proportional to its temperature T
on the absolute (or Kelvin) scale. This can be expressed as

3
S )
S = 5T, where v=u(T) is the speed of a typical molecule

at :
ttime s, and & is a constant, known as the Boltzmann constant.

96.

97.

98.

99.

100.

101.

102.

103.

104.

Challenge Problems

105.

106.

107.

108.

109.

110.

111.

(a) What limit does the molecular speed v approach as the gas
temperature T approaches absolute zero (0 K or —273°C
or —469°F)?

(b) What does this limit suggest about the behavior of a gas as
its temperature approaches absolute zero?

3x+5 ifx<2

For the function f(x) = { {4 eet fr>2’ find

. fe+h—-f2

(@) lim —————
h—0~ h

. fe+h-f2)

® i, S

fe+n-f@
h

(¢) Does lim exist?
h—0

ifx>0 ; _
Use the fact that |x| = {Jf-x i x : 0 to show that ll_l')l}) |x|=0.

Use the fact that |x| = \/;5 to show that 11_13) |x| =0.

Find functions f and g for which linc [f(x) + g(x)] may exist
even though ll_’rli‘ f(x) and P-'Pc g(x) do not exist.

Find functions f and g for which P_)mc [f(x)g(x)] may exist even

though lim f(x) and lim g(x) do not exist.
X=>C xX—>C

e

may exist even
8(x)

though lim f(x) and lim g(x) do not exist.
o X=—+C

Find functions f and g for which lim [

X—>C

Find a function f for which lim | f (x)| may exist even
X=>C

though lim f(x) does not exist.

X=>C
Prove that if g is a function for which lim g(x) exists
X—»E
and if & is any real number, then lim[kg(x)] exists
X=>C
and lim[kg(x)] =k lim g(x).
X—c X—C
Prove that if the number c is in the domain of a rational

on Ry = PP tren tim RCe) =
function R(x) = preny then leC R(x) = R(c).

) ) n_ gt
Find lim , h a positive integer.
x—=a X —a
x’l n
Find i e .
n x_l»l'(_'la . n a positive integer.
Fiud T itive i
ol Py m, n positive integers.
Ko
Bind i 2T ¥ -1
x—0 b
v (I+ax)(1+bx)—1

Find lim
x—=0 X

\/(1 +aix)(1+axx) - (1+apx)—1

Find lim
x—0 X
s h)— (0
Find ’{%w if f(x)=x|x|.

e




I{“hm‘ Py UL TRE, T O R K It VG KOO | AL LI UG IO 111V A st \*‘/

102 Chapter 1+ Limits and Continuity
(‘Preparing for the %

AP® Practice Problems
ax2 —5 lfx <2
1. Consider the piecewise-deﬁrzled f:nction f lgiven by 5. Forg(x)= x4 b ifx> 2
—k v 1 X < — . —
m g(x)="7.
fl)= x? if —1<x<2 find values for a and b 0 that jl—»zg(
—4x+12 if x>2 A) a=1,b=5 (B) a=2,b=3
InYesﬁgate the limits below and decide which limit does NOT ©) a=3,b=1 (D) a=6, b=-5
exist.
. : . 2 =

@ lm f@) @) lim [ 6. x5T+(5m+ 3x)

© lim f(x) @) lim f() @) -2 (® 0 (O 12 (D) Thelimit does not exis
o, o 5= - Jf@P =843 504 £(x)>0forall x
(%) 2 lim=—= (&) 7. 1 lim /L2 =9and f() 2

@A -5 ®0 ©1 OS5 find lim2 fx).

.o fx) = f(2) . 16 D) 256

E 3. Find P_r}lz 7 for the function f(x) =3x3 —4. (A) V22 (B) 24/10 © D)

A0 ® 12 (24 (D) 36 8. limlx~1/2(5x = 7)!7] =
PAGE s xX—S _ 2 8
() 4 lim == W32 B g © g D) 67

(A)2s (B) 2J/s (C) V25 (D) s

1.3 Continuity

OBJECTIVES When you finish this section, you should be able to:

1 Determine whether a function is continuous at a number (p. 103)
2 Determine intervals on which a function js continuous (p. 106)

3 Use properties of continuity (p. 108)

4 Use the Intermediate Value Theorem (p. 110)

possibilities
% y
| y - _
Y= L Y=/ 2@ y s ,
]
i | | i/ L y=f0
! ! i , i
I
: |
/ [e.f /[ tese | . /7
[} I \
; i |: / f(c, £ ) ;
c X ——
‘ * : T — |
li =1 = . . X ——
(a)xi’,“c_f 69} xhi“c! ™) = f(c) (b)x'l,m S =x11)m fO#f©) () lim f(x) = lim f(x) B . :
c ct P ! .m f( -
. f(c) is not ;;i:ed. e ? xlir»réf ) (e) lim f(x) # lim f(*)
Figure 21 flo)is defined, X—c~ x—et
f(c) is not defined.




