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Figures 47(a) and 47(b) illustrate the graphs of f and F.
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(@) f(x) = &

Figure 47

(b) F(x) =3‘J Inx

NOTAeL:Td Problem 45 and AP® Practice Problems 3, 5,and 9.

Summary Basic Limits

o limA=A,where Aisaconstant e limx=c e

X—=>C

. sin @
lim cos x = cos ¢
X—=>C

e limsinx =sinc e

X—>C

>0 @

o lima*=a‘a>0,a #1
X—>C

limsinx=0 e
xX—=c x—>0

e lim—=1

limcosx=1

x—0

cosf — 1
———:0
T S

e limlog,x=log,c, ¢>0,a>0,a #1
X—3C

{1"4JASsessyYour,Understanding

15iC
Concepts and Vocabulary
1. limsinx= 11. lim (cosx + sinx) 12. lim (sinx — cosx)
x—0 # x—>m/3 x—>n/3 .
cosx —1 :
2. True or False lim ———— =1 13. lim _Cosx M, T ——DE
x—=0 x x=0 1+ sinx x—0 14+ cosx
3. The Squeeze Theorem states that if the functions f, g, and h . S e —1
have the property f(x) < g(x) < h(x) for all x in i T prp xS0+ e
an open interval containing c, except possibly at c, and 17. lim(e* sinx) 18. lim(e™* tanx)
— if lim f(x)= lim h(x) =L, then lim g(x) = x—0 x>0
x=c x=>C xX—=>C ex .
4. True or False f(x)= cscx is continuous for all real numbers 19. liml In (;) 20. liml In (7)
x—> —
except x =0. * ¢
2 1—e*
. 21. lim 22. lim
Skill Building =01+-e* x=0 1 —e
In Problems 5-8, use the Squeeze Theorem to find each limit. In Problems 23-34, find each limit.
it . . X
nsf S. .Suppose — 2 '+‘1 Sog(;) gfz + 1 for all x in an open ” sin(7x) a1 sin 3
interval containing 0. Fin xl_l:}) g(x). : xl_l;l}) . . XI_I)Y([) -
irlcd 6. Suppose —(x —2)2 —3 < g(x) < (x —2)? —3 forall x 25. lim 6 +3sin6 26. lim =X —2sinGx)
in an open interval containing 2. Find lim2 g(x). e 60 20 x—0 x
o .
7. Suppose cos x < g(x) <1 for all x in an open interval 27. lim _sind 28. lim 200
containing 0. Find lim g(x). -0 6 + tanf 6—0 6
0 ' 29, lim M, Jim S0
5 8. Suppose —x2+1< g(x) < secx for all x in an open interval ' 9506 -csch ’ 91—% sin(26)
{ containing 0. Find lim g(x). >
4 0 x—0 o . 1—cos“6 . cos(46)—1
> : 2| 31 lim — 32. lim ———
ﬂal'(ﬂ In Problems 9-22, find each limit. ’ g0 6 . 80 20
s ) . to —
0 # ‘[ % lim(x* + sinx) 10. lim(x? — cosx) 33. lim (0 - cot6) 34, lim |sing . 1% —cs¢8
Us % Ll x—0 -0 ‘ 80 9
i
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126 Chapter 1 Limits and Continuity
In Problems 3538, determine whether f is continuous at the
number c.
3cosx if x<0
35 fx)= 3 if x=0 atc=0
x+3 ifx>0
cosx if x<O
3. fx)=¢ 0 ifx=0 atc=0
e* if x>0
b4
sinf if 8 <— x
37. f(9)= P atc:z
cosf if6>—
4
tan~lx if x<1 .
= atc=
% e { nx if x>1

In Problems 39-46, determine where f is continuous.

2 2_5x+1
39. f(x)= sin (" 4") 40. f(x)= cos (’;>

x—4 2x
s 2. f0)=—
o f6)= 1+ siné ’ " 1+ cos?8
8 fw=" M. F)=InG? +1)
e
. e*
45. f(x)=e*sinx 46. f(x)= T

Applications and Extensions

In Problems 47-50, use the Squeeze Theorem to find each limit.
1 1
47. lim (x2 sin —) 48. lim l:x (1 — cos —)J
x—0 X x—0 X
1
50. linz) [\/x3 +3x2sin —]
x— X

49. lim [xz (1 — cos l)]
x—=0 X

In Problems 51-54, show that each statement is true.
sin(ax) a

cos(ax)
51 i =—; b 52. i =
0 sinx) b 270 2l )
. sin(ax) a
83 lim ——~ ==,
x—rf}) bX b ’ b # 0
. 1—cos(ax)
54, lim ———— —0;
AT 0 a# 0o

l—cosx 1

55. Show that lim

x—0 X

56. Squeeze Theorem If 0 < f(x) <1 for every number %,
show that lin}) [x2 f(x)]1=0.
X

N

57. Squeeze Theorem If 0 < f(x) <M for every x,
show that lir%[fo(x)] =0.
x—

sin(mx

58. The function fx)= ) is not defined at 0. Decide how to

define £(0) so that f is continuous at 0.

59. Define f(0) and £(1) so that the function f (x) = M is
continuous on the interval [0, 1]. -y
sinx | fx£0
if x
60. Is fx)= continuous at 0?
1 ifx=0

3 5‘i '. ‘1" ” \ l
[

LS inssnsamstbsm="
l;ﬁ(ls—f ifx #0 continuous at 0?
x
61. Is f(x)= ifx=

62. Sque '\x)]
sitive integer. Hint: Look first at Pro

isapo
63. Prove {}i_r;% sind =0.

first assuming 0 <6

th of the ar dt
t}lliem]erslig}l 9 =0. Then use 2 similar argument
g0t

i lim sin@=0.
with —3 <6 <0toshow 00~

Yy
4 P = (cos 6, sin 6)
/
il 1
% A=(10)
t =7 X
=1 B = (cos 6, 0)

64. Prove linz) cos§ = 1. Use either the proof outlined in Problem 63
66—

or a proof using the result ginz) sin@ =0 and a Pythagorean
identity. ”
65. Without using limits, explain how you can decide

whether f(x) = cos(5x3 +2x? — 8x + 1) is continuous.

66. Explain the Squeeze Theorem. Dr.

. aw a graph to illustrate your
explanation.

Challenge Problems
—_——
67. Use the Sum Formulas

sin(a + b) = gj i
and cos(a + by . e ( ) = sina cos b + cosasind

function and cogi . b — sinasin b to show that the sine
. CC;Slne function are continuous on their domains.
s
68. Find lim S"*°
x—0 x ‘

69. Squeeze Theorem If fx)= { I if x is rational

show that li_r’rg)[xf(x)] =0,

Suppose points A ap
Tespectively,

0 if x is irrational
70.
and B with
are given. Let 5,

be an angle with the prop

coordinates (0, 0) and (1, 0),
be a number greater than 0, and let?

6
section ofm(s‘?e the figure below). Let D be the_

What is the limiting po;, With the perpendicular from C to A%

ion

S °f D as 0 approaches 07
C

§ \",'\"" ‘5!’5‘.,"‘}‘!‘ i1 [FIRAT 'h Fyig imee.
it S T T

.‘l.‘\;[x

T ™ r—

0 1
Theorem ShoW that ,}1—% [x" o (; ) J =0 vhere,
eze

Hint: Use a unit circle as shown in the figure
» 7 Then use the fact that sin6 is less thay
5"

. AP, and the Squeeze Theorem, to show thy
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(Preparing for the

AP® Practice Problems
in(2
_ S"‘z( B ifx £0
1. The function g(x) = * 6. Find lim if it exists.
k ifx=0 x—=0 x CsCx
is continuous at x =0. What is the value of k? (A) =1 (B) 0 (C) 1 (D) The limit does not exist.
1
A 0 (B) 3 © 1 O 2 7
- sin (x——3—)
_ o sin(dx) _ GO R A
m) % }1_’,% 2% 3
@w-Z ®mo ©1 O %
A0 ® - ©O©O1 D2 -3 (B) ©) ®) 3
x3+2x%ifx < -2 1— cosx
»2) 3 The function f(x)= = -, 19| 8. lim =
s} 3. The e { eF+t ifx> -2 1™ 550 3sin’x

Find lim f(x) if it exists. 1 1 1
oo, (A) = (B) 3 (©) = D) 1

Inx if 0<x<3
(15s) 9. If f(x):{ ! ,
o . 1—cos?(3x) - 2x—-3)In3 if x2=3
4. lim —Q = .
= * then lim f(x) =
Ao ®1 ©3 O

(A) O B) 1 ) 16 (D) The limit does not exist.

(A) In3 ®B) 3 (C) In9 (D) The limit does not exist.

%] 5. Which of the following functions are continuous for all real  tan(x)
numbers x? 10. lim —

x—0 3x_
L flx)=x

I. g(x)=secx (&) % (B) % © g D) 2
II. h(x)=e"~*
(A) Tonly (8) Land IT only 1. lim <x3 - %) _
(C) Iand I only (D) L 1II,and I
(A) -1 (®B) 0 (C) 1 (D) The limitdoes not exist.
1.5 Infinite Limits; Limits at Infinity; Asymptotes
OBJECTIVES When you finish this section, you should be able to:
1 Investigate infinite limits (p. 128)
2 Find the vertical asymptotes of a graph (p. 131)
3 Investigate limits at infinity (p. 131)
4 Find the horizontal asymptotes of a graph (p. 138)
5 Find the asymptotes of the graph of a rational function (p. 139)
RECALL The symbols oo (infinity) and We have described lim f(x) = L by saying if a function f is defined everywhere in an
00 [negative infinity) are not numbers open interval conta;r:i)rclg c, éxcept possibly at ¢, then the value f(x) can be made as

The symbol oo expresses unboundedness
In the positive direction and —oo expresses
unboundedness in the negative direction.

close as we please to L by choosing numbers x sufficiently close to c. Here ¢ and L
are real numbers. In this section, we extend the language of limits to allow c to be co
or —oo (limits at infinity) and to allow L to be 0o or —oo (infinite limits). These limits
are useful for locating asymptotes that aid in graphing some functions.

We begin with infinite limits.
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