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Section 1.5 Infinite Limits
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x5-2"X + 2

. TI.
3. lim tan ZE = oo
x--2% 4
. X
lim tan T = 00

X-y-2"

4. lim sec%f =

x—-2"

. X
lim sec-4— = —o0

x—-2"

1

5. f(x) =
/@)= —
As x approaches 4 from the left, x — 4is a smail
negative number. So,

lim £(x) = —oo

x—>4"

As x approaches 4 from the right, x ~ 41is a small
positive number. So, .

x -4
As x approaches 4 from the left, x — 4is a small
negative number. So,

lim f(x) = o

x—>4~

6. f(x) =

As x approaches 4 from the right, x — 4'is a small
positive number. So,

lim f(x) = o,
x—>4%

1
(x - 4)°

7. f(x) =

As x approaches 4 from the left or right, (x - 4)2 isa
small positive number. So,

lim f(x) = lim S(x) = oo,
x->4% x4~

-1

8 f(x) = = - 4)2

As x approaches 4 from the left or right, (x - 4): isa
small positive number. So,

lim f(x) = lim f(.x) = -0,
x4~ y—4%

Jim /(x) = e
9 f(x) = —
x -9

X -3.5 -3.1 =3.01 | -3.001 | -2.999 -2.99 -2.9 -2.5

S(x) | 0308 | 1.639 | 16.64 | 166.6 | —1667

-16.69 | ~-1.695 | —0.364 -

x—>-3*

m SG) = FERR
lim f(x) = —o . 5
U

-2

10. f(x) = 75
x B35 |31 [ -301 [ -3.001 | -2.999 [ 299 [ 29 -2.5
J(x) | -1.077 | -5.082 | -50.08 | -500.1 | 499.9 | 49,92 4.915 | 0.9091
lim f(x) = -0 -

e N

x—-3+
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‘x -3.5 -3.1 -3.01 | -3.001 | =2.999 | -299 | -2.9 =23
f(x) §3.769 | 15.75 | 150.8 1501 —1499 | —-149.3 | -14.25 | =2.273
4
lim f{x) = «© ' !
x—=-3" f( ) ,_,./, : i \'\-.
L e
;-»—3+ lf 'n
o
"
f(x) = cot—
x -3.5 -3.1 -3.01 -3.001 | -2.999 | 299 | 2.9 | 2.5

f(x) -1.7321 | -9.514 | 9549 | -954.9 | 9549 95.49 | 9.514 | 1.7321

lim f(x ~00 Lo !
x—>r—r§‘ () . I\ :\\ ‘1‘_‘“ :Il".\ ]

e T

It
8

1 =
f(x) = = 17. g{t} = prR ‘
lim 1. w = lim 1 No vertical asymptotes because the denominator
yo0* X x>0 X2 is never zero.
Therefore, x = 0 is a vertical asymptote. 18, Ho) - 3544 3 + 4
o 9 ' s2-16 (s - 4)(s + 4)
X) = ————
3
(x-3) 'lim_—jzs_;;; = —o0 and .Iim{%ij—;; =
lim ———— = —»© o o
3 (x = 3)3 Therefore, s = 4 is a vertical asymptote.
__2____=°0 lim%'gj—i=—uoand lim—?—izoo
y—33* (x _ 3)3 s-4-8° — 16 so-ats® — 16
Therefore, x = 3 is a vertical asymptote. Therefore, 5 = —4is a vertical asymplote,
3 -3
2 2 19. f(x) = =
f(x)=x2x——4=(x+2))c(x—2) /@) X4 x=-2 (x+2x-1
. x2 x2 . lim 3 = o and lim 3 = —c0
lim = =wand lim -—— = - v X2 X =2 o2t X2 o+ x =2
x—>-2" X" — x—»-2t X% —
. . Therefore, x = —2 is a vertical asymptote.
Therefore, x = -2 is a vertical asymptote.
52 %2 lim; = —oo and lim———§~—— =
lim = -0 and lim ———— = © x—>rx2 +x-2 ,\'—>|+x2 4+ x -2
2 x? - 4 xo2t X" —

. . : Therefore, x = 1is a vertical asymptote.
Therefore, x = 2 is a vertical asymptote.

3 i 2
x* =8 (x—=2)x* +2x + 4)
' 3 20. x =
f(x)=T)—c—§ &) x~2 x =2
. s = e 2x b4 x %2
No vertical asymptotes because the denominator lim eix
is never zero. ' Ll
There are no vertical asymptotes. The graph has a
hole at x = 2.

N . .

b= g+ 4 4= 12

;
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4(x* + x - 6)
x(x3 - 2x% — 9x + 18)
_ 4(x +3)(x - 2)
x(x - 2)(x2 - 9)

21. f(x)

= ——4—,x # =32

x(x - 3)

lim f(x) = wand lim f(x) = -0
x—=0"

x->0%

Therefore, x = 0 is a vertical asymptote.

lim f(x)
x-»37

—coand lim f(x) = o
x—3*

Therefore, x = 3is a vertical asymptote,

. 4
M =25 3)
= -2 and xli)rr_xa Jf(x)
_ 4 22
S -3(-3-3 9

Therefore, the graph has holesat x = 2and x = —3.

x2 -9
22, A(x) = — 7
(x) X 43 -x-3
_ (=3 + 3)
(x = 1)(x + )(x + 3)
= ——xi_,x # .._3
(x+Dx-1
lim A(x) = —0 and lim h(x) =
x—>-1" xo-1t
Therefore, x = —11is a vertical asymptote.

lim A(x) = o and lim A(x) = -

x—>1" x—-1*

Therefore, x = 1is a vertical asymptote,

lim A(x) = —— -3 _ 3
ol (B3+0(3-1 2

Therefore, the graph has a hole at x = -3,

x% - 2x-15
23. =
A el
_(x-9)(x+3)
(x = 5)(=* + 1)
_x+3 —_
¥ +1
5+3 15
lim = =
W T %
There are no vertical asymptotes. The graph has a hole
at x = 5.
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24.

25.

26.

27.

28.

=2 vt(t—2)
o160 (1 -2+ 27 + 4)
t

Y T i

lim A(f) = o and lim A(f) = oo

h(e)

1—-2" 1—-2"

Therefore, t = ~2 is a vertical asymptote.
lim h(r) = 2 _ 1

-2 Q+2)2°+4 16

Therefore, the graph hasa hole at ¢ = 2.

F(x) = cscmx = —
sinzx

Let n be any integer.

lim f(x) = —o0 orw

xX—=>n

Therefore, the graph has vertical asymptotesat x = n,

sinzx
CoSzx
2n + 1

S(x) = tanzx =

coszx = O forx =

, where » is an integer.

x—2ntl

lim  f(x) = ©or —»
2

Therefore, the graph has vertical asymptotes at
2n + 1

7

t
S(f) = 'Sm_t

sint = 0 fort = nxz, where # is an integer.

lim s(¢) = o0 or ~oo (forn = 0)
t—=>nx

Therefore, the graph has vertical asymptotes at
t = nx,forn = 0,

lim () = 1

1—0

Therefore, the graph has a hole at ¢ = 0.

tan 6 sin 4
9 = em——
£(9) é 8 cos 6
cos @ = 0foré = —275- + nr, where # is an integer.
lim g(@) = wor ~w
5—)12'-+mr

Therefore, the graph has vertical asymptotes at

0=-72£+mr.

Jim g(6) =1
Therefore, the graph has a hole at 8 = 0.




+1 x—-1

N x -1 .
29’ lim ———— = lim (.X - 1) = -2
: —>-1X

Removable discontinuity at x = —1I

o

x2 -2x-8
x—-1" x+1
. x2-2x-8
lim —————— = -
x>t x+1

- Vertical asymptote at x = —1

x? +1
m—
xs-1t X + 1

x2 +1
lim —— = —

xo-1m X + 1

Vertical asymptote at x = —1

-8

TR )
o x 11

Removable discontinuity at

x = -1
2
L
e e,
) S 3
-2
, . 1
33. lim =

x>-1*Xx + 1

36.

37.

38.

39.

40.

41.

42,

43.

44,
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47.

48.
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. x? 4 1
Iim ———— == —— = —
x—>2'x2 + 4 4 + 4 2

lim —>3 g X3
PR (xz + x = 6) s> (x + 3)(x - 2)

= lim
yo-3m X — 2 5

lim 63 + x -1 fim (Bx-1){2x +1)
oo 4%7 = 4x =3 oy (2x = 3)(2x + 1)
. 3x -1 5
= lim =

o2 2x =3 8
. 1

fim (l + —) = -

x—=0" X

lim (6 - —13-] = —o
x—0F X

x— (7:/2)+ COs X

lim Vx _ lim (\/E sinx) =0

x>zt CSC X x—ort

Lox+2 . '

lim = lim [(x + 2) tan x] =0
r=0~ cot x x—0"

lim xsec7x = lim =0 -
x(1/2)” x—>(1/2)” €COS 7x

lim x? tan 7x = —o0
x> (/2"

2 rxal X+ x+1

f(x) = =

x -1 _(x—l)(x2+x+1)

1
li = li =
Jim f(3) = Jim =g =
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s0 P -1 (x—l)(x2+x+l)
.f(x)_x2+.x+l_ X+ x+1

lim f(x) = lim(x-1) = 0
x-1” x—>1"

4

R

53. A limit in which f(x) increases or decreases without

bound as x approaches c is called an infinite limit. o is
not a number. Rather, the symbol

lim f(x) =

X=c

says how the limit fails to exist.

54

The line x = cis a vertical asymptote if the graph of
approaches +o as x approaches c.

One answer is

55.
1 x-3 x -3
51 f(x) = ——— = s
/) x2 - 25 %) (x-6)(x+2) x*-4x-12
lim f(x) = ~oo :
x—=57
0s 56. No. For example, f(x) = = has no vertical
J ;\\ asymptote.
-8 e o
A W |
~04 :
52. f(x) = sec il 1:,,
8 1y 3
lim f(x) = - T /
x—4% -~z :
6
LJ: 58. m = Do
-9 : : ° 1~ (vz/cz)
X of
P\' ! lim m = lim i =
-6 (T v—e” 1 — (VZ/CZ)
59.
@ X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
Sx) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | = ¢ | = 0 =0
) 0.5 .
lim X280 _ o _
~-15 - 16
-0.25
®) x 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
S&) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = 0 =0
0.25 ) I
im 2280 % o
’ x—0% X
-15 15
~0.26
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© [, |1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
F(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667
0.25
-15 18
~0.25
im 2= = 0.1667 (1/6)
x—=0" X
A 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
o f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0
15
-15 eSS 15
A
)
l‘I
-15
i X —sinx _ o
4 - xin(;]'*’ .x4 B
W . X —sinx
b or n > 3, lim ———— = o0,
' x—0" x"
60. V‘L“gf =® 62. (a) Average speed = ——————T(_);al cilf.tance
‘ otal time
0 © Asthe volume of the gas decreases, the pressure 24
increases. ’ 50 = —c———
- (d/x) + (d]y)
2(7) 7 2xy -
61, () r = ——=t== = — fi/sec 50 = ——
o @ 625 - 49 12 / Sy o+ ox
215 50y + 50x = 2xy
. (b)) r= ———(—)— = ift/sec
iy V625 - 225 2 50x = 2xy - 50y
© lim 2x - 50x = 2p(x ~ 25) -
25" /625 — x2 25x —y
x — 25
e o Domain: x > 25
. ®) x | 30 40 50 | 60
S - y | 150 | 66.667 | 50 | 42.857
s
© lim —2% _ _
- =25 \/x — 25 R
i As x gets close to 25 mi/h, y becomes larger and
i larger.
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63. (a) 4= %bh - %ﬂe = %(10)(10tan 6) - %(10)29 =50tan 6 - 506

Domain: (0, %]

(b)
6 03 |06 [09 |12 |15
f(6) | 047 421 | 180 | 686 | 630.1
100
/f
I/i
.»'/.‘
o o= il 15

0

(© lm 4=
8—zf2”

64. (a) Because the circumference of the motor is haif that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

(¢) 2(20 cot #) + 2(10 cot ¢): straight sections. The angle subtended in each circle is 27 — [2(% - ¢]J =7+ 24.

So, the length of the belt around the pulleys is 20(z + 24) + 10(z + 2¢) = 30(z + 2¢).
Total length = 60 cot ¢ + 30(z + 2¢)

Domain: (O, E)
2

(d .
0.3 0.6 0.9. 1.2 1.5
L 13062 |217.9 | 1959 | 189.6 | 188.5
(e) as
D
&“\
“'H..._\__‘___\“__—_

) lim L = 607 ~ 188.5
¢—>(n/2)”
(All the belts are around pulleys.)
(g lmL=ow
g—0*

65. False. For instance, let 67. False. The graphs of
-1 y=tanx,y =cotx,y = secxand y = csc x have
f(x) = o1 vertical asymptotes.
x 68. False. Let
x) = .
g(x) x? +1 1
: — x=20
66. True ORRE
3, x=0.

The graph of f has a vertical asymptote at x = 0, but
f(0) = 3.
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i 1
69. Let f(x) = rand g(x) = = —.and ¢ = 0.

1 1 1 1 L [xr -1
}'I—IT!])? = oo and )1(1_1)11—;‘— = o, but Pf(l)(x_z - ;4—] = hm(T) = -0 = (.
0. Given lim f(x) = coand limg(x) = L:
: 3 x—=rC x=c
(1) Difference:
 Let h(x) = —g(x). Then lim h(x) = - L, and )lrl_)nl[f (x) - g(x)] = lim [/(x) + h(x)] = o, by the Sum Property.
(2) Product:
If L > 0,then for & = L/2 > 0 there exists 6, > 0 such that Ig(x) - LI < L/2 whenever 0 <|x - ¢| < 6.
So, L/2 < g(x) < 3L/2.Because lim f(x) = oothen for M > 0, there exists &, > Osuch that
X—=>C
f(x) > M(2/L)whenever |x — c| < &,.Let & be the smaller of &,and &,. Then for 0 < |x - c|< 3§,
you have f(x)g(x) > M(2/L)(L/2) = M. Therefore lim f(x)g(x) = co. The proof s similar for L < 0.
X=>C
: (3) Quotient: Let & > 0 be given.
There exists 6, > Osuchthat f(x) > 3L/2e whenever 0 <|x - c| < & and there exists &, > 0 such that

. _ |g(x) - L| < L/2 whenever 0 <|x - ¢| < &,. This inequality gives us L/2 < g(x) < 3L/2.Let & be the
smaller of & and &,. Then for 0 <|x - ¢| < &, you have
g(x) 3L/2
/(=) 3L/25

Therefore, lim—~%= g( )

G

2 . . —
71.' Given lgl’if (x) = 0,let g(x) = 1.Then 73. f(x) = 3 is defined for all x > 3.
- lim gi § 0 by Theorem 1.15. Let M > 0 be given. You need § > 0 such that
‘ x—c x
. f(x) = > M whenever 3 < x < 3 + 8.
72 Given lim—— = 0. Suppose hm f (x) exists and equals L.
x—>cf(x) ) 1
Equivalently, x - 3 < i whenever
lim 1 _
Then, lim—— = —s2c_ = L _ ¢ |x~3]< 8 x>3.

xc f (x) limf(x) L ' 1 g
xoc” So take & = s Then for x > 3and

This is not possible. So, lim f(x) does not exist.
. Xx—=c

1
>_
x-3 8

|x - 3|< 6, = Mandso f(x) > M.

< N whenever

4. f(x) =

! S is defined for all x < 5.Let N < Obe given. Youneed § > Osuch that f(x)
- X —

5 -8 < x < 5. Equivalently, x ~ 5 > ~]:—/~whenever |x - 5| < &, x < 5. Equivalently, 1 < -—71; whenever

3]
EX 5|< S,x < 5.Sotake § = —%.Notethat & > Obecause N < 0.For |x - 5| < ¢ and

1
|x - 5|

1

x <5, [
x-95 lx—Sl

< N.

> — = —N,and

S
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