62 Chapter ! Limits and Their Properties

Section 1.3 Evaluating Limits Analytically

1.
@ lim h(x) = 0
() lim h(x) = -5
2. 1w
L\._.—‘~\-——|_
12(Vx - 3)
&) = x-9
(a) ll_l;ri g(x) =24
(b) 11_1)1}) g(x) =4
3. 4
F(¥) = xcosx
(@) ll_f’f(l) f(x) =0
(®) lim (x) ~ 0524
™
. 6
4. 10
-5 / 10
-10
J@) = t]r - 4
(@ llgfi =0
® 1 10 - -
f 5 lmx =2 =3

x—->2

6. lim x* = (-3)* = 81
x—>=3

7. lim (2x - 1) = 2(0) - 1 = -1

x—>0
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24,

- Jim, (4 3x) = (37 3(-3) = 9 - 9

lim4(2x+3) =2(-4)+3=-8+3=_5

I
(]

i -3' =-—3 = - = .7
.ll_)né(x+l) (=2) +1 8+ i

2(=3)" + 4(=3) + 1
18-12+1=7

1

z11)1':_13 (2;:2 + 4x + l)

Il

lim (25 - 6x + 5) = 2(1)’ - 6(1) + 5

x->1

=2-6+5=1

lim3\/x+ =3+1=2
x—>

liné M2x +3 = 31202) + 3
xX—>
=32413 =327 =3

’ . 2 2

Jim (x +3)" = (-4+3)" =1

. _ 4: _ 4=_ 4=
11_1}1(1) (3 2)" = (3(0) 2)" = (-2 16
liml=l

2 x 2

. 5 5

lim = = ——
*>-5x+3 -5+3 2

lim et 1

>lxt 4 1244 5
ﬁm3x+5=3(l)+>=3+5=§:4
=1 x + 1 1+1 2 - 2
2 ) 2

=7 [x + 2 V7+2 3

lim Y**+6 _V3+6 _ 5 3
¥=3 x + 2 3+2 5 5

@ limf{x)=5-1=4
() lim g(x) = 4* = 64
(© limg(7(x)) = g(/(1)) = g(4) = 64

x—>1
@ lm f(x) = (-3)+7 =4
(b) lim g(x) = 4 = 16

© Jim 8(4(5) = ¢(t) = 16
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26. (2)
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7.

28.
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39. (a)
®)
()

(@

lim sinx =

x—>7af2

lim tan x =

x>

tim{ (5] = [hm f(x):} 4’ =

lim f(x) = 4 - 1=3
h:m3 g(x) = 3+1
lim g(/(x)) = ¢(3)
2(42) - 3(4) -+
V21+6 =3

g(2 1) =

]
N

It
™o

lim f(x) = 1= 2]
x—>4
Jlim g(+) =

lim g(/(x)) =

sin

oS
]

tanz =0

1
2
hm|:5g(x):| 5 lim g(x)
lim[f(x) + g x)} = limf(x) + ll_)mcg(x) =
lim[ el)] = [:llm ()] [limg(=)] = (3)2)

. f(x) _ hmf(x)

egx) lim g(x)

3+2=5

1t
o

=3
2

lim[47(x)] = 42) = 8

x=>c

i 7(x) + g(x)] =

4lim f(x) =

limf(x) + limg(x) = 2 + > =
X—=c xX—=c

hm[ f()e(x)] = [lxm S x)][llm g(x)} = (%) 23
lim f(x) 2 8

“ime() " G/4) 3

X~—3C

Jim7(x) =

3hmf x)

= [im )] = (@) = s

lim,/f(x) =
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lim[3/(x)] =

il
(%%
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N
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30.

31,

32.

33.

4.

3s.

36.

40. (a)

Section 1.3 Evaluating Limits Analytically

lim sin — = sin ——=
x—=2
lim sec 2x = sec 0 = 1
x=0
lim cos 3x = cos 37 = ~1
X
. . b4 1
Hm sin o = sin — = —
x—>57/6 6 2
. St i
lim cosx = cos — = —
x-»57/3 3 2

,_,
=
]

. TX
lim tan| — | = ta
x—3 ( 4 j 4
23

. X T
lim sec] — | = se¢c — = ——
x—>7 ( 6 j 6 3

lim3/f(x) = Ylims(x) = /27 =3
o im0 021 3
x—c |8 lim 18 18 2
2 2 2
© lim[f(x)] = [liin_f(x)] = (27)" = 729
(@ lim[ S = [l.im: f(x)J = 27" =
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41.

f(x) - x% + 3x -= x(xx+ 3) and g(x) = x43

X

agree except at x =

ll_f)l’(l)f(x) = lx_r)rz)g(x) = ETo(x +3)=0+3=3

5

-~
e
=

(x? - 5)
x2

4 _ 2
2. f(x) = x 25x = and g(x) = x* - 5
1
agree exceptat x = 0.

i 3 1 = i 2 _— = 2—' = -
lim f(x) = lim g(x) l:glo(x 5=0-5=-5

8. 1(x) = );2;11 & +xl?£xl— 1) and

g(x) = x - 1agree exceptat x = 1.

lim /(x) = lim g(x) = lim(x~1) =-1-1= -2

2 — —
b f) =B rIo2 e2Eon
x+2 x+ 2
g(x) = 3x - 1 agree exceptat x =.-2,

d

lim2 f(x) = ling(x) = lim2(3x -1
3(-2)—1=-7

23

45,

46.

47.

48.

49.

50.

51,

3
fx) = = 5 and g(x) = x* + 2x + 4 agree except
x —
at x = 2,
. o e
lim 7 (x) = il_)n'ég(x) = ll_)n;(x +2x + 4)
=224+22) +4=12
12
/
|y
"
-9 9

41 -

S(x) = T and g(x) = x? - x + 1 agree except at
x

x = -1,

. o o (a2

A 0) = fimg(s) = fim(s* -5+ 1)

CYP-D+1=3

lim = lim = lim I - = -]
x—)OxZ—x _x—)O_x(x--]) x50y — ] 0-1
. 2x . .
lim 5 = lim = lim
¥20x" + 4x  xo0x(x + 4) xoo0x 4+ 4
-2 _2_1
0+4 4 2
lim2 =4 _ o x-4
>dx? ~ 16 ¥>4(x + 4)(x - 4)
. 1 1
= hm = A = -
>ix +4 444 8
lim— =% _ iy (= 5)
*>5x% =25 xos(x - 5)x + 5)
- -1 1
= lim = = e
~>5x+5 545 10
2 - -
lim X X6 (+3)x-2)
=3 x2_9 #>-3(x + 3)(x - 3)
. o Xx—2 -3-2 -5 5
= lim = =" ==
¥™3x-~3 -3-3 -6 6
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=2t 4)

so2x2 —x =2 x—>2(x - 2)(x + l)

.x+4 2+4 6
= lim = =—=2
x»2x + 1 2+1 3

Jx+5-3 oA x+5-3 A/x+5+3
m

= lim

=4 x -4 >4 x -4 ‘\/x+5+3

(x+5-9 1 1 1

= lim = =
hx-)Vras+3) x5 +3 943 6

CNx 1 =2 x+1+2 x=3
1m .

=l =]im

x—rg x -3 x=3  x -3 Nx 142 ""3(x—3)[\/.x+1+2]

1 1
= lim = = —
=ifx+1+2 Ja+2 4

\/x+5—\/§ lim\/x+ _\/5 \/x+5+\/§

x ¥0 x NN

S CLk) N S B S
""ox(\/x+5+\/§) H0x+5+5 545 25 10

NCIIESNG) hm\/2+x—\/_2__\/2+x+\/§

xl_r)rz) x x>0 x 2+ x 2
o me2tX=2 1 __ 112
'x->°(\/2+x+\/§)x =02+ x+2 V2442 22 4
1 1
lim3*tx 3 _ imi:M - e hm——t =P _ 1
x>0 x =03 + xP3(x) =03 + x)3)(x) =03+ x)3  (3)3 9
11 4-(+4
liml—i_—z— = [jm_thi)__
x>0 X x—0 X
. -1 -1 1 )
= lim————— = — = ——
—0d(x + 4) 44 16
1imw o i X 20x - 2x lim& = Hm 2 = 2
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
N2 2 2 _ 2
fim G 0) =X 2k (A) - A2y A lim (2x + Ax) = 2x
Ax—0 Ax—0 Ax Ax—0 Ax Ax—0

lim

(x+Ax)2—2(x+Ax)+1—(xZ-2x+l)

i X+ 2xAx + (Ax)’ - 2x = 2Ax + 1 - x? + 2x — 1
m

Ax—0

)

Ax Ax—>0 Ax
lim (2x + Ax - 2) = 2x ~ 2
Ax—0

I

33 3 2 2 3 _ .3
lim(x+ ) x =]imx +3xAx+3x(Ax)+(Ax) x
Ax—0 Ax—0 Ax
AX{3x? + 3xAx + (Ax)
= lim ( (s) = Jim (35 + 3x&x + (a2)°) = 342
Ax—0 Ax Ax—0
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Chapter 1 Limits and Their Properties

i i 70. limg s = r(-1) = -
im0 x _ o (sin xY1Y] (1) n_1 ¢_m¢ ec ¢ = z(-1) v 1
x>0 5x x—0 X 5 5 5

cos x
71. lim = lim sinx = 1

3 1 - I - 7, X—=m
im (1 - cos x) _ lim[S[( cos x))] - (3)0) = 0 , x->a/2¢0t X /2
x>0 x x—=0) x

7. lim 1 - tan x - lim CO$ x — sin x
lim sin x(1 — cos x) _ ]im[Sin x 1- cos x] " x-a/asin x ~ cos x x—n/4sin x cos x — cos? x
¥-0 x? x>0 x x - im ~(sin x ~ cos x)
=(0)=0 x=7/4c0s x(sin x - cos x)
. = lim —
lim cos & tan & = lim sin & -1 x> 1/400S %
60 a 80 @
- = _Hm/4(—-sec x)

. 2 .
lim 3 E o lim[sm % sin x] = (I)sin 0 = 0 = -2
x=0 x =0 x

- . osin3t . (sin3r)'3) 3y 3

limtanzx - lim sin® x - |im| DX sinx 73. ,“_{r(‘, Y ,“_'f(‘,( 3 J(E = (1)(5) )
£>0 x 0xcos?x  x0 x  cos®x

(X0) = 0 74, 1imSR2% _ lim[Z(Sin Z"JHL 3x J

x—08in 3x x0)
1- ¥ -
fim 0008 A) lim[l COSR1  cos h)]
h—0 h h—0 h

(0)0) = 0
iii-

I

N

T
/z\\
W | —
\.R/

—

N’

fl
Wi

Sx) =

x -0.1 -0.01 | -0.001 |0 | 0.001 | 0.01 0.1
J(x) | 0358 | 0354 | 0354 |2 | 0354 | 0353 | 0349

It appears that the limit is 0.354.

2

e
-3 3

-2
The graph has a hole at x = 0.

NEY I

i YEt2-v2 xi2+42
x>0 x Vx+2+2
ClmXt2-2 1 1 #

1m =
""’°x(\/x T2+ JE) =0y +2+2 22

Analytically, lim
x>0

~ 0.354.
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4 - /x
76. f(¥) = —— ¢

x 15.9 15.99 15.999 | 16 | 16.001 | 16.01 16.1

f) | -0.1252 | -0.125 | -0.125 | 7 | -0.125 | ~0.125 | -0.1248

It appears that the limit is ~0.125.

-1

The graph hasahole at x = 16.

Analytically, i 2% _ fim (4~ ) = lim——t =1
Y Y x=16 x — 16 ,\—716(\/; + 4)(\/: ) ,\-—rl()\/; + 4 8
ot
7. f(x) = 2E3 2
X
x -0.1 -0.01 | =0.001 { 0] 0.001 | 0.0 0.1

f&) | -0.263 | -0.251 | -0.250 | ? | ~0.250 | -0.249 | —-0.238

It appears that the limit is —0.250.

)

-5 el

3

-2

The graph has ahole at x = 0.

1
- -5 2-(2 - :
Analytically, lim2+% 2 — T GO R SUUPRS SET O S §
20 x a0 22+ x 02241) x w022x) 4
. x° =32 -
18. x) = ———— .
| f () = ——
x 1.9 199 | 1.999 |1.9999 | 2.0 | 2.0001 | 2.001 |201 |21

Sx) | 7239 | 7920 | 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.

- The graph has ahole at x = 2.

5 _ x = 2)(x* +2x* + 4x> + 8x + 16
Analytically, limZ 32 _ lim( )( ) = lim(x4 +2x + 4x% + 8x + 16) = 80.
x=2 x — 2 x—2 x -2 x=2

(Hint: Use long division to factor x* — 32.)
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sin 3¢
t

79. f(¥) =

t -0.1 | -0.01 -0.001 |0 ] 0.001 | 0.01 0.1
S | 296 | 29996 | 3 713 2.9996 | 2.96

It appears that the limit is 3.
4

nd 5'& oets

TV
1

The graph hasahole at ¢ = 0.

Analytically, imS%3 ~ jim 3(5“" 3’) = 3(1) = 3.
-

[ t—0 3¢
cosx — 1
.80. = —
f(x) 2x2
x -1 -0.1 -0.01 | 0.01 0.1 1
JSx) | 02298 | —0.2498 | —0.25 | -0.25 | —0.2498 | —0.2298
It appears that the limit is —0.25.
1
- ._“__“_—«-_d__‘_’;“_ au
-1
The graph has a hole at x = 0.
— 2 p—
Analytically, cos x2 1 _cosx + 1 _ (;os x -1
2x cosx +1  2x%(cos x + 1)
_ —sinZx
2x%(cos x + 1)
sin® x -1 -

2 2(cos x + 1)

.| sin® x -1
lim .

-1
=ll—|=-—=-025
x>0 x*  2(cosx + 1) (4)

-
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"81. f) =

x -0.1 -0.01 | -0.001 | 0 { 0.001 | 0.01 | 0.1

f(x) | =0.099998 | —0.01 | -0.001 | ? | 0.001 | 0.01 | 0.099998

It appears that the limit is 0.

1

il lﬁn '\I’(flf.i

~2% WYL U | U [RL
)
i

IS
B

The graph hasahole at x = 0.

. . sin x? . sin x?
Analytically, )l{l_l)‘l‘é = ll_r)ra N == 0(1) = 0.
sin x
82. f(x) = —=
x -0.1 -0.01 -0.001 | 0 | 0.001 0.01 0.1

£ | 0215 | 0.0464 | 0.01

-~

0.01 0.0464 | 0.215

It appears that the limit is 0.

n

-3

0.

= 1im /¥ (sm ") = (0)(1) =

it

The graph has a hole at x

Analytically, lim>=

%’& E x—)O{/; x—=0
o 3 pim JEFA) - S) o S AY-2-(Bx-2) L x4 3Ax-2-3x42 A
i Ax—>0 Ax Ax—>0 Ax Ax—>0 Ax Ax—0 Ax A
i LG+ &) = /(x) lim[—é(x+Ax)+3]—[—6x+3] oy 6%~ 6Ax + 3 + 6x -3
. Ax—0 Ax Ax—0 Ax Ax—0 Ax
= i = lim-6) =6

lmf(x+Ax)—f(x)= lim(x+Ax)2—4(x+Ax)—(x2—4x)= limx2+2xAx+Ax2—4Jc—4Ax—x2+4x

Ar—0 Ax Ax—0 Ax Ax—0 Ax

2 + Ax - 4
e CALLLE lim (2x + Ax — 4) = 2x — 4
Ax—0 . Ax Ax—0
limf(x+Ax)—f(x) tim \/x+Ax \/_ ]im\/x+Ax—\/;.\/x+Ax+\/;
Ax—0 Ax Ax—>0 Ax—0 Ax \/x+Ax+\/;

. X+ Ax - x s 1 1
= lim

= llm =
A"—"’Ax(\/x + Ax + \/I) a0y + Ax + x 2Ux
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~1

S~ 7
-05 \ ',' ;/f 0.5
/.
-05
limjxsin—| =0
x—0 X

94, h(x) = x cos 1 -
X

0.

2
TS

95. (a) Two functions J and g agree at all but one point

_I_J:O
X

lim(x cos
x>0

-0.5

~0.5

70 Chapter 1 Limits and Their Properties
87. limf(x+Ax)-f(x)=limx+Ax+3 X+ 3
Ax—0 Ax Ax—0 Ax
Lo XF3-(x+ A+ 3)
= lim L
420 (x + Ax +3)(x + 3)  Ax
= lim A
a=>0(x + Ax + 3)(x + 3)Ax
= lim -1 =
4-0(x + Ax + 3)(x + 3) (x +3)
1 1
- (v + A2 7
s jm Lt ) - 10) . G Ayt
Ar—0 Ax Ax—0 Ax
2 2
= m I A b+ ?x)
420 x3(x + Ax)*Ax
a7 =[x+ 2xAx 4 (Ax)?*]
= lim
&x—0 X(x + Ax)*Ax
. =2xAx - (Ax)’
= lim 5 3
A0x%(x + Ax)?Ax
= lim 2o A_ 2x 2
a-0x%(x + Ax)? x* x
Lo . . 2
89. lim(4 - »*) < limf(x) < lim(4 + x2)
4 < limf(x) < 4
Therefore, liIT(l) f(x) = 4.
90. lim[5 ~|x - af] < lim f(x) < lim[b +|x - af]
b<limf(x) <
Therefore, lim f(x) = b.
X—a
91. f(x) =|x|sin x
6
AN Z.
6
lim|x|sinx = 0
x>0
92. f(x) =|x|cos x

6

E

N

-6

2m

\

lim|x|cos x = 0
x>0

(on an open interval) if f1 () = g(x) for all x in the

interval except for x = ¢, where ¢ is in the interval,

= 1.

g(x)

(Other answers possible.)

x + lagree at all points except x
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299, f(x) = x, g(x) = sin x, h(x) =

100, () = x g(x) = sin® x, h(x) =

" 96. An indeterminant form is obtained when evaluating a

limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

for which lim f(x) = lim g(x) =0
x—e x->c

Section 1.3 Evaluating Limits Analytically

71

97. If a function j is squeezed between two functions & and
g h(x) < f(x) < g(x).and / and g have the same limit

Las x — ¢, then limf(x) exists and equals L
X=c

.>98, (a) Use the dividing out technique because the numerator and denominator have a common factor.

2 _ -
x* + x 2= lim(x+2)(x 1)

xl)-z x + 2 x—>-2 X + 2
= lm(x-1)=-2-1=-3

(b) Use the rationalizing technique because the numerator involves a radical expression.

Vx+4 -2

\/x+4—2_\/x+4+2

li = lim
x!i% x x>0 X \/X +4 +2
- lim (x+4)~-4
""’Ox(\/x + 4 + 2)
= lim ] !

sin x

1

~

f
g h
N ?‘xi;.

-3

When the x-values are “close to” 0 the magnitude of f is

approximately equal to the magnitude of g. So,
lg|/| /|~ 1whenxis “close to” 0.

sin? x

TN A

.
h "'u_:?/

A.

-2

When the x-values are “close to” 0 the magnitude of g is
“smaller” than the magnitude of /" and the magnitude of
g is approaching zero “faster” than the magnitude of /.
So, |g|/| /|~ 0whenxis “close to” 0.
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~x+4+2 h+2

101, s(r) = -16:% + 500

~16(2)" + 500 - (~16:> + 500)

lim = lim
-2 2~ =Y 2 —t
’ . 436 + 16 — 500
= [im——mm———
-2 2-—-t¢
161> - 4
L Gt
-2 2 -t
16(t — 2
16 =2+ 2)
=2 42 -t
= lirr;-lé(t +2) = —64 ft/sec
-

The paint can is falling at about 64 feet/second.
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102. s(r) = —-16t* + 500 = O when ¢ = % = #sec. The velocity at time a = %is

S ﬁ i s(t)
2 0- (-16:2 + 500)
lim = lim —> "/

BT

=5 =2 =

5
? 2 2

16(:‘2 - 1_22)
4

160+ == - 22
= lim 2 2
H(ws) 5v/5
: 2 !

> ﬂ = —~80~/5 ft/sec

|
=
|
=
o~
+
W
’ S

~ —178.9 fi/sec.

The velocity of the paint can when it hits the ground is about 178.9 fi/sec.

103. s(r) = ~4.9% + 200
_ -4.9(3)* + 200 — (~4.9/2 + 200
i@ = 5) _ . —49G)" + 200 - (4.9 + 200)

-3 3 -y 1—3 3—¢

2 —
- i 4.9(t 9)

>3 3
i 9 = 3 + 3)

-3 3~

= lim[-4.9(r + 3)]
= —-29.4 m/sec
The object is falling about 29.4 m/sec.

104. -4.9/2 + 200 = 0 when ¢ = ,/i—os? = 205 sec. The velocity at time ¢ = ZO;E is

7

- 0 - -4.9 + 200
im (@) = s() _ lim [ + 200]
1—a a-1i —a a-t

lim 4.9(t + a)(t - a)

]

!—a a-—1
= lim_|-4.9¢ + 205 = —28v/5 m/sec
I—)-—-—ZO\/E 7
7

~ —62.6 m/sec.
The velocity of the object when it hits the ground is about 62.6 m/sec.

105. Let f(x) = 1/x and g(x) = -x. lirr()) S(x) and lin})g(x) do not exist. However,

lim[ £(x) + g(x)] = hE}JB + (-%]J = 1im[0] = 0

x—=0

and therefore does not exist.
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6. Suppose, on the contrary, that hmg(x) exists. Then, 112. (@) Iflim|f(x)| = 0, then lim[-| f(x)[] =
; 10 pp h x—oc
because lim 1 f (x) exists, so would hm[ () + g()]: 7| < 1) <] 7()|
which is acontradlctlon. So, )1‘1_1310 g(x) does not exist. ,l(l_*nl _I A x)l] < lim 7(x) < lAlTLI f(x)[
07. Given f(x) = b, show that for every & > 0 there exists 0 < limf: (x)<o0
a & > Osuch that [f(x) - b| < £ whenever Therefore, lim /(x) = 0. ;‘
xX-=c

|x - ¢|< 5.Because'f(x)—b!=|b~b|= 0 < & for

b) Gi li =L
" every ¢ > 0, any value of & > 0 will work. (®) Given xl—?if ()

For every ¢ > 0, there exists & > 0such that

¢ o . - n - . .
‘08- Given f(x) = x", n is a positive integer, then lf(x) ~ L| < £ whenever 0 <|x - ¢| < . Since

lim " = P_)nz(xxn—l) . 7G| -1 2l| <] /() = L] < & for
= [ﬁmx} [limx"“] = c[lim(xx”_z)] |x = c|< &, then lim[f(x)l =|L].
x—>c¢ x—>c x> r=e
= c[limx] [limx”‘z} = ¢(c)lim(xx"%) 113. Let
x—=c x—c x—>c
= o= " _ 4, ifx20
/() = {~4, if x < 0

09. If b = 0, the property is true because both sides are
equalto 0. If b # 0, let £ > 0 be given. Because
lim f(x) = L, there exists & > 0such that lim /(x) does not exist because for

lim| 7()| = limd =

() - L| < &f|b| whenever 0 <|x — ¢| < &.So, x <0, f(x) = ~4andfor x 2 0, f(x) =

- whenever 0 <|x - ¢| < &, we have

_ 114. The graphing utility was set in degree mode, instead of
, lb”f(x) - Ll <e or |bf(x) - bL| < g radian mode.

115. The limit does not exist because the function approaches

- which implies that P—inc[bf (x)] = bL. I from the right side of 0 and approaches —1 from the

left side of 0.
10. Given lim f(x) = 0: : 2
' For every ¢ > 0, there exists § > 0 such that
| £(x) - 0] < & whenever 0 <|x - ¢| < &. ° ’
Nowlf(x)-0|=|fx =l|f(x)|~0|< & for -
|A - c| x)l sinv 0 ; ‘
116. False. lim—— = — = 0
x>z X V2
~M /()| < X)g(x M 1()|
. . 117. True.
lim(-M /()]) < limf(x)e(x) < lim(¥/(2)])
—M( ) limf(x)g(x) < M(O) 118. False. Let ,
xoe x x#1 ;
0% lim (2)s(s) 0 R
Therefore, lim f(x)g(x) = 0. Then lim f(x) = 1but £(1) # 1.
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119. False. The limit does not exist because f (x) approaches

3 from the left side of 2 and approaches 0 from the right
side of 2.

4

-3 6

120. False. Let f(x) = 2x*and g(x) = x2.
Then f(x) < g(x)forall x = 0.But
lim /() = lime(x) = o.

. 1-cosx . 1—cosx 1+cosx
121. lim = lim .
x>0 x x=0 x 1+ cosx

- cos?x . sin®x
= lim i
x—>0x(1 +cosx) x—»ox(l + €0 x)

. sinx  sinx
lim—= .

x>0 x 1+ cosx

sin x sin x
lim
[x—w x ][x—ml + cos x]
= (1)(0) =

{0, if x is rational

n

122. f(x) =

1, ifx is irrational
0, ifx is rational
g(x) = o
x, ifx is irrational
lim f(x) does not exist.
x—0
No matter how “close to” 0 x is, there are still an infinite
number of rational and irrational numbers so that
lim f(x) does not exist.
x>0
lim =0
x—)Og(x)

when x is “close to” 0, both parts of the function are
“close to” 0.
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123. f(x) = fec;—z"

(@) The domainof fisall x » 0, z/2 + nr.

(b) 2

ol

The domain is not obvious. The hole at x = 0 is not

apparent.
1
lim (x) = -
© lim/(x) >
secx—1 secx-1 secx+1 sec?x~1
(d 2 = 2 =
x x seex +1  x*(secx +1)
tan®x 1 (sin?x) 1
X(secx+1)  cos 22 % Jsecx +1
So, 1im3%€* = I _ lim fsm2 x\ 1
x—0 X x-0C0S xk X )SCCX +1

it

1(1)(-2-) -1

.1 - . 1-cos 1+ cos x
124. (a) hm_ﬂs_x . llml cos x 1+ cosx

-0 x? ¥50 2 1+ cosx
. 1-cos®x

= lim—————

x>0x(1 + cos x)

sin?x 1

n

lim —_—
=0 x2 1 + cos x

() cos(0.1) » 1~ %(O )" = 0.995

(d) cos(0.1) ~ 0.9950, which agrees with part (c).

in whole.or in part.







