L@ lim/(x) =3

(b) lim f(x) = 3
x—4"

() lims(x) =3

The function is continuous at x
on (o0, ).

I

2@ lim /()

X

-2

(b) lim f(x)
x—>-2"

(© lim f(x) = -2

The function is continuous at x

-2.

3. (a) lim f(x) = 0
x—3*

(b) lim f (x) =0
x—=3"

(c) li_I)l’?3 S (x) =0

The function is NOT continuous at x = 3.
4. (a) lim 1 (x) =3
x—>-3 :
(b) lim f (x) =3
x—-3"
(c) xl;l{ng(x) =3
The function is NOT continuous at x = -3 because
£(3) = 4 = lim £(x).
S.(a) lim f(x) = -3
r—=2%
(b) lim f(x) = 3
x—=2"
(¢) lim f(x)does not exist
x—>2
The function is NOT continuous at x = 2.

1 1
15 lm X*Ax x _ o oG4 A) 1
Ax~0" Ax Av 0™ x(x + Ax) Ax

4 and is continuous
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6. (a) lim f(x) =0
xo -t
(b) lim f(x) =2
e
(¢) lim f(x)does not exist.
X1
The function is NOT continuous at x = —I.
. i i 1
7. lim - = r—
o8t X + 8 8 +8 16
8. lim = 2 =l
x=»2" X+ 2 2+2 2
9. lim 275 = i — %5
rast X2 — 25 xo5t (X + 5)(x -95)
= lim = !
y»5tX + 5 10
10. lim dox oy —(x - 4) = 'm———l—
x4t xz - 16 x4t (.X + 4)(X - 4) x4t X + 4
B A
4+4 8
11. lim X does not exist because
x—3"~fx2 — 9
X decreases without bound as x — -3~
x* -9
2 fim Y2 lim Y2 =2 x4 2
x4 X — 4 x4~ X — 4 ‘\/;+2
= lim —> =4
0 (x - 4V + 2)
= lim ! = ! = l
x—>4"‘\/; +2 \/Z + j 4
3t o -1
x>0 X =0T X )
PR el (U ST o [
10t x — 10 x=10tx — 10
-Ax

-

Avl—T)- x(x + Ax) .
lim ——!
Avr—0~ X(X + Ax)
-1 1

A(x+0)
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6. (x+Ax)2+(x+Ax)—(x2+x) o X+ 2x(Ax) + (Ax)’ + x + Ax - x% —
. 1 =
Pat Ax sro0t Ax
2
lim 2x(Ax) + (Ax)" + Ax
Ax— 0t Ax
= lim (2x + Ax + 1)
© Ax—ot '
=2x+0+1=2x+]
17. umf(x)—xlix? ;2=§ 27. f(x) = 21_4
lim (42 has discontinuities at x = -2 and
18. \'L’? /() = i[?-(x — A+ 6) =9-12+6= = 2 because f(~2) and /(2) are not defined.
lim f(x) = lim(-x2 + 4x - 2) = 9+ 12— 9 =
IS 6) = lm (e 4 2)

Since these one-sided limits disagree, lim £ (=)

x—3

does not exist,

lim f(x) =

x>t

lim_ /(x) =
limf(x) =

x—>1

19

.

lim (x + 1) = 2
x—1*

s _
ln?_(x +1)—2

20. lim f(x)
x—1*

= lim(1-x) =
x>t

21. limcot x does not exist because

X7

lim cot x and lim cot x do not exist,

X7 x—>gT

22

H

lim sec x does not exist because
x—7f2

lim sec x do not exist.
x—>(x/2)”

lim secx and
x—(m/2)*

lim (5[x] - 7) =

x4

([x] = 3for3 <

[=)

23

o

53)-7=28

x<4)

24. lim (2x — [x]) = 2(2) - 2 = 2

x—2*
. lim(2
x—3

lim (2 [[—x]])

x—3"

- [[——x]]) does not exist because
2-(-3) =
and

lim (2 - [-x]) =

x—3%

(-0

2 - (~4) =

26.

lim
x—1
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28.

/() =

has a discontinuity at x = —1 because 7 (-— 1) is not

defined.

29.

f(x)=£;—]]+x

has discontinuities at each integer & because

lim f(x) = lim f(x).
x>k~ x>kt

X, x <1
30. f(x) = x = 1has a discontinuity at
2x -1, x>1
= lbecause f(1) = 2 = lin}f(x) =
31. g(x) = \/49 ~ x? is continuous on [-7.7].
32. f(r) = 3~ /9 ~ £ is continuous on [-3. 3]
33. lim f(x) =3 = lim 7 (x).fis continuous on [-1 4]
x—0" x—0 .
34. g(2)is not defined. g is continuous on [-1, 2).
35. f (x) - has a nonremovable discontinuity at
=0 because Im}) S (x) does not exist.
36. f(x) = —6 has a nonremovable discontinuity at
= 6 because lim f(x) does not exist.
x=6
37. f(x) = x* - 9is continuous for all real x.
38. f(x) = x* - 4x + 4 is continuous for all real X

in whole or in part,
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x+ 2 x+2

: 1 1
= = has nonremovable 48. f(x) = =
39. () 4-x  (2-x)2+ %) ) ¥ -x-6  (x=3)(x+2)
discontinuities at x = %2 because ll_,n;f (x)and has a nonremovable discontinuity at x = 3 because
Jim f(x) do not exist. lirrg f (x) does not exist, and has a removable
x—-2 x'—> .. .
discontinuity at x = —2 because
1. .
40. 7(x) = ——— is continuous for all real x. : T 1 - _l
i . f( ) x2 +1 xl_l_)n’_lzf(x) xl-l—?-lzx 3 5.
- - 41. f (x) = 3x — cos x is continuous for all real x. |x + 7|
49. f(x) ="—
= : i x+7
. = cos is continuous for all real iscontinui
- 42 fx) = cos—-18 continuous for all real x. has a nonremovable discontinuity at x = —7 because

lim_f(x) does not exist.
x->-7

f(x) = Tx___ is not continuous at x.= 0, 1. .
x* —x -5
. 50. f(x) = |x - 5|
Because ——— = for x # 0,x = 0is x-5
* . * .x . . has a nonremovable discontinuity at x = 5 because
a removable discontinuity, whereas x = lisa y d .
nonremovable discontinuity. lim 1 () does not exist.
f(x) = —~—— has nonremovable discontinuities at 51 f(x) = % x=1
_ -4 X%, x> 1
x = 2and x = -2 because lim f(x)and lim f(x) ' )
» ¥2 ¥2 has a possible discontinuity at x = 1.
do not exist.
L /=1
f (x) = —ZL— is continuous for all real x. 2. lim f (x) = limx =1
x“ +1 x-1" x-=1" :
limf(x) = 1
lim f(x) = limx? = 1] ¥l
f(x) _ X - 5 _ x—35 x=1t x=>1*
= = =
x* - 25 (x + 5)(x - 5) 3. f(_l) = llmlf(x)
has a nonremovable discontinuity at x = —5 because . . . .
. . f is continuous at x = 1, therefore, f is continuous for
lim_f(x) does not exist, and has a removable
Faneir all real x.
discontinuity at x = 5 because :
1 I 5 f() -2x+3, x<1
. RT ! - . Xx) =
ll_ﬁf(-") = 1l—>msx Ts5 10 ‘ x?, x 21
o . ' has a possible discontinuity at x = 1. )
o f(x) _ X+ 2 B x+2 )
2 -3x-10 (x+2)(x-5) L o/)=1r-=1
. has a nonremovable discontinuity at x = §because 2. “1'?_ f(x) = lir?_(—2x +3)=1
. . - ol limf(x) =1
lim £(x) dpes not exist, and has a removable lim £(x) = lim ** = 1 lim f ()
. . . + . +
discontinuity at x = —2 because ¥l ¥=l
‘ 3. Q) = limf(x
lim f(x) = lim L _l_ ® ol ()
X—3-2

X—>-2 X - . . . .
x=3 7 / is continuous at x = 1, therefore, f is continuous for

all real x,
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—{+1, x <2

53. f(x) = {2

3-x, x>2

has a possible discontinuity at x = 2.

L f@=2+1=2
2
2. lim f(x) = lim (ﬁ + 1) =2
x—2" . x»27\2

lim 7 (x) does not exist.
lim f(x) = Im(3-x) =1 **
x=>2% x—2F

Therefore, / has a nonremovable discontinuity at x = 2,

-2x, ‘x <2

54. =

&) {xz —4dx+1 x>2

has a possible discontinuity at x = 2.

L f(2)=-2(2) = -4

2. hm_f(x) = ]im*(—Zx) = -4 )g
2 2 L lim /(x) does not exist.

lim 7(x) = lim (x* - 4x + 1) = _3J =20 T

x~2%

x—2

Therefore, / has a nonremovable discontinuity at x = 2,

X X
tan—, 1 — r - 3|2
5. /() =1 4 I < 56. /() ={""6 |- 3]
x x|z 2, [x-3]>2
tanﬂ, ~I'<x <1 cscix—, l<x<5
= 4 = 6
X, x < -lorx>1 2, x < lorx » 5§
has possible discontinuities at x = -1, x = . has possible discontinuities at x = I, x = 3.
Lo/ =-1 7y =1 L f(1) = csc% =2 70 = csc%” =2
2. lim f{x) = =1 limf(x) = 1
o =1 2. limf(x) = 2 lim f(x) = 2
3. /(1) = lim f(x) (1) = limf(x) e e
= ¥l 3. (1) = limf(x) : /(5) = lim f(x)
fis continuous at x = 1, therefore, f is continuous for x=i ¥=>5

all real x. fis continuous at x = land x = 5, therefore, fis
continuous for all real x.

57. 11 (x) = csc 2x has nonremovable discontinuities at integer multiples of zf2.

1

58. f(x)

X . R L ,
tanT has nonremovable discontinuities at each 2k + 1, k is an integer.

59. f(x)

[x ~ 8] has nonremovable discontinuities at each integer .

60. f(x) = 5 - [x] has nonremovable discontinuities at each integer k.
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61. /(1) =3 63. /(2) = 8
Find a so that lim (ax - 4) = 3 Findasothat limax’ = 8 = a = 587 = 2
¥—>17 y—2%
a(l) - 4 =3 ‘
a="1. 64. lim g(x) = lim dsinx 4
=07 x—>07 X
e = lim = lim (a - 2x) =
62. f(1) =3 Jlim g(x) = lim (a - 2x) =
- Find a so that lim (ax + 5) = 3 Let ¢ = 4.
. x—17
all)+5=3
- a= -2,
I ?}{\
65; Find a and b such that lim+(ax +b)=-a+b=2and lim(ax+ b) =3a+b=-2
x—-1 x=3"
L _, a-b=-2
L (+)p3a + b=-2 2, x < -1
! 4a = —4 Sx)=4x+L-1<x<3
a= -1 {—2 23

b= 2+ (=) =1

2 2 L
66. limg(x) = lim™——%= 72. f(g(x)) = sin x*

x—a xoa x — q

: Continuous for all real x
= lim(x + a) = 2a
' 73. y = -
" Findasuch 2a = 8 = a = 4. y Ex]] *

N . Nonremovable discontinuity at each integer
- Se) = (= - 1

‘Continuous for all real x ' -3 «—e—|3
| | AN
wﬂWWWﬂu=w+z \u“\

. -1.5

Continuous for all real x

1 1 1 i 1

59. f(g(x)) = ( = 74. h(x) = =

245 -6 -1 2 +2x-15  (x+5)(x-3)

Nonremovabie discontinuities at x = 1 : Nonremovable discontinuitiesat x = ~5and x = 3
) 2

Al = 7 I

-8
.
'"Nonremovable discontinuity at x = 1; continuous for ] w
all x > 1

-2

f(g(x)) = tanZ x2=3x, x>4

: 2 75. g(x) =
. : . 2x -5, x<4

‘_N0t continuous at x = xx, +3x, 57, ... Continuous on

the open intervals . . (=3x, —1), (—7, ), (. 370)... Nonremovable discontinuity at x = 4

10
/
-2 // 8
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3

cos x — 1
—_— <0
76. f(x) = x
Sx, x 20
1) = 0) =
-1
lim f(x) = n_(c_os_x_)zo -7
x—0" x—=0" X
lim 7(x) = lim (5x) =
x-=0% x—0*

-3

Therefore, lm}J f(x) = 0 = f(0)and f is continuous on the entire real line.

(x = 0 was the only possible discontinuity.)

X
2
X+ x+2

77 f(x) =
Continuous on (—oo, )

1

X+

78. =
=7
Continuous on (0, o)

/() =

Continuous on [0, o)

80. f(x) = x/x+3
Continuous on [-3, o)
81 f(x) = sec”x
4
Continuous on:
(=6, -2)(-2, 2),(2, 6). (6, 10), ...
82. f(x) = cos—

Continuous on (-0, 0) and (0, w)

it x # 1
8. f(x)=<x-1"
2, x =1
2. —
Since limf(x) = lim 2- "1 = jjpy &= D&x+1D
x-1 x>1 x — 1 xo1 x =1

=lim (x + 1) = 2,
x—>1

S is continuous on (—oo, o).

x#3

2x - 4,
84, f(x) = {1"
Since )l(l_)rrﬁf(x) = JlerS (x-4)=2=%1

J is continuous on (oo, 3) and (3, ).

85. f(x) = 5”;‘7‘

The graph appears to be continuous on the interval
[-4, 4] Because /(0) is not defined, you know that

JShas a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

x -8
86. f (JC) = ;—:—2—
14
IJ.
kK / ;
\\ ..z'
%%.____.//
-4 4

The graph appears to be continuous on the interval
[-4, 4] Because s (2) is not defined, you know that

J has a discontinuity at x = 2. This discontinuity is
removable so it does not show up on the graph.

87. 1 (x) —x - x* + 4is continuous on the interval

[L2] £() = and f(2) = ~§. By the Intermediate
Value Theorem there exists a number ¢ in [I 2] such

that f(c) =
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e
(0)
“Theorem, there exists a number ¢ in [0, 1] such that

0.

-3 and f(1) = 3.By the Intermediate Value

~

—~
3}

~
]

x% — 2 — cos x is continuous on [0, 7r].

-3and f(7) = z° ~ 1 ~ 8.87 > 0.By the
nitermediate Value Theorem, f(c) = 0 for at least one

‘value of ¢ between 0 and 7.

P
CRCY
] [t}

(4) = —= + tan(ggz) ~ 1.8. By the Intermediate

Value Theorem, there exists a number c in [1, 4] such

/() is continuous on [0, 1]
£(0) = ~1and £(1) = 1

‘By the Intermediate Value Theorem, I (c) = Ofor at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f{(x), you find that

x ~ 0.68. Using the root feature, you find that
x ~ 0.6823.

92. f(x) =x* - x> +3x -1
f(x) is continuous on [0, 1]
70y = -1 and f(1) = 2
By the Intermediate Value Theorem, f(c) = 0forat

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.37. Using the root feature, you find that
x ~ 0.3733.

3. 8(t) = 2cost -3t

g is continuous on [0, 1].

g(0) = 2 > Oand g(1) ~ -1.9 < 0.

By the Intermediate Value Theorem, g(é) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(¢), you find that

¢t ~ 0.56. Using the root feature, you find that
t ~ 0.5636.

x® + 5x — 3is continuous on the interval [0, l].

Section 1.4 Continuity and One-Sided Limits 81

94. /(@) = tand + 360 - 4 is continuous on [0,1].

h(0) = -4 and h(1) = tan(l) -1 ~ 0.557.
By the Intermediate Value Theorem, A(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of 4(6), you find that

6 ~ 0.91. Using the root feature, you obtain
6 ~ 0.9071.

95. f(x) =x*+x-1
/is continuous on [0, 5].
f(0) = —1and f(5) = 29
-1<11 <29
The Intermediate Value Theorem applies.
Prx-1=11

X +x-12=0

x+4)x-3)=0
x=-4orx =3
¢ = 3(x = -4 is not in the interval.)

So, f(3) = 11.

9. f(x)=x*-6x+8
Jfis continuous on [0, 3].

f(0) = 8and (3) = -1

-1<0<38
The Intermediate Value Theorem applies.
¥ -6x+8=0

1l

x-2)(x-4)=0
x=2o0rx =4

¢ = 2(x = 4isnot in the interval.)

So, f(2) = 0.
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9. f(x) =2 -x*+x-2
Jis continuous on [0, 3.
7(0) = —2and f(3) = 19
-2 <4 <19
The Intermediate Value Theorem applies.

P -xtrx-2=4

¥ -x2+x-6=0
(x—2)(x2+x+3) 0

x =2

(x2 + x '+ 3 has no real solution.)
c=2
So, /(2) = 4.

98. f(x) = {C—:le

Jis continuous on [%, 4]. The nonremovable

discontinuity, x = 1, lies outside the interval,

5 35 20
—|=—and f(4) = ==
f(Z) 6 f( ) 3
33 <6< 20
6 3
The Intermediate Value Theorem applies.
X2 4+ x -6
x -1
X4+ x=6x-6
¥ -5x+6=0
(x—2)(x—3)= 0

x =20rx =3

¢ =3 (x = 2isnotin the interval.)

So, 1(3) = 6.

99. (a) The limit does not exist at x = ¢,
(b) The function is not defined at x =
(c) The limit exists at x = ¢, but it is not equal to the
value of the function at x = .

(d) The limit does not exist at x = ¢,

100. Answers will vary. Samp[e answer:

The function is not continuous at x = 3 because
lim f(x) =12 0= lim f(x).
x—3* x—3"

10L. If f and g are continuous for all real x,thensois f + g
(Theorem 1.11, part 2). However, /g might not be

continuous if g(x) = 0.For example, let / (x) = xand
g(x) = x* — 1. Then 7 and g are continuous for ali real

x,but f/g is not continuous at x = +1.

102. A discontinuity at ¢ is removable if the function f can .
be made continuous at ¢ by appropriately defining (or
redefining) /(c). Otherwise, the discontinuity is

nonremovable.

@ f(x) =2

x =4
sin(x + 4)
b = —
®) f(x) : x+ 4
, L x24
0, ~4 <x«<4
c x) =
CIOES N
0, x <-4
x = 4is nbnremovable, x = —4is removvable
4
3 .
L] ! [

103. True
L. f(c) = L is defined.

2. lx_r)n (%) = Lexists.
3. fle) = limf(x)

All of the conditions for continuity are met.
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'j’o4_, True. If f(x) = g(x), x # ¢, then
limf(x) = limg(x)(if they exist) and at ieast one of
x—C x=c
- these limits then does not equal the corresponding
function value at x = c.
'5.' False. A rational function can be written as
P(x)/Q(x) where P and Q are polynomials of degree m
and r, respectively. It can have, at most,

_discontinuities.

106. False. f(1)is not defined and lim (x) does not exist.
X~

107. The functions agree for integer values of x:
Cg(x)=3-[-x]=3-(-x)=3+x
' fx)=3+[x]=3+x

However, for non-integer values of x, the functions
differ by 1.

. ) =3+[x]=g(x)-1=2~]-x]
For example,
fE)=3+0=32g{)=3-(-1=4

for x an integer

8. lim f(r) ~ 28
147
- lim f(£) ~ 56
ot )
At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 oz. At the beginning of day 4,

-more chlorine was added, and the amount is now about
56 oz.

0.40, 0<r<10
09. C(f) = 10.40 + 0.05]t - 9], ¢ > 10, ¢ not an integer
0.40 + 0.05(t - 10), ¢ > 10, ¢ an integer

C

£.07+
06+
R
0.4 P
031
024
014

-t
246 8 w2

(%4
(o d
oe
oe
oe

There is a nonremovable discontinuity at each integer
greater than or equal to 10.

Note: You could also express C as

0.40, ) 0<r<10
cr) =

0.40 - 0.05[10 - ¢], ¢ > 10
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110. N(t) = 25(2'[’ +2] )
) 7

t 0 1 |18} 2| 3 |38

Ny | 5025 5 |50]25] 5

Discontinuous at every positive even integer. The
company replenishes its inventory every two months.

N

50
40
30

204

Number of unils

104

" - |
2 4 6 8 100N
Time {in months)

111, Let s(t) be the position function for the run up to the
campsite. s(0) = 0 (¢ = 0corresponds to 8:00 A.M.,
s(20) = k (distance to campsite)). Let r(f) be the
position function for the run back down the mountain:
#0) = &, r(10) = 0.Let 7(e) = s(e) - r(¢).

When ¢ = 0(8:00 A.M.),

7(0) = s(0) = 7(0) = 0 - k < 0.

When ¢ = 10(8:00 A.Mm.), f(10) = s(10) — r(10) > 0.
Because f(0) < Oand f(10) > 0, then there must be a
value ¢ in the interval [0, 10] such that f(¢) = 0.If
F(£) = 0,then s(t) — ~(t) = 0, which gives us

s(t) = r(). Therefore, at some time ¢, where

0 < t £ 10, the position functions for the run up and the
run down are equal.

112, Let V = gﬂﬁ be the volume of a sphere with radius r.

Vis continuous on [5, 8] ¥(5) = % ~-523.6 and

V(8) =

2—0—‘;8—” ~ 2144.7. Because

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value
between 5 and 8 such that ¥'(r) = 1500. (In fact,

o= 7.1012))
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113. Suppose there exists X in [a, b] such that 0, 0<sx<b

118. (a) f(x)={b b<x<2b

/(x) > Oand there exists x,in [a, b]such that

J(x2) < 0.Then by the Intermediate Value Theorem,

S (,\) must equal zero for some value of  in
[x1, %] (or [x,, x]if x, < ). So, fwould have a zero in
[a, 8], which is a contradiction. Therefore, f (x) > 0for
allxin [q, b]or J(x) < 0forallx in [a, b].

i14. Letcb . Then i t exist
et ¢ be any real number. Then lim 1 (x) does not exis NOT continuous at x = 5,

because there are both rational and irrational numbers

arbitrarily close to c. Therefore, 1 is not continuous at ¢, 3 0<sx<bph

HIS. 1f x = 0,then £(0) = Oand lim /(x) = 0.0, 1 is ® ) -
continuous at x = 0, '
If x # 0, then Ih_r)l} /() = 0 forx rational, whereas
’li_r)r)lrf(t) = 'Ii_?;kt' = kx # 0 for x irrational. So, 1 is not

continuous for all x = 0,

-, ifx<Q
116. sgn(x) = {0, ifx =0 ;
L, ifx>0 Continuous on [0, 2]

I

(@) lim sgn(x) = -1
y—=0"

1-x% x<¢
119. f(x) = . 1o

It

(b) lim sgn(x)
x—0
© i ( ) d . Jis continuous for x < ¢ and for x > c At x = ¢, you
¢) limsgn(x) does not exist.
500 need 1 - ¢? = ¢ Solving ¢2 + ¢ — 1, you obtain

¥ S1ENVI+ 4 1245
B

C = ——— -

2

120. Let y be a real number. If y = O,then x = 0.If
Y > 0, thenlet 0 < x, < 7/2 such that

M =tanx, > y (this is poss_i_ble since the tangent
function increases without bound on [0, z/ 2)) By the
Intermediate Value Theorem, /(*) = tan xis
continuous on [0, x,]and 0 < y < M, which implies

that there eXists x between 0 and Xg such that
tan x = y. The argument is similar if y <0

(b) There appears to be a limiting speed and a possible
cause is air resistance,
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Section 1.4 Continuity and One-Sided Limits 85

1. f(x): o ,C>0
 Domain: x + ¢ 2 0= x 2 —c?and x # 0, l:——cz, 0) U (0, ®)
x+c?-¢ cNx+ - Nx+ct+e . (X+02)—Cz \ 1 1
Jim = lim . = lim = lim = —
x—0 X x>0 X \/x + c2 +c X—-)Oxli\/x + CZ + C:I ,\'—)O\/x + cZ +c 2¢

" Define f(0) = 1/(2c) to make / continuous at x = 0.

2. 1. f(c)is defined. 123. h(x) = x[x]
2. limf (x) = lim f(c + Ax) = f(c)exists. 15
[Let x = ¢ + Ax. As x — ¢, Ax - 0] -\w ]
3. limf(x) = f(c) . g H_;-“ )
x—=¢ g 3
Therefore, f is continuous at x = c. 3

h has nonremovable discontinuities at
x =1, £2 43 ...

2;1. (a) Define f(x) = fo(x) - fi(x). Because £, and f, are continuous on [a, b],sois f.
: f(a) = fa(a) - £i(a) > 0and f(b) = fo(b) - £i(b) < O
By the Intermediate Value Theorem, there exists ¢ in [a, 5] such that f(c) = 0.
1(e) = £2e) = file) = 0= file) = £i(e)
(b) Let £(x) = xand fy(x) = cos x, continuous on [0, 7/2], £(0) < /3(0)and M7/2) > fi(n/2).

So by part (a), there exists ¢ in [0, /2] such that ¢ = cos(c).

Using a graphing utility, ¢ ~ 0.739.

PO) +1=1

it

125. The statement is true. 126. P(1) = P(Oz - 1)

It
it

fy> <1, -1) 20 < ¥,
If y20and y < 1,then y(y - 1) < 0 < x%, as P(2) P_(l)2+l=2

P(3)

Continuing this pattern, you sce that P(x) = x for

P12 +1)
desired. So assume y > 1. There are now two cases.

1l

. P22 +1) = P2 +1=35
Casel: Ifx <y - 5,then 2x +1 < 2yand

-1 = +1)-2 .
y(y ) y(y 2) ¢ infinitely many values of x. So, the finite degree
< (?‘ +1) -2y polynomial must be constant: P(x) = x for all x.
=x2+2x+1-2y
<xP+2y-2y .
= x2 ‘

=
N
|
——
~
|
Nl
~N

=Y -y4y
>y -y
=yy-1)
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