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Derivative of a Function Defined

: 31
gunction ¥ =/ (x) that is continyg,

: interval (—1, 5) Uy
, a perin the In +3). Appyo &
The table below 1ists S“Sr ivative at each 10T ¥

e
! —1,5] and has &
interve | ffat2 _’//—2”3‘7

derivative © 1 .
the dei T 0 2 3

Solution . he derivative of a function deﬁned byayg
1 ways 10 approximate t e of change of /1y &

There are several W }’rate of change o approxima "

Each uses an average

is the derivative of f at 2. 205, we have |

¢ Using the average rate of change from ‘

@ -f@ B2 _g
3-2 1

i i 1.
With this choice, f'(2) 18 approx1mately 2 o have
« Using the average rate of change from 1 {0 2,

- 12—-3 -
21 1
With this choice, f'(2) is approximately 9. ' o
« A third approximation can be found by averaging the above two approximations.

21,+9=15- B
2 5

NETAIRLLE Problem 51 and AP® Practice Problem 8.

Then f7(2) is approximately

i
Concepts and Vocabulary : .
1. True or False The derivative is used to find instantaneous 11, f(x)= ;Cl— at (1, 1) 12, f(x)=4xat(42) i
velocity. ' !
2. True or False The derivative can be used to find the rate of 13, Flx) = 1 at l B 2 { 2
changg of a function, o f &l x¥s " L 6 14. fe)= x+4 & S
3. The notation f(c) isread f . of ¢; f'(c) represents 15, f0r) 1 i ¥
. 1 0 X)) = —= \
the . of the tangent line to the graph of f at the point ___, L x a1, 1) 16. f(x)= 2 at (1, 1)
T O e - ]
4. True or False 1f it exists, ln_rg s s the depvatlve of (n Problems 17-20, find the rate of change of f af the indicated
i . numbers, ’ '
e function f at 3. -
5. If f(x)=6x—3, then ()=, 7. f=5x~2 at@e=0, (b)c=2
6. 'The velocity of an object, the slope of a tangent line, and the rate B f@y=2~1 a @c=-1, (h)c=1
of change of a function are three different interpretations of the 19, f(x)= x? v
‘mathematica) concept calledthe | PIW= S T3 A@e=0, (b)e=1
" . » x e’
Skill Building 0. fo)= o1 M@e=0, b)c=2 |
In Problems 7-16, In Problems 2J.- : . oyl
. . number, 30, find the derivative of each function at the 8"
(a) Find an equation for the tangent line to the graph of each 21 . ’
Junction gt the indicated point. =243 23, f(x)=3x-5a2
(b) Find an equation of the norimal line to each tionatthe 167} 23 F(x)=x%~9 at . B
indicated pojnt, ' function a the ' @=a-2a0 24, f(xy=2x2+4atl
- 25, =3x2 -
(¢) Graph the function, the tangent line, and the normal line at F@)=3x2 4 x 454 =126, flry=2x?-x-T2t l

the indicated point on the same set of coordinate axes,

21 f)=4Tat4

1
7. f(X)=3x23t(“"2, 12) 8. f(x)=x2+2at(__1’3) 28, f(X)=}—2‘at2
2-5
9. f(X)=x3at(—'2,'—8) 10. f(X)=x3+1at(1,2) 29, f(x)= 1+; a0 30, f(x)=2+3x "
2+4x
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Approximating Velocity  An object in rectilinear motion
moves according to the position function s(¢) = 10s2 (3 in
centimeters and ¢ in seconds). Approximate the velocity of the
object at time fo=3 s by letting At first equal 0.1 s, then 0.01 s
and finally 0.001 s. What limit does the velocity ap{aear to {)e l
approaching? Organize the tesulis in a table.

Approximating Velocity An object in rectilinear motion
moves according to the position function s(¢) =5 — 2 (sin
cgmimeters and ¢ in seconds), Approximate the velocity of the
object at time fp =1 by letting Az first equal 0.1, then 0.01, and
finally 0.001, What limit does the velocity appear to be ’
approaching? Organize the results in a table,

Rectilinear Motion As an object in tectilinear motion moves,

38,

its signed distance s (in meters) from the origin after 7 seconds is

given by the position function s = f () =31 +4¢, Find the
velocity v at o =0. At 2g=2. At any time f;.

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s (in meters) from the origin after ¢ seconds is
given by the position function s = f(r) =243 +4. Find the
velocity v at ty =0. At fo=13. At any time f;.

Rectilineaxj Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the

' . . . 1
position function s = s(t) =3> —~ o where s is in centimeters

and ¢ is in seconds, Find the velocity v of the object at fp =1
and fp =4,

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time-# is given by the

position function s = s(#) =72./f, where s is in centimeters and ¢
is it seconds. Find the velocity v of the object at fp=1 and to=4.
The Princeton Dinky Is the shortest rail line in the counitry,

Tt runs for 2.7 miles, conitecting Princeton University to the
Princeton Junction railroad station, The Dinky starts from the
university and moves north toward Princeton Junetion, Its
distance fror Princeton is shown in the graph (top, right), where
the time ¢ is in minutes and the distance s of the Dinky

from Princeton University is in miles.

39.

40,

44.

(a) When is the Dinky headed toward Princeton University?
(b) When is it headed toward Princeton Junction?

{¢) When is the Dinky stopped?

(d) Find its average velocity on a trip from Princeton to Princeton
Junction.

(¢) Find its average velocity for the round-trip shown in the
graph, that is, from t =0 to £ = 13,

Applications and Extensions

“ figure is V = V(r) == 5xr?. Find the

Section 2.1 = Assess Your Understanding 169

s (railes)
Princeton — 2.7 4 2 {127
Junction
RR station
W a0, DML 1)
Princeton 0 ©o . {13, 0): ‘
Uniiversity 0 4 7 10 13 17 t(minutes)

Barbara walks to the deli, which is six blocks east of her house.
After walking two blocks, she realizes she left her phone on her
desk, 'so she runs home. After getting the phone, and closing and
locking the door, Barbara starts on her way again. At the deli, she
waits in line to buy a bottle of vitaminwater™, and then she jogs
home. The graph below represents Barbara’s journey, The time ¢

is in minutes, and s is Barbara’s distance, in blocks, from home.

At what times 1s she headed toward the deli?

At what times is she headed home?

When is the graph hotizontal? What does this indicate?
Find Barbara®s average velocity from home until she starts
back to get her phone.

Find Barbara’s average velocity from home to the deli after
getting her phone.

€))
(b)
()
(@)

(e)

() Find her average vélogity from the deli to home.
s (blocks)
Deli —» 64 (16, 6) (19, 6)
2 6 2)
Hoiise —+ 0 } ; : } .(25' 0
o0\ S5\ 10 15 20 25 t(minutes)
0,0) (6,0)

Slope of a Tangent Line An equation of the tangent line to the
graph of a function £ at (2, 6) is y = —3x +12. What is f'(2)?

Slope of a Tangent Line  An equation of the tangent line of a
function f at (3,2) is y = %x 4 1. What is f7/(3)?

Tangent Line Does the tangent line to the graph of y =x?
at (1, 1) pass through the point (2, 5)?

Tangent Line Does the tangent line to the graph of y =x3
at (1, 1) pass through the point (2, 5)?

Respiration Rate A human being’s respiration rate R

(in breaths per niinute) is given by R =R (p) =10.354-0.59p,
whete p is the partial pressure of carbon dioxide in the lungs.
Find the rate of change in respiration when p = 50.

Instantanebus Rate of Change The
volume V of the right circular cylinder of
height 5 m and radius » m shown in the

instantaneous rate of change of the
volume with respect to the radius
when r=3m,
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45. Market Share During a month-long advertising campaign,
the total sales § of a magazine is modeled by the
fanction S(x) = 5x2 4 100x -+ 10,000, where x, 0 <X = 30,
represents the number of days since the campaign began.
(a) What is the average rate of change of sales from x = 10
to x = 20 days?
(b) ‘What is the instantaneous rate of change of sales
when x = 10 days?
46, Demand Equation The demand equation for an item

is p= p(x) =90 —0,02x, where p is the price in dollars

and x is the number of units (in thousands) made.

(a) Assumning all units made can be sold, find the revenue
function R(x) =xp(x).

(b) Marginal Revenue Marginal revenue is defined as the
additional revenue earried by selling an additional unit. If we
use R'(x) to measure the marginal revenue, find the marginal
revenue when 1 million units are sold,

47. Gravity If a ball is dropped from the top of the Empire State
Building, 1002 ft above the ground, the distance s (in feet) it falls
after  seconds is $() = 16¢%,

(a) Whatis the average velocity of the ball for the first 2 s?
(b) How long does it take for the ball to hit the ground?

(¢) What is the average velocity of the ball during the time it is
fallirig?

(d) What is the velocity of the ball when it hits the ground?

48. Velocity A ballis thrown upward. Its height £ in feet is
glven by h(#) = 100¢ — 16¢%, whete ¢ is the time elapséd in

seconds.
(a) What is the velocity v of the ball at t =0's, t =1 s,
and t =437

(b) At what time ¢ does the ball strike the ground?
() At what time ¢ does the ball reach its highest point?

Hint: At the time the ball reaches its maximum height, it is
stationary. So, its velocity y =0,

49, Gravity A rock is dropped from a height of 88.2 m and
falls toward Earth in a straight line. In ¢ seconds the rock
falls 4,912 m,

(2) What is the average velocity of the rock for the first 2 9
(b) How long does it take for the rock to hit the ground?
(¢) What s the average velocity of the rock during its fall?

(d) What is the velocity v of the tock when it hits the ground?

50. Velocity At a certain instant, the speedometer of an automobile

reads V mi/h, Duj ext 5 the i
uring the next it the automahile travels 20 ft.

. Approximate V from this information,
} 91 A tank is filled wity 80 liters of water at Tam, (=

he water {g conti
. inuously u, T
gives the amount of ater y used. The table

tank at selected ¢
after 7 am,

0). Over the
1y u below

; () (in liters) remaining in the

€s t, where t measures the numiber of hours

\
t 0 2

5 7 9 12
A0 80 71 66 0 34755

\M
\\‘f\

b

mate A'(5).

oxi

table to appr ,
interpret A’(5) in the conygy,

of

Use the .
(a) prOpriate units,

p) UsingapP
©) e problem

he outside temperature 7, iy degres
53, The tabl Florida, on a certain day in Jay,,

e below lists t
o 1CSy
Fahrenheit, i0 Nap where x is the number of bours

[t

for selected times *»
ince 12 a.m.
sine — 57 9 1L 12 B 145y,
T(x) 62 71 74 78 81 83 84 g :
LB M s
mate T/(11). E

(a) Usethe table to approxi

(b) Using appropriate units,
problem.

Rate of Change Show that the rate of chang'e of a linear

function f(x) =mx +bis the slope m of the line y =my 4,

54. Rate of Change Show that the rate of change of a quadng,
function f(x) =ax?+bx +c is alinear function of x,

55, Agriculture The graph represents the diameter d
(in centimeters) of a maturing peach as a function of the et
(in days) it is on the tree.

interpret 77(11) in the coniegtfy

53.

wd
2] o :
g d=4d() ‘ : G
<1
3]
&
: E
0 r
: i
a _f, \ i
1 20 ¢ '
Time (in days)

(a) Interpret the derivative g’ (#) as a rate of change.
(b) Which is larger, o’ (1) or @’'(20)?
(¢) Interpret both ¢ (1) and d@'(20).

fllilsine‘ss The 8raph represents the demand d (in gallons) for !
ve oil as a function of the cost ¢ (in dollars per gallon) of

56.

2

&

M

c o 30 ¢
-0st (in dollarg Per gallon)
(a) Interpret the de:

(B) Which is large

, .
to d’(5) and d/?Bg)(\S) or d'(30)7 Give an interpretai”

be A Metal
Pandin

I Demand (in gallons)

tivative ¢'(¢), !

57

Volume of 5 Cu
centimeters ig ey
heated,

, e
cube with each edge O[]enbgcin:-' f

8 uniformly a5 o consequence ©
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AP Practice Problems

(Preparing for the

) 1, Theline x 4y = 5 is tangent to the '
el e e Py graphof y = Sf(x) at the

» and £'(2) ares The point (6, ~2) is on the graph of y = £ i
A fO=2%Q=-1 (@) Q=3 poy the tangent line to the graph ofpf at (}é, ~,J2£)()ics)l A equation of
C) f(2)____,2; M) = ’ T =-~1 (A) y=3 Py
( F@y=1 D) fQ)=3; ) =2 © e;+2 ) gi y+2=6(4+3)
. i = 00X 2= 3x ~ 3
2. The graph of the. function £, given below, consists of thr i v “-9
line segments. Find f7(3y, e 5. Ifx — 3y = 13 is an equation of the notmal line to the graph
y of f at the point (2, 6), then f/(2) = Eow
| 1 1
124 A - ®) - - 13
ol 3 (8) 3 < ~3 O Y
z~ 6. If f isa function for which lim f@ - /3 J;(_?") = (), then
L x~>-3 X+ ’
(-5,4) ol which of the following statements must be true?
Yoy s (A x = —3 s a vertical asymptote of the graph.
—:6 Jz —+ A S I ) \ (B) The derivative of f atx = —3 exists,
2 2 4 6 8 10 12 14 16 X (C) "The functi s "
Graph of f e function £ is continuous at x = 3.

(D) f is not defined at x == =3,
A1 (B 2 ) 3 (D) f'(3) does not exist ",

] 3. What is the instantaneous rate of change of the fanction

If the position of an dbject on the x-axis at time ¢ ig 4¢%, then the
average velocity of the object over the fterval 0 <t < 51is

64
flx)=3x2+5atx =27 (A)5 (B) 20 (C) 40 (D) 100
@s ®7 © 12 ®17 8. A tank is filled with 80 liters of water at7 am, (¢ = 0), Over the
. . . . ' next 12 hours the water is continuously used and no water is -
4. The function f is defined on the closed interval [~2, 16]. The added to replace it. The table below gives the amount of

graph of the derivative of f,y = f '(x), is given below. water A(2) (in liters) remaining in the tank at selected times ,

where { measures the number of hours after 7 am,
t 0 2 5 7 9 | 12
A() | 80 | 71 | 66 60 | 54 | 50

Use the table to approximate A’(5)-

JM;#::\!

-2
~21

2.2 The Derivativeasa Function; Differentiability
e

0B) ECTIVES When you finish this section, you should be able to:

1 Define the derivative function (p. 171

, A : .173)
h the derivative function (p. 173) .
AP t differentiable (p. 175)

3 Identify where 2 functton is no

1 Define the Derivative Function

real number ¢ has been defined as the real number

The derivative of f ata

M

f
f/(c).—x—-ic x—C

vative as Form (1).

représentation of the dei

provided the limit exists- We refer to this
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Wa
hy (b) See Figure 22. The function is continuo 1 whi )
| 0 determj e n g us at 1, which you should verify.
» Form (elgmlne whether g is differentiable at 1, exammine the one-sided limits at ] usiiyg
! Forx <1,
) . lim E0 =8 A=29-(1_ 9-2 ;;
S 2o =tz st x—1 _xl—lfP~ x—1 '; ;i
la-n i 226D . I
1-2x if am o = lim (-2) =~ i
: = T xx] F |
p,gureZZg(x) {x_2 i oxsl orx > 1, !‘v |
. gx) ~g(l) (x ~2) = (~1) 1 i
lim &322 78V s o _
X1+ x— 1 ; xl_l*rlil+ ¥ —1 —‘Xl—l>nl’1+x—'1 =1
The one-sided limits are not equal, so fim 59)—_51;(1) does not exist. That s, g is not |
ot differentiable at 1, m x> X - I ‘
Notice in Figure 21 the tangent lines to the graph of f turn smoothly around the !

'ck origin,‘On the other hand, notice in Figure 22 the tangent lines to the graph of g change
. abruptly at the point (1, —1), where the graph of g has a corner.

DI Problem 41 and AP® Practice Problems 3,4, 6,and 7.

f S __ | |
f 22fASEessYouR URdETstanding ) T ] II
Concepts and Vocabulary . ;
L, True or False The domain of a furiction f and the domain of its In Problems 17-22, differentiate each function f. Graph y = f (x) : !
derivative function ' are always equal. and y = f'(x) on the same set of coordinate axes. r
% True or False 1f a function is continuous at a number ¢, then it is , 1 I
- differentiable at c. 17. fe= §x 1 18 f()=—4x=3 |
ve 3, Multiple Choice If f is continuous at a number ¢ and 19, f(x)=2x—5x 20, f(x)=—322+2 A il
1es i lim f(—x)-:f—(ﬁ)— is infinite, then the graph of f has 21 f(x)=x®~8x 22, f(x)=~x3—8
X X —C 3 :
b
- [(a) a horizontal (b) 2 vertical (¢) no] In Problems 23-26, for each figure determine if the graphs i
. represent a function f and its devivative f', If they do, indicate il |
tangent line at c. which is the graph of f and which is the graph of f', b !
4. ‘The instruction, “Differentiate f," means to find the — of f. : ik
on 23. 24. i
, | Y Yy ;
Skil Building 41 4 { |
i
2 I Probiems 5-10, find the derivative of each function f at any real A :
Mmiber ¢, Use Form (1) on page 171. ) . — ; T—— |
4 =2 24X -2 / 4 x Lili
[‘ & f(x)=10 6. f(x)=~4 7. f(x)=2x+3 =2t - I: i
% 10
— —4 4 i, i
08 b 0=d—s 9 fry=2-xt o 10. fx)=26"+4 *
26. :
" Problemms 11-16, differentiate each function f and determine the b
*Main of f', Use Form (2) on page 172. 41
1, ¢ 2
L fy=s 12. fx)=-2
. ~4 =2 4 x
g f)=3x2 4515 1. f)=22"~x~T 2t ‘
-4 i
@15- f(;;)=5\/)?__“1 16. f(x)=4/x+3 %
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!
in the graph of [« 24
1 Problems 27-30, s the graph offto obiam 1E8 [ y=py
= fly
N | 43
..-2,.
__4-.
)
©
, h function fhas q
, termine whether each !
In Problems 35;,’:’;;2 what is f/()? If it does ok, give the
i 30. derivative at c.
(i) 2- reason why. .
Y =2 ! =
35, flo=xtate="8 36 fly=2xTatest
76} 9 N ;
= f(x) - = 38. f(x)=Ix"—4|ate=y
’ 1. fo)=xt—4late=2 i
| xd3 i x<l |
‘ (%) 39 fO=9 2404 if x=1 ‘
et ——- "
-4 =2 2 4 3oay if x< -1 e
0 FO= 20 g0 i xz-1
In Problems 31-34, the graph of a function f is given. Match each i ]
graph to the graph of its derivative f' in A-D. —442x if x< 5 N ‘
32, : 41. fx)= i atc=§
J ax?—4 if x>
= 2
24 41 i x<-—1
42, == to=—1
, e &) {-1—4x i x>l
-2 2 4 6%
i 2241 if x<—1
2 [}
vsf 43. f(x)={ =]
l e 242%  if x> -1 atc
S—~2x i
ad, f(x):{ e
33. 3. & if x=2
’ ’ " P’I;Oblems 4548, each function £ is continuous for all redt
iy i /\y= i nmbers, and the graph of y = f'(x) is given.
4 =5 L w— @ Doe,s the graph of f have any horizontal tangent lines? Y%
" ) x ) ZYP ain why and identify where they occur,
| : ex;?;it:ewghgaﬁg o, f have any vertical tangent lines? If yes,g ’
I e S - ! ] ent, ] H 1
-4 -2 24X 4 the point is cu;,lnl{;';) here Fhey ocour, and determie '

() Does the 8raph of f haye any

e they occup,

anb
identify voher, corners? [f yes, explain why '

4s,

2+ T s q

2} : a4

et 4 1o Zl® \/ T

~2 2 4x W—W 24

) -2 e Y 2 4% T
Y=t 2l

B
~—+
Rt
+

i i ———D
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In Problems 49 and 50, use the 8iven poings (¢, £(e))

e on the grapp of
u) For which numbers ¢ does 1im ;
(0 for Jim S ) exist by S is not continuoys
(b) -For which numbers ¢ is Seontinyoys atch ; 1
For ¢ but not differentiable
o, , 50.
y
29 31
21 Y = £

e l): :(4- )

2 4 x

~4 =2 2 4 6

InProblems 51-54, find the derivative of each function,

L f6)y=mx+b 52, f(x)=ax?+bx+c
1

53, Flx)= i 54, f(x)= ﬁ

x2

Applications and Extensions

In Problems 5 566, each limit represents the derivative of d function f
Usome number ¢, Determine fand cin each case.

4 2+4h)—8
5,y QHR)2—4 _ grhr-%
41
5y x2_1 L X
Hnl}'?f 58 }1—?‘1 x—1
8+m)" ~2
9 OTA—3 i B4 72
i I
N
sinx-~1~ cosx—*"z'
0 iy 62, lim —7
¥~$7/6 T x-rmf4 X
3-2x
B iy 26422~ (x +2) 6 64. fim 2
lﬂo\_—r_——'——*‘ x=—0 X
. ah— 1) +h=3
Sl CHh2 42641 15 g fim T
-0 -

h .
£ 5 balloon is expanding
the time (in seconds).

olume V (in cubic feet) ©
f the balloon with respect

;fCOrding to V= V(1) = 4¢, where i
l(:n.d the rate of change of the volume 0
YMe. What are the units of V/(1)7

68

69,

70,

71

72

73

74

75.

76.

71

78.

181

‘ (in square ;) $
expanq:ng according to 4 = A i )2t0 -

| ¢ is the areq chang;
What are the units of A’(s)9 gl
Units A manufacturer of Precision digita]

cost C (in dollars) of Clx)= 10,000 +3x, where x jg the number

of switcheg produced da] i
Y- What i the rag { i
Tespect to x? What are the units of ¢ ():)';1 "o ohangs of s i

Circular pateh of 0il is
» WRere £ s the time (in
N8 with respect o time?

switches hag g daily

Units A manufacturey of precision digital switches has daily

reveni in X
e R (in dollars) of Rixy=3y — 5(706' where x is the

Number ‘of‘ switches produceq daily. What s the rate of change of
revenue with Tespect to x? What are the units of R'(x)?

3 s

x° i
f)= { 2 g 050

x°if xs0
(a) Determine whether £ is continuaus at 0,
(b) Determine whether F(0) exists,
{¢) Graph the function S and its derivative f.
2x if x <0
2 i x50
(a) Determine whether S is coritinuous at 0,
(b) Determine whether F7(0) exists.
(¢) Graph the function £ and its derivative f,

For the functjon Fx)= {

Velocity The distance s (in feet) of an automobile from the
origin at timeé ¢ (in seconds) is given by the position
function

£ if 0xr<s
$=s= {1'25 it 25

(This could represent a crash test in which a vehicle is aceelerated
until it hits a brick wall at t =5 5.)

(a) Find the velocity just before impact (at t =4.99 5) and just
after impact (at £ =15,01s),

(b} Is the velocity furiction v =s(¢) continuous at t = 35?

(¢) How do youinterpret the answer to (b)?

Population Growth A simple modclrfor Ropulatign growth
states that the rate of charige of popylan?n size P thh .respect to
time ¢ is proportional to the population s'l_ze.‘Expres,s this
statement as an equation involving a derivative.

Atmospheric Pressure  Atmospheric pressure p degr;as::és
the distance ¥ from the surface of Earth increases, an nioi e
of change of pressure with respect to altltydeixsvlgic‘)/;i)s

the pressute. Express this law as an equation in g

a derivative, d -
in conditions, an ele
jcal Current Under certfun . ‘
El:r‘::t:tl 1 will die out at a rate (wn.h respect to ,u;lr;elg)wﬂ;ast ;
Cuoportional to the current remaining. Express this
o i jvative.
ation involving a deriva -
. t Line Let f(x) = ¢? 4 2. Find all points o‘n it:e graph
Tfa ;gff;r: which the tangent Tine passes through the origin.
i Line Lctf().')=,1.‘2——2x+1.Findallponu}‘;sz)hl;3
tThangzgltlE;'nf for which the tangent line passes throug
e gr

point (1, 1),

T e e
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79. Area and Circumference of a Circle A circle of radius r has
area A = rr? and circumference C = 2sr. If the radius changes
from r to r + Ar, find the:

(a) Change in area.
{(b) Change in circumference.
(c) Average rate of change of area with respect to radius,

(d) Average rate of change of circumference with respect to
radius,
(e) Rate of change of circumference with respect to radius.

80. Volume of a Sphere The volume V of a sphere of radius r

(@) Change in volume,
(b) Average rate of change of volume with respect to radius.

(¢) Rate of change of volume with respect to radius.

81. Use the definition of the derivative to show that f{x) == |x| is not

differentiable at 0.
82. Use the definition of the derivative to show that f(x) = J/x is not
differentiable at 0.

83. If f is an even function that is differentiable at ¢, show that its
derivative function is odd. That is, show f’(~¢) = — f'(c).

84. If f isan odd function that Is differentiable at ¢, show that its
derivative function is even, That is, show f'(—¢) = f"(c).

.3
isV z,%- If the radius changes from r to 7 + Ar, find thet

and Derivatives Let f and g be ty,

g5, Tangent Lines t ¢, State the relationship between ‘l‘|:li0,1
tit

each with derivatl‘ves a

; cifs
tangent lines at ] p

w fo=g@ O FOTTEG gy
ms-——"""_

llenge Proble
Challeng efined for all real numbers . Suppogse I

86. Let [ pe a function d. ‘
the following propertics: | 1 I
Fu+v)=fWf® £(0)= £ i
(@) Shéw that f'(x) exists for all real numbers x.
(b) Show that f'(x) = f'(O).f ().
dofined for all real numbers and has the oy,

87. A function f is .
three pmpemes:

fo=5 f@O=2
for all real numbers a and b where k is a fixed real number
independent of a and b. @

fla+b) = f(a) =kabyyy

(a) Use a =1 and b =2 to find k.

(b) Find £'(3).
(¢) Find F'(x) for all real x.

88. A function f is periodic if there is a positive numbet p so

that £(x -+ p) = f(x) for all x. Suppose f is differentiable, St
that if f is periodic with périod p, then f” is also pedodic with
period p.

AP® Practice Problems

(Preparing for the (B

,where a and b

2. it x=1
TRk ), 1. The functi - X ax 1 <
e function f(x) axtb i x>l

are constants. If f is differentiable at x = 1, theng 4 b =
A -3 ® -2 ©00 (@2
2. The graph of the function f, given below, consists of three line

' S I £ (x) = x|, which

segments. Find Ainb w
y
6..
~_/4
9y )
22/}
e
-4 - 1
W -1 @ -2 (o 3
3 ) =5 (D) doesnotexist
o x2-25
3 I fy={ 55 I x#s
5 if x =5

which of the following Statements about [ are true?

PAGE 4 5
A 4. Suppose f is a function that is diff

L lim f exists.
x5
IL f is continuous at x = 5,
IL £ is differentiable at x = 5,
(A) Ionly

(C) Yand Il only

(B) Iand Il only
(D) LI, and II
erentiable on the open

interval (-2, 8). I f(0) =3
- y Q) A ey 2 = e = 3’
which of the following must bf:(trZe? Hend 70

L f has atleast 2 ZEros,

IL f is continuous on the'closed interval [—1, 7).
III, For some 60<c<7, fl)=-9
(A) Tonly |

. (B) Tand IJ only
(C) Iand m only

@) LI, and 11

of th :
about f are true? ¢ following statements

L fis continuous at 0,
I fis differentiable atQ,
L f£@0) =0,

(A I only

(B) I only |
(C) TIand INI only |

(D) L1, and 1y
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. The graph of the function i : i
% 6 tangegntlljines at the points g;SI;;)‘::dl?zthe fli)gUrzhas horizontal 8. Atwhat point on the graph of £ (x) = x? — 4 is the tangent line
. . ’ » 1) and a vertical i -3y ==
tangent line at th'e point (1, 0). For what numbers x in the open parallel to the ling 6x ~ 3y == 27
interval (—2,3) is £ not differentiable? A (1,-3) B (1,2) (© @0 D) 24
« dx+1 if x=2
y gt : .
176] 9 Atx =2, the function f(x) = is
4'L . 4 {3x2—3 if x>2
2 (A) Both continuous and differentiable.
) (B) Continuous but not differentiable,
—t / \ e (C) Differentiable but not continuous.
~2 \; 1 N2/ = (D) Neither continuous nor differentiable.
=2y 173 10. Oil is leaking from a tank. The amount of oil, in gallons, in the

tank is given by G(¢) = 4000 — 3¢2, where ,0 < ¢ < 24 isthe
. number of hours past midnight.

(A) —1only (B) —land1only (a) Find G'(5) using the definition of the derivative.

(€) —1,0,and20nly (D) —1,0,1,and?2 (b) Using appropriate units, interpret the meaning of G'(5) in
Lk the context of the problem.

7. Let f be a function for which l}in‘(x) M = 3, 11, Arod of length 12 ¢cm is heated at one end. The table below

7 h gives the temperature T'(x) in degrees Celsius at selected

Which of the following must be true?
‘numbers x cm from the heated end.

I. f is continuous at 1,

II. f is differentiable at 1.
oo i i - X ol2]5|7]9]12
f"1s continuous at 1 T(x) [ 80 [ 71 | 66 | 60 | 54 | 50
(A) Ionly (B) Uonly
(©) landMonly (D) LII, and III (@) Use the table to approximate T'(8). ,
(b) Using appropriate units, interpret 7/(8) in the context of the
problem.

2.3 The Derivative of a Polynomial Function;
The Derivative of y = ¢*

OBJECTIVES When you finish this section, you should be able to:
1 Differentiate a constant function (p. 184)

2 Differentiate a power function (p. 184)

3 Differentiate the sum and the difference of two functions (p. 186)

4 Differentiate the exponential function y =¢* (p. 189)

Finding the derivative of a function from the definition can become tedious, especially if
the function f is complicated. Just as we did for limits, we derive some basic derivative
formulas and some properties of derivatives that make finding a derivative simpler.

Before getting started, we introduce other notations commonly used for the
derivative f’(x) of a function y = f(x)., The most common ones are

d
© 2 piw
dx
- . dy o ‘
Leibniz notation T may be written in several equivalent ways as
dy d d
dr ) = el @
d . ; . )
where —— is an instruction to find the derivative (with respect to the independent

dx
variable x) of the function y = f(x).

In operator notation Df(x), D is said to operate on the function, and the result
is the derivative of f. To emphasize that the operation is performed with respect to the
independent variable x, it is sometimes written Df (x) = D, f (x).

We use prime notation or Leibniz notation, or sometimes a mixture of the two,
depending on which is more convenient. We do not use the notation D (x) in this book.
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Solution

NOTE We have not forgotten y = Inx,
Here s its derivative:

dx x
Use this result for now. We do not have
the riecessary mathematics to prove it
until Chapter 3.

[EXAMBLER Differentiating a
Find the derivative of f(¥) =

The function f is the sumo

z ' f'(x)=2d;(4e"+x

EREL Problem 25 and AP® Practice Problem

d X
Now we know ——¢” ==¢
dx

we need more information, See Chapter 3.

::L ‘]m.m lm’!!‘l f\ M'EK: ” ”l LT UL O AP U1 e s P 1 JPTTo—
¥ L5 |I "'
3; 1 .
, 190  Chapter 2 * The Derivative and Its Properties d
= ((0) v eX' = 1
_ % then 7€ S ey
sise Lare fO 0SSO T pr .
1 —a =
dx
) ent
THEOREM Derivative of the ‘Expon
The derivative of the exponenti

n Expression Involving y = ¢*

4e* + 7.

f4gx andx3,ﬂleﬂ 4
d 4o a st =se g

3):‘[}';(4ex)+dxx 2 dx ¢+

Constant Multiple Rule; Use (1),

Rule
Sum Rd Simple Power Rule

sdand9.

* To find the derivative of f(x) =a*, a>0amde

3 RiJAssessvounUnderstanding

Concepts and Vocabulary

,' I T S
i 1. dxn =} dxx =

2, 'When # is a positive integer, the Simple Power Rule

d
states that —x"=___.
dx

3, True or False The derivative of a power function of degree

greater than 1 is also a power function.
4. Ifk is a constant and f is a differentiable funetion,

o d
then —[kf ()] = —

The derivative of f(x)=¢* is ——.

True or False The derivative of an exponential
function f(x)=a*, wherea>0anda 31, is always
a constant multiple of a*.

5
6

skill Building

In Problems 7-26, find the derivative of each function using the
formulas of this section. (a, b, ¢, and d, when they appear, are’
constants.)

@) 7. fo=3x++2 8, f(x)=5x—n
9, fx)=x*+3x+4 10, fx)=dx*+2x%2 -2
W Fo)=8u5—5u+1 12 f@)=9%"—2u’+4u-+4
13, f(s)=as3+—2-s2 14, f(s)=4—ms?

15, f()=(*=9) 16. f(x)=-;-(x7-—3x2+2)

-

P42 x7 —35
7. f@)=— 8. f =" z
342
19. f(:c)=ic~¥r~l 20. f(x):-i—(ax2+bx+c‘),ﬂ‘r‘°

21 f(x)=ax’+bx+c
23, f(x)=4e*

25, fuy=75u? —72e"

22, f(x)=ax®+bx?+oxtd
1
24, SR
fa)=—ze
26. f(u):Be“-{-lO

In Problems 27-32, find each derivative.

d

27, -—<~/§t+,—1- 2, 4[5
ZtA 2 T 8

29, i =
aR if ARy =n R? 30, %%if,C:MR
dVv 4

<) AR TR VR J ar

ar TVe=mr 32— if P=02T

In Probleins 33-36:

a) Fi
(@) Find the slope of the tangent line to the graph afenCh

Junction f at the indicated,point.

(b) Find an equay;
. quation of the t ; :
(¢) Find an equation o angent line at the point

B (d) Gra f the normal line at the point.
in( ;hc‘lf(;nd the tangent line and normal line found
nd(c) on the same et of axes.

33, f(x)=x3+3x—-1at(0 ~1)
34, f(x)=x4+2x-lat(l,2)
I () =er +3x at (0, 1)
36, F(x)=d—gr g ©,3)

s R s

TR T O AR B R

R BTt

L ST T T e—

mrr
(a)

v
(©)
)

(4] g

"

@

39
M

4:
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Jn Problems 37-42;

@ F ind the points, if any, at whick the graph of each function f
has a horizontal tangent lina,

® Find an equation for each horizontal tangent line,

In Problems 49 and 50, for each function f:
(@) Find f'(x) by expanding f(x) and differentiating the polynomial,
(b) Find f'(x) using @ CAS. :
o ‘e the ineguatity F/(5) >0, (c) Show that the results found in parts (a) and (b) are equivalent.
(d) Solve the inequality f'(x) <. . f@)=@x -1 0. f@y=07 40"
) (¢) Graph f and any horizontal lines found in (b) on'the same set Applications and Extensions

of axeiv.‘ ‘ In Problems 51-56, find each limit.
() Describe the graph of f for the results obtained in parts (c) § g
e () -+(3)
s(=+h) =5(= .
; . 2 5_.6.72°
3. fR=3"—12x+4 38, f)=a24dx-3 51, lim 2 52, fim QA" —6:2
. h=0 h h=30 h
39, fry=x+e 40, f(x)=2¢* —1 B3GR —A3.8° r(l+h)°—n
A fO)=x>—3x+2 42, Fx)=xt — 4y 53. Jim B z 5. lim h
, . a(x+h) —ax? . blx ) - bx”
43, Rectilinear Motion At ¢ seconds, an object in rectilinear S5 }P—% r 6. IP—% R
motion is s méters from the origin, where s(t) =13 — 1 +11.
Find the velocity of the object at ¢ =0 and at ¢t =5, In Problems 5762, find an equation of the tangent line(s) to the graph

. . . of the function f that is (are) parallel to the line L.
44. Rectilinear Motion At seconds, an object in rectilinear

motion is s meters from the origin, where s(i) =4 — P+ 1. 87, f(xy=3x*—x; Liy=5x
Find the velocity of the object at r =0 and at £ =1, 58, f(x)=2x"+1; Liy=6x—1

59, f(x)=e*; Liy—x—5=0

Rectilinear Motion In Problems 45 and 46, each positi t
eqch position function 60, F(x)=—2¢% Liy+2x—8=0

gives the signed distance s from the origin at time t of an object in

rectilinear motion: | 61, f(x)= %x?’ —i% Liy=3x—2

(a) Find the velocity v of the object at any time t, 62. f(x)=x3—x; Lix+y=0

(b)) When is the velocity of the object 07 ] 63. TangentLines Let f(x) =4x> —3x — 1.

9

45, s(t)=2—5t+1? 46, s(t)=1>— E'tz +6f -4 {a) Find an equation of the tangent line to the graph of f
atx=12.

In Problems 47 and 48, use the graphs to find each derivative. (b) Find the coordinates of any points on the graph of f where
the tangent line is parallel to y = x 12,

47, Letu(x)= f(x) +g(x) and v(x) = f(x) —g(x). {c) Find an equation of the tangent line to the graph of f at any
points found in (b).

@ #'© (b)) W@ (82 (d) Graph f, the tangent ling found in (a), the line y = x + 12,
© V(=2 @ V) and any tangent lines found in (c) on the same screen.

() 3u'(5) () —20(3) 4, Tangent Lines Let f(x)s=x?+ 2% +x— 1.

oy =f(x)(6 "
(1,2).. ’

(a) Find an equation of the tangent line to the graph of f
atx =0,

(b) Find the coordinates of any points on the graph of f where
the tangent line is parallel to y =3x —2,

(¢) Find an equation of the tarigent line to the graph of f at any
points found in (b).

(d) Graph f, the tangent line found in (a), the line y = 3x —2,

and any tangent lines found in (c) on the same screen.

48, Let F(t)= £ (1) +g(+) and G(t) =g(1) — f(1).

Al y=g 0.6 oy F© (b) F'3) 65. Tangent Line Show that the M e
© F(-4) (@ G'(-2) line perpendicular to the x-axis Y
" G'(6 and containing the point (x, y)
CRACUR A on the graph of y =¢* and the &)

tangent line to the graph
of y ==¢* af the point (x,y)
intersect the x-axls 1 unit apart,

See the figure. _,//
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66, Tangent Line Show that the fangent line to the graph

of y = x", n’>2 an'integer, at (1, 1) has y-intercept 1 — .

67. TangentLines Ifn is an odd positive integer, show that the

tangent lines to the graph of y =x" at (1, 1) and at (=1, —1)are

parallel,

68. Tangent Line If the line 3x — 4y =0 is tangent to the graph

of y = x3 -4~k in the first quadrant, find £,

69. Tangent Line Find the constants g, b, and ¢ so that the graph

of y ==ax? 4+ bx + ¢ contains the point (1, 1) and is tangent to
the line y = 2x at (0, 0).

N N
70. Tangent Line Let 7 be the tangent line to the graph of y =x

at the point ( -21—, %) At what other point Q on the graph

of y=4x? does the line T intersect the graph? What is the slope
of the tangent line at Q7

71, Military Tactics A dive bomber is flying from right to left

along the graph of y = x2. When a rocket bomb is released, it
follows a path that is approximately afong the tangent lin_e, Where
should the pilot release the bomb if the target is at (1, 0)?

72. Military Tactics  Answer the question in Problem 71 if the plane

is flying from right to left along the graph of y =x3,

73. Fluid Dynamics The velocity v of a liquid flowing through

a cylindrical tube is given by the Hagen-Poiseuille

equation v=k(R2 —r2), where R is the radius of the tube, kis a
constant that depends on the length of the tube and the velocity of
the liquid at its ends, and r is the variable distance of the liquid
from the center of the tube. See the figure below,

(a) Find the rate of change of v with respect to  at the cénter of
the tube.

(b) What is the rate of change halfway from the center to the wéll
of the tube?

(c) What is the rate of change at the wall of the tube?

74. Rate of Change Water is leaking out of a swimming pool that

measures 20 £t by 40 ft by 6 ft. The amount of water in the pool at
atime? is W(f) = 35,000 ~20¢2 gallons, where ¢ equals the
number of hiours since the pool was last filled, At what rate is the
water leaking when f =2 h?

75. Luminosity of the Sun The luminosity L of a staris the rate at

which it radiates energy, This rate depends on the temperature 7
and surface area A of the star’s photosphere (the gaseous

surface that emits the light), Luminosity is modeled by the
equation L =o' AT*, where o is a constant known as the
Stefan-Boltzmann constant, and T is expressed in the absolute
(Kelvin) scale for which 0 K is absolute zero, As with most starg
the Sun’s tempersture has gradually increased over the 6 billion ,
years of its existence, causing its luminosity to slowly increase,

(a) Find the rate at which the Sun’s luminosity changes wity
Tespect to the temperature of its photosphere, Assume that the
surface area A remains constant,

Diarhnte it UL i,

hptikin ie "

76.

77.

78.

79

80

81,

t the present time,
te of crl;air;g:uirent];sgoo K (10,009 :;r)"pQr%l
of the Photosg}f:ztosphere is r=696x 108y, e
' w

in (b) remains cq
the rate found in ( 105 cong
g that lé the Juminosity change if its phot()sph
dby 1K (1°Cor L8Ry
the present luminosity of

Assumin

© how much w'ou

temperature increase

Compare this change 10

the Sun. _—

o . 2 € Fréenc p }’Sicia

.. Poiseuille’s Equation ysiiy
M‘_’didﬁ:'dli)s(:;(s)sered that the volume V of blood (in cub;

Poliﬁﬁ;wm per unit time) flowing thrc;ughb an artery wig -

::c?ius R (in centimeters) can be modeled by

V(R)=kR*

L v represents the viscosity of
e k = —— is constant (here Of by
where k 8ol

and  is the length of the artery).

(a) Find the réte of change of the volume V' of blood Flowing
through the artery with respect to the radius R,

(b) Find the rate of change when R =0.03 and
when R =0.04,

(c) If the radius of a partially clogged artery is increased
from 0.03 to 0.04 cm, estimate the effect on the rate of
change of the volume V' with respect to R of the blood
flowing through the enlarged artery,

(d) How do you interpret the results found in (b) and (c)?

Derivative of an Area y
Let f(x)=mx,m=> 0,

Let F(x), x> 0, be defined ag
the area of the shaded region in
the figure. Find # ().

Jx) =mx

The Difference Rule

P . . )
functions and if fr (x) = rove that if f and g are differentiabl

F(x) = g(x), then

PO =) - g

Simple Power R

. ule . .
Integer. Use g fy ket £(x) = 1", where n is a positive

Ctoring Principle to show that

F(e) = lim fi’?_‘;{(&)

K=

eyt
Y¥—o =nc

i .
O what nonneggtiye number b is the line 5"
3% +b normgy to the graph of y

Normg] Lines
Ofy‘:xz at fhe

by y=
=x39
Let
i (. g i 0 he g
' t What ather point Q does

=
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challenge problems

Tangent Line Finfi a, b, ¢, d so that the tangent line to
the graph of the cubic y =ax® 4 bx? - cx 4 at the point (1, 0)
is y=3x —3 and at the point (2,9) is y = 18x —27.

82

g3, Tangent Line Find the fourth degree polynomial that

contains the origin and to which the line x -+ 2y = 14 is tangent at

poth x =4 and x = —2.

g4, Tangent Lines Find equations for all the lines
containing the point (1, 4) that are tangent to the graph
of y =x3 — 10x* 4 6x — 2. At what points do each of the
tangent lines touch the graph?

g5, The line x = ¢, where ¢ > 0, intersects the
cubic y = 2x” +3x% — 9 at the point P and intersects the
parabola y =4x? -+ 4x + 5 at the point Q, as shown in the
figure on the right.

(a) If the line tangent to the cubic at the point P is parallel to
the line tangent to the parabola at the point Q, find the
number ¢.

- (b) Writé an equation for each of the two tangent lines described

in (a).

Section 2.3 » Assess Your Understanding 193

yix=¢
40+
y=23+ 329
2 20+
=d4x* +4x+ 5
Y ‘4‘5 }

86. f(x)=Ax*+B,A>0.
(a) Find e, ¢ >0, in terms of A so that the tangent lines to the
graph of f at (¢, f(¢)) and (—¢, f (—¢)) are perpendicular.

(b) Find the slopes of the tangent lines in (a).

(©) Find the coordinates, in terms of A and B, of the point-of
intersection of the tangent lines in (a).

S -@reparingforthe

" AP® Practice Problems
L I_fg(x) = X, then gl(7) -
Wo ®1 ©7 O _4_29_

2. Thelitie x + y =k, where k is a constant, is a tangent line
to the graph of the function f () = x* ~ 5x + 2, What s the
value of k?

@ ~1 ®2 © -2 O —4
An object moves along the x-axis so that its position at time ¢

is x(£) = 3% — 9¢ + 7. For what time # is the velocity of the
object zero?

(i%) 3

Ay -3 ® 3 (© % (D) 7

g

%) 4. If f(x) = ¢*, then In(f'(3)) =
A3 ®o © ¢
i) 5. An equation of the normal line to the graph
of g(x) = x3 4 2x% — 2x + 1 at the point where x = ~21s
@A) x+2y=12 (B) x—2y=8
©€) 2x+y=-9 (D) x+2y=8
The line 9x — 16y = 0 is tangent to the graph

of f(x) = 3x3 + k, where k is a constant, at a point in
the first quadrant. Find k.

3 3
7 ® 35

(D) In3

4]
7] 6

9
(A) (© 6311 (1)) a

PAGE
188

If f(x) = 1+ ]x — 4], find f'(4).

(A) =L (B) 0 (© 1 (D) f'(4)does notexist.

8. The cost C (in dollars) of manufacturing x units of a product

is C(x) = 0.3x +4,02x + 3500,
What is the rate of change of C when.x == 1000 units?

(A) 307.52 (B) 0.60402 (C) 60402 (D) 1020
d
| 9. 3;(5 In x) =
1 , , 5 - |
® & B ©-pr O

10. For the function f(x) = x>+ 4

(ay Find f/(1)."

(b) Find an equation of the tangent line to the graph
of fatx =1,

{(¢) Find f'(—4).

(d) Find an equation of the tangent line to the graph
of fatx = -,

(e) Find the point of intersection of the two tangent lines found
in (b) and (d).

Y} % 11. Which is an equation of the tangent line to the graph of

F(x) = x* 4 3x% + 2 at the polnt where f'(x) = 2?
(A) y=2x+42 (B) y =2x+2.929
(€©) y=2x+1678 (D) y=2x-2929
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202 ing object’
v of the alling
The velocity as _ fi( ct?) = —2ct
v=r T dt
and its acceleration & 13 dv & _ g

which is & constant. Usu

PR VT T W !

a0

a=77 7 4

1
o constant 2¢ by g s0c= 58 They

ally, We denote th

called the acceleration due to gravity. For oy Plang

The number g is 2 Onp the planet Jupiter, g~26, i
<, Un §
approximately 32 fus?, or 9.8 m/ '
our moon, g & 1,60 m/s?.
Concepts and Vocabula
P i $2—2 2. fory= %=1
1. Trie or False The derivative of a product is the product 23, AT
of the derivatives. _ 1
2. If F(x) = f(x)g(x), theri F'(x)=____ () 28 fd =5y 26 BO= s
3. Trueor False ——x"=nx"*!, forany integer n. 27, s()= =3 28, GQu)=u*
4. If f and g £ 0 are two differentiable functions, , 4 . __3_
d fe _ M. f=-= 30. f=7=
N dx 200 . 10 3 2 3
& ] ] e 3L Fx)=~—~+— R, fWO=—=-=
5. Trueor False f(x)= x—2 can be differentiated using the 122! Fex) x4 7 x? s 5
‘ 1 5
X =3
Quotient Rule or by writing f(x) = %2- =x"2¢* and using the B fx)=3x 352 M. f)= x5~ ;c‘
. 1 1 1
 Product Rule | 0 3. s(t)==— 4 36. s(z)=—+—1—+~3
6. If g 50 is a differentiable function, then —— —— == L A | to
dx g(x) x 2
. 3. foy=Z x
7. If f(x)=x, then f'(x)=___ e 2 38, f(x)_.——x-
8. When an object in rectilinear motion is modeled by the position x2 41 .
function s = s(¢), then the acceleration a of the object 3, fx)= 40, F(x)=—2
at time ¢ is given by g =a(t) =_.___. xek ) =7

Skill Building
In Problems 9-40, find the derivative of each function.
9. f(x)=xe* 10, f(x)=x2e*

1L fl)=x2(x>—1) 12 fx)=x*x+5)

B f0=0x=8)@x+1) 14 f(r)=(x~2)@x+5)
15, s()=@5 =P -2 +1) |
16, F(u)=(u* = 3u 4+ 1)(u? — u +2)
17, f(x)=0%+1)(e*+1) 18. f(x)=(*+1)(* +2)

2s
19, g(s)=—_ 211
8(s) Py 20, F(z)=220_ 5
21 Gy lo2 2 fuyelo?
1+24 W=

In Problems 4]-54, find f' and f Sor each function.
Mt ‘ .
W FE)=3x24x 7 42, flx)=—5x2~%

B fy=er -3 M, fx)=x—¢
§AS fx)=(x +5)e* 46, f(x)=3x%
4. - :
&=+ 15 4 Fx)=@x -9

. fy=yyld
x+x 50, f(x)=x—%

SLop@y=t=t

- 2. )= u+1
53, f_(X)-:iﬁ

p 54, f(x):—-—

B -
55 Fl_nd ' and i fOl‘ (a) y = and (b) y e
Y y " X

56. Findfis)_’a d%y ~x

x \for(a))“«——and(b) y"g’/

St ™ TR




e,

Dlan

L TR IR P URK UG PREN I ACH WA T

Rectilinear Mutio_n In Problems 57-60, find the velocity v = v(t)
and acceleration a = a(t) of anobject in rectilinear motion whose
signed distance s from the origin at time t is modeled by the position
ﬁlflCﬁon §= S(f).

57, s({)::l6t2+20f 58, s(t)=1612+10[+1

59, S(t) :‘4.922 +4t+-4 60. &(t) = 4,942 +5¢

n Problems 61-08, find the indicated derivative,
6L FOMIE ) =2 ~3x2 L2~ 5
62, FO)IE Fl)=dx® +-x2— 1

B le 1y 5
63 ——(gt 71‘ 7t

. dS
o 64. w(t6+515——2t+4)

10

£7—ie"+uz) 66, <L (2ex
65~ - o (2e)

A5

67. i‘i—g(—e")
X

d8
= 68. —(12x -

In Problems 69-72:

(a) Find the slope of the tangent line for each function f at the given
point.

(b) Find an equation of the tangent line to the graph of each
Sunction f at the given poin.

(¢) Find the points, if any, where the graph of the function has a
horizontal tangent line.

(d) -Graph each function, the tangent line found in (b), and any

tangent lines found in (c) on the same set of axes.

2 ;
6. f(x):;ci_—at (—1, —l> 70, f(x):ﬁ-f at (0,0)

1 2
241 5
72, flx)= P at <2, 5)

.
7. f(x):x’;l at (1-21-)

In Problems 73-80;

horizontal tangent line.
(b) Find an equation for each horizontal tangent line.
(¢) Solve the inequality f'(x) >0,
(d) Solve the inequality f'(x) <0.

@ (¢) Graph f and any horizontal lines found in (b) on the same set of

axes,
() Describe the graph of f for the vesults obtained in (c) and (d).

B f) =@+ D@2 -x—11) T4 f(x)=0x~2)(2x+1)

231
. f(x):x’f 1 76. f(x)=x:
77, f(x)==xe* 78, f(x)=x%e
2 &

79, f(x)=xex 3 80. f(x):m
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In Problems 81 and 82, use the graphs to determine each derivative,

),

8L Letu(x)= f(x)- g(x) and vi(x) = ok

+  y=f)

(0,2 (6,4

@) ') ) &4
© v(-2) (d) v'(6)
d d 1 3
(e) Em atx = ~2 ® dTCEGS atx =4
- =10
82, Let F{t) = f(r) - g(t) and G () = PR
Y y=gW (1.6)
6--
(a) F'(0) ) F'3)
(©) F'(~-4) ) G¢'(=2)
) G~ L S
(e) G'-1) . O i 7O a}tt-—3

(a) Find the points, if any, at which the graph of each function fhas a

Applications and Extensions

83, Vertical Motion An object is propelled vertically upward
' from the ground with an initial velocity of 39.2 m/s.
The distance s (in meters) of the object from the
ground after ¢ seconds is given by the position

function s =s(¢) = ~4.9¢2 + 39.2¢.

(a) What is the velocity of the object at time #2

(b) When will the object reach its maximum height?
(c) What is the maximum height?

(d) What is the acceleration of the object at any time ¢7
(e) How long is the object in the air?

(f) What is the velocity of the object upor impact with the
ground? What is its speed?

(g) What is the total distance traveled by the object?
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84, Vertical Motion A ball is thrown vertically upward from
a height of 6 ft with an initial velocity of 80 ft/s. The distance §
(in feet) of the ball from the ground after ¢ seconds is given by
the position function s = s(t) = 6 - 80¢ — 162,

(@) Whatis the velocity of the ball after 2 s?

(b) When will the ball redch its maximum height?
(c) What is the maximum height the ball reaches?
(d) What is the acceleration of the ball at any time 17
(¢) How long is the ball in the air?

(f) What is the velocity of the ball upan impact with the ground?

What is its speed?
(8) What is the total distance traveled by the ball?

85. Environmental Cost The cost C, in thousands of dollars, for
the removal of a pollutant from a certain lake is given by the

, S ;
function C(x) = Il—oi—-—;’ where x is the percent of pollutant
removed. '

(a) What is the domain of C?

(22 (b) Graph C.
(c) What is the cost to remove 80% of the pollutant?

{(d) Find C’(x), the rate of change of the cost C with respect to

the amount of pollutant removed.

(e) Find the rate of change of the cost for removing 40%, 60%,

80%, and 90% of the pollutant.
() Interpret the answers found in (e).

86. Investing in Fine Art The value V of a painting ¢ years after it

is purchased is modeled by the function

100£2 4+ 50
1

+400 1<rx5

V)=

(a) Find the rate of change in the value V with respect to time,
(b} What is the rate of change in value after 2 years?

(¢) What is the rate of change in value after 3 years?

(d) Inferpret the answers in (b) and (c),

87. Drug Concentration The concentration of a drug in a
patient’s blood ¢ hours after injection is given by the

funetion f(t) = Etg—jf-l- (in milligrams per liter),

(a) Find the rate of change of the concentration with respect to
time,

(b) What is the rate of change of the concentration after 10 min?

After 30 min? After 1 hour?
(¢) Interpret the answers found in (b).
(B2 (d) Graph f for the first 5 houts after administering the drug.

{(e) From the graph, approximate the time (in minutes) at which
the concentration of the drug is highest. What is the highest

concentration of the drug in the patient’s blood?

88. Population Growth A population of 1000 bacteria is introduced

into a culture and grows in number according to the formula
4

= ———— |, where ¢ is measured in hours,
P(£)=1000 <1+100+t2) w

(a) Find the rate of change in population with respect to time,

(b) What is the rate of change in populationatt=1,/=2,¢=3,

and ¢ =47

92

Jerk and Snap Problems 93--96 y

i

d in (b).
the answers foun
(c) Interpret 0<t=<20,

h P= P(t); . ,
(B () Grﬂr}; the graph approximate the time (in hOUrs)

. 10uzg) y,
(e) F;;ulation is the greatest. What is the Maximyy, po%
gf the bacteria in the culture? Plllw,{
89, Economics The price-demand function for 3 POpuly, E~bq“k
) 100, 000 4< i
] ! ’ — P 5 20, W
given by D(p)= m here p D(p)
the quantity demanded at the price p dollars, :

(a) Find D'(p), the rate of change of demand with Tespery,

price. /
(b) Find D’(5), D'(10), and D (15).
(c) Interpret the results found in (b).

ity of Light The intensity of ﬂluminafion Tonag,
iIsnit:\I/l:;szly proportional to the square of t‘he thtance , ffomrfi
stirface to the source of light. If the intensity is 1000 ugj Wiy
the distance is 1 m from the light, find the rate of chang fy,
intensity with respect to the distance when the source jg 1 g

from the surface.

Ideal Gas Law  The Ideal Gas Law, used in chemistry g
thermodynamics, relates the pressure p, the volume V, ang the
absolute temperature T (in Kelvin) of a gas, using the
equation pV =nRT, where n is the-amount of gas (in moles)
and R =8.3] is the ideal gas constant. In an experiment, s
spherical gas container of radius r meters is placed in a presyy
chamber and is slowly compressed while keeping its temperatu
at273 K.

(a) Find the rate of change of the pressure p with respect toihe
radius » of the chamber,

Hint: The volume V of a sphereis V = gnr:‘.

90

91,

(b) Interpret the sign of the answer found in ().
() If the sphere contains 1.0 mol of gas, find the rate of chasg

of the pressure when r = % m,
Note: The metric unit of pressure is the pascal, Pa.

Body Density The density o of an object is its mass m dividd
by its volume V'; that is,

-

m
=y If a person dives below the

Surface of the ocean, the water pressure on the diver will steadl
ilncre.ase, Sompressing the diver and therefore increasing bodf
ensity. Suppose the diver s modeled as a sphere of radius 7

(a) Find the rate of change of the diver’s body density with
Tespect to the radiug of the sphere,
Hint: The volume v of a sphere js V = iﬂ' r?
37

(b) Interpret the sign of the answer found in (a).

(¢) Find the rate of change of the diver's bo dy density when ¥

radius is 45 cm and ghe mass is 80,000 g (80 kg).

Suppose s 4se the following discussion:

'thalzli)ts sittitdag")bjem 18 moving in rectilinear motion 50

by the og't. stance s from the origin at time ¢ is given

of the 5521 ton f.uncuo,n § =5(1). The velocity v = v(f)
Ject at time ¢ s the rate of change of s with

Téspect to time, 1 ds , =l
»hamely, v =y (1) =7+ The acceleration ¢ =

o




of the object at time s the rate of change of the velocity with
respect to times “

a=a(t)=ﬂ=£<g—j>=3ii
t

There are also physical interpretations of the third derivative
and the fourth derivative of s =s (). The jerk J = J(¢) of the
object at time ¢ is the rate of change of the acceleration a with
respect to time; that is,

J—’:J(t):iq-':i fl_l_{ _d2v d’s
dt dt\dt ) df " dn

The snap § = S(¢) of the object at time ¢ is the rate of change of
the jerk J with respect to time; that is,
dJ  d*a d% dis
dt —de2 4l an
Engineers take jerk into consideration when designing
elevators, aircraft, and cars. In these cases, they try to minimize
jerk, making for a smooth ride. But when designing thrill rides,

such as roller coasters, the jerk is increased, making for an
exciting experience.

. Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the
position function s =s(t) =13 — 1 4+ 1, where s is in meters and ¢
is in seconds.

(a) Find the velocity v, acceleration a, jerk J, and snap S of the
object at time ¢.

(b) When is the velocity of the object 0 m/s?

{¢) Find the acceleration of the object at ¢ =2 and at f =3.

(d) Does the jerk of the object ever equal 0 m/s>?

(¢) How would you interpret the snap for this object in rectilinear
motion?

Rectilinear Motion  As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the

. . 1., 1 .
position function s = s(r) = gt'* -2+ S+ 4, where s isin
meters and ¢ is in seconds.

(a) Find the velocity v, acceleration a, jerk J, and snap S of the
object at any time £.

(b) Find the velocity of the object at ¢ =0 and at 7 =3.

(¢9) Find the acceleration of the object at # = 0. Interpret your
answer,

(d) Is the jerk of the object constant? In your own words, explain
what the jerk says about the acceleration of the object.

() How would you interpret the snap for this object in rectilinear
motion?

Elevator Ride Quality The ride quality of an elevator depends
on several factors, two of which are acceleration and jerk.Ina
study of 367 persons riding in a 1600-kg elevator that moves at an
average speed of 4 mys, the majority of riders were comfortable in
an elevator with vertical motion given by

5() =4 +0.81 +0.333¢°
(@) Find the acceleration that the riders found acceptable.
(b) Find the jerk that the riders found acceptable.

Sf’“fce.' Elevator Ride Quality, January 2007, http://www
Mift-report.defindex,php/news/176/368/Elevator-Ride-Quality
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96, Elevator Ride Quality In a hospital, the effects of high
aceeleration or jerk may be harmiful to patients, so the
acceleration and jerk need to be lower than in standard elevators.
It has been deternined that.a 1600-kg elevator that is installed in
a hospital and that moves at an average speed of 4 m/s should
have vertical motion

s(f) =41 40,55 40,1167
(a) Find the acceleration of a hospital elevator.
{(b) Find the jerk of a hospital elevator.

Source: Elevator Ride Quality, Yanuary 2007, http:/www.lift
-teport.de/index.php/news/ 176/368/Elevator-Ride-Quality
97, Current Density ina Wire The current density J in a wire
is a measure of how much an electrical current is compressed
as it flows through a wire and is modeled by the

I . .
function J(A) = N where I is the current {in amperes) and A is

the ctoss-sectional area of the wire. In practice, current density,
rather thati merely current, is often important, For example,
superconductors lose their superconductivity if the current
density is too high.

(a) As current flows through a wire, it heats the wire, causing it
to expand in area A, If a constant current is maintained in a
cylindrical wire, find the rate of change of the current
density J with respect to the radius r of the wire.

(b) Interpret the sign of the answer fdund in (a).

(¢) Find the rate of change of ciurrent density with respect to the
tadiug r when a current of 2,5 arnps flows through a wire of
radius r =0.50 mm, )

98, Derivative ofa Reciprocal, Function Prove that if a
d 1 g
dx g(x) — [e)?

provided g(x) 0. .

99. Extended Product Rule Show that if f, g, and & are
differentiable functions, then

L LRI = FRIR () + £ (A E)
+ F()g ()hix)

function g is differentiable, then

From this, deduce that
d
g;[f(x)F = 3[f(x)]?f'(x)

In Problems 100-105, use the E‘xtended Product Rule (Problem 99)
to find y'.

100, y=(x2+1(x - 1(x+5)

101, y=(x—12+5)x—1)

102, y=(x*+1) 103, y=(*+1)

104, y=(3x+1) (1 + 31(-) x5 4+1)

DI ()

106, (Further) Extended Product Rule Write a formula for the
derivative of the product of four differentiable functions. That

is, find a formula for :Ié-[fl {x) fo0x) f3(x) fa(x)]. Also find a

formula for f—i—[f(x)]“-
dx
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107, If f ond g are differentiable functions, show that

ifF) = , then

1
F)g(x)
£, g0

Fl(x)==F(x) [f(x) 200

provided f(x)#0, g(x) 540,
1
108, Higher-Order Derivatives I ) = = find a formula for

the nth derivative of £, That is, find £00(x),

a6 x* +x2

x4l
form (x* 4 1) £ (x) = x6 ~ x* + %2, Now find '(x) without
using the giiotient rule,

109, Let f(x)=

. Rewrite f in the

110. If f and g are differentiable functions with f 5 ~g, find the
fg
+g'

derivative of

2x
CAS 1. = ——
@) 111, £ e

(a) Use technalogy to find £/(x).

(b) Simplify f'toa single fraction using either algebra or a
CAS.

(¢) Use technology to find £ (x).
Hint: Your CAS may have a method for finding
higher-order derivatives without finding other derivatives
first,

Challenge Problems -_—

112, Suppose f and & have derivatives up to the fourth order, Find
the first four derivatives of the product fg and simplify the
answers. In particular, show that the fourth derivative is

4 ' , ‘
d_x,z(fg) =f(4)g +4f(3)g(1) o+ 6f(2)g(2) +4f(1)g(3) + fg(4)

Identify a pattern for the higher-order derivatives of fa.

function f(x) = ;2:_;?

P 1 1
(A) ~g (B) 5 © 3 (D) -1

2. Anequation of the tangent line to the graph

113, Suppose fiF)r -
. I
@ Find ZAC

d

v) Find 7 7 - )
and d be real numbers. Define

fye

1

f(x) are differentiable f“nclign
o s,

e Sa ()]

, Leta, b
114 . a Z’ =qd —b¢
1o called a 2 x 2 determinant and it ariseg the gy,

Tpf?nfai equations. Let f1(), f2(5), f3(x), ang O

ot 1 \ t

differentiable and 1¢ fix) fax)
PO= 5w A

Show that

D'(x)=

15, Let o) =x—1
fi)=1+

x—1
1
H@x)=1+——3—
14—
“x—1
1
f3(x)=l+ 1
1+——1—
14—
x—1

(a) Write fi, fa, f3, fa, and fs in the form .

(b) Using the results from (a), write the sequence of nugmbery
representing the coefficients of x in the numerator,
beginning with Jolx)=x -1,

(¢) Write the Sequence in (b) as a recursive sequence,
Hint: Look at the sum of consecutive terms.

@ Find 3, £, f3, £}, £, and g,

@A) Mf;@

7
© e

4 Iy =3, then 4 _

SER RN N

f® &
Sy falx)

5x~-3 ; dx
of f(x) = at the point (3, 4) is (A) 3x2px
3x -6 . (C ’ ) (B) 342 + et
(A) Tx+3y =37  (B) 7x+3y =133 ) 3t gy D) a2et(r 4 3
© Tx~3y=9 D) Br43y=s @) s. di(tz__l_*_])
t 2T | aty =21
3, If f, g, and } are nonzero differentiable furictiong of x, ; ! d 2is
d (gn\ @ @9 9

Si(x) )
A IAN

ax+b

cx+d

' N ' - ' _ Preparing for the 4P R
AP® Practice Problems
1. What is the instantaneous rate of change at x = —2 of the

) &4 ehf’
fz

) F&H + f5'h+ f'gh
f2




The position of an object moving along a straight line at

6. The oS ohee T straight
fime £, 10 seconds, is given by s(t) = 16¢t% — 5¢ 4- 20 meters.
What is the acceleration of thé object when ¢ =27

() 32mis  (B) 0 ms2 (C) 32m/s? (D) 64 mis?
x—3 .
1. Hy=5T73 x # —3, the instantaneous rate of change of y
with respect to x atx = 3 is
1 1 1 .
— = C) —
®) % (13)6 © 3 O

207
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m 8. Find an equation of the normal lin¢ to the graph of the function

fw ==

tx =1
x+lax

(B) ~8x+ 6y =-5
D) 3x4+4y=35

(A) 8x+6y=11
(C) —3x+4y= -1
9, If y = xe*, then the nth derivative of y is

®B) (x+me  (C) net (D) x"¢

) e

2.5 The Derivative of the Trigonometric
Functions

‘ OBJECTIVE When you finish this section, you should be able to:
1 1 Differentiate trigonometric functions (p. 207)

1 Differentiate Trigonometric Functions
To find the derivatives of y =sinx and y = cos x, we use the limits

. cosf—1
lim ————
90 g

and =0

that were established in Section 1.4.

THEOREM Derivative of y =sinx
The derivative of y = sinx is y' =cosx. That is,

Proof

h—0 h

sin(x -+ k) —sinx

! d H
y' = ——sinx=cosx

dx

The definition of a derivative

sinx cos h + sin A cos x — sinx

sin(A + B) =sin A cos B +sin Bcos A

= lim {sinx -
h—0

 [sinxcosh—sinx  sinhcosx
= li Rearrange terms,
h h
cosh~—1+sinh cos.x Fact
e — —— v CO actor,
h h

L. . cosh—1 \ . sinh . .
| = |lim sinx | | lim ~———— | + | lim cosx | | lim —— | Use properties of limits.
! h—0 =0 h -0 -0 h
. . cosf—1 sind
=sinx 0+ cosx+1=cosx }‘_‘.‘}, 5 =0 A%T’"l

NEED TO REVIEW? The trigonometric
functions are discussed in Section P6,
PP. 52-58, Trigonometric identitles are
i‘;gussed in Appendix A4, pp. A33 to

N \ -
The geometry of the derivative e sinx = cos x is shown in Figure 30. On the graph

of f(x) =sin x, the horizontal tangents are marked as well as the tangent lines that have
slopes of 1 and —1. The derivative function is plotted on the second graph, and those
points are connected with a smooth curve,
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d .
L. Trueor False — cosx==sinx
dx .

d
2. Irie or False <~ tanx=cotx
X

Concepts and Vocabulary ———————""

a*
3 —_— = ] il
3. Trueor False T sinx sinx 10
d T n
4. True or False — sin — =cos —
) dx 3 3

Skill Building
In Problems 5-38, find ',

5. y=x-—sinx

7. y=tanx+cos x

6. y=cosx —x?

8. y=sinx—tanx

M

p
in Proble{ns 39-50, find ¥ 0 e,
N yﬁ::; 42 y=cotp
o yer 4. y=tcos
43, y=1sinf
45, y=e'sinX 46. y=¢* oo,
47. y=25inu;300511 48, y=35in“+4c05u

50.

y::asec().;.b(ane

49, y=a sinx + beosx

Problems 51-56:
I(Z) rFmd an equation of the tangent line to the grapl of fary,

indicated point.
(b) Graph the function and the tangent line,

51, f(x)=sinx at (0,0) 52. f(X)=cosyq (‘.7. l)
1

54, f(x)=tanx a (-I- |)

9. y=3sinf ~2cosd 10. y==4tan @ +sing 53, f(x)=tanx at (0,0)
11, y=si =
1 y=sinxcosx 12. y=cotxtanx @ 55, f(x)=sinx +cosxat (g—, V’i)
13. y=rcost 14, y=r2un¢ V)56, f(x)=sinx—cosx al (%,0)
‘ 15, y=c*tanx 16, y==e*secx In Problems 57-60:
(a) Findall points on the graph of f where the ta ing i
12 tangent line iy
17,y secutana 18, y=rutana horizontal,
@A () Graph the Junction and the horizonial tangent lines
o ot . esex on the interval {~2, 2n].
Y= —— v Y —
X X G ,
y 2 57. f(x)=2sinx +-cosx 58, f(x)=cosx —sinx
. y=x%sinx 2. y=g2 ) o
A y=itan 39 S =seox 60. f(x)=cscx
| » X ) == €8¢
23, y=tmnr_\/§sec[ 24, y-'-"-XSCCX’f'\/iCOtX A li H
. PPlications anq Extensions .—___
2. yo ] _ox In Problemys ¢ 1
T 26. = = ) and 62, find the np derivative of each function.
L fG)=sinx
27, sint tan O SO =ost
YSTE Boy=im ul T
63. What is hm (5 +h) T eos 5
sinx o T2
2. y=2 30, y= 282 ’ ?
¢
' 64, What iy hm sinr ) - Sin s
M. ye ano +cos 6 ) Sind —cos g 0 h !
sin@ ~ cos § "7 sin0+cosg 65, Simple Harmonje npnr
an obje te Motion The mC[‘n o
. ject from signed distance s (in
33, y= T M, y= - S5 the origin a‘ time ¢ (in seconds) is modele! by ¥
+1sint I+ tcost Position function S(t) =
= - C
35, y=cseheotd 8 o
NE s 36, y=tan6cosg (a) Fing the velogj
1t
I +1anx (b) Whe 18 the Spe Z L=V of the object,
. ye g - 38, ye S9X=cotx ©) Fing Bocefor, O the object o myimum?
esCx o cot x @ hen js ¢ Stona = () of the object.
: ¢ acge w
© ar WPhs, v, e a “:;:‘l‘;’“ el to
I 12 Stirng Mrven,

'll“fl M ”

15‘
i

!H 11t e o S



i

66 simple Harmonic Motion
Anobject attached to a coiled
spring is pulled down a
distance d =5 cm from its
Lilibrium position and then
released as shown in the
figure. The motion of the
object at time 1 seco_nds is
simple harmonic and is
modeled by d(t) = —~5cost.

(8) As varies from O to 2, how does the length
of the spring vary?

(b) Find the velocity v = v(r) of the object.

(¢) ‘When is the speed of the object a maximum?

(d) Find the acceleration a = a(r) of the object,

() When is the acceleration equal to 0?

() Graphd, v, and a on the same set of axes.

Rate of Change A large, 8-ft-high decorative mirror is
placed on a wood floor and leaned against a wall. The weight
of the mirror and the slickness of the floor cause the mirror

to slip.

67.

(a) If@ is the angle between the top of the mirror and
the wall, and y is the distance from the floor to the top of
the mirror, what is the rate of change of y with
respect to 67

(b) In feet/radian, how fast is the top of the mirror slipping down

the wall when 8 = %?

68. Rate of Change The sides of
an isosceles triangle are sliding
outward. See the figure,
(a) Find the rate of change
of the area of the triangle
with respect to 6.

i
(b) How fast is the area changing when 0 = g?

Sea Waves Waves in deep water tend to have the symmetric
form of the function f(x) = sinx. As they approach shore,
however, the sea floor creates drag, which changes the shape of
the wave, The trough of the wave widens and the height of the
wave increases, o the top of the wave is no longer symmetric
with the trough. This type of wave can be represented by a
function such as

69

*

wix) = 2+4-cosx
7Y(a) Graph w=w(x) for 0 <x <4,
(b) What is the maximum and the minimum value of w?
(¢) Find the values of x, 0 < x < 4, at which w'(x) =0,
(dy Fsuluate w' near the peak at 1, using x =m - 0.1, and near
the trough i 2, using x =27 — 0.1,
fe) Caplsin how these values confirm a nonsymmetric wave

Vg,
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70, Swinging Pendulum A simple

71

pendulum isa small-sized ball swinging
from a light string. As it swings, the
supporting string makes an angle 6 with
the vertical, See the figure. At an

angle 6, the tension in the string

T, tenslon

isT = —‘Y—é, where W is the weight of W, weight

cos@
the swinging ball,
(a) Find the rate of change of the tension T with respect to 6
when the pendulum is at its highest point (6 = Omax)- ‘
(b) Find the rate of change of the tension T with respect to 6
when the pendulum is at its lowest point.
(¢) What is the tension at the lowest point?
Restaurant Sales A restaurant in Naples, Florida, is very busy
during the winter months and extremely slow over the summer.

But every year the restaurant grows its sales. Suppose over the
next two years, the revenue R, in units of $10,000, is projected to

follow the model

R=R(t) =sint+0.3t+1 0<1r<12

where t = 0 comresponds to November 1, 2018; £ = 1 corresponds
to January 1,2019; ¢ =2 corresponds to March 1,2019;

and soon,

(a) What is the projected revenue for November 1, 2018;
March 1, 2019; September 1, 2019; and January 1, 20207

(b) What is the rate of change of revenue with respect to time?

(c) Whatis the rate of change of revenue with respect to time for
January 1, 20207

(d) Graph the revenue function and the derivative

function R = R'(1).

(¢) Does the graph of R support the facts that every year the
restaurant grows its sales and that sales are higher during the
winter and lower during the sumamer? Explain.

72, Polarizing Sunglasses Polarizing sunglasses are filters that

transmit only light for which the electric field oscillations are in a
specific direction, Light is polarized naturally by scattering off the
molecules in the atmosphere and by reflecting off many (but not
all) types of surfaces. If light of intensity /o is already polarized in
a certain direction, and the transmission direction of the polarizing
filter makes an angle with that direction, then the intensity / of
the light after passing through the filter is given by

Malus's Law, /(0) = Igcos? 6,

RS/ARlamy

fs
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: of
(a) As you rotate a polarizing filter, 8 changes. Find the raté
change of the light intensity / with respect t0 8.
(b) Find both the intensity 7(8) and the rate of chaggeszf the
intensity with respect to 9, for the angles 6 =0°% 45°,
and 90°, (Remember to use radians for 8.)

73, If y =sinx and y® is the nth derivative of y with respect t0 %,
find the smallest positive integer n for which yn =y,
\ . , A+B . A-B
74, Use the identity sin A —sin B =2 cos sin —>—
with A = x 4% and B =x, to prove that

sin(x + &) —sinx
h

d X . L
~—$iny = lim =C0s X
dx =0

N . d ;
75, Use the definition of a derivative to prove P ¢OS X = —SI.X,
p %

76. Derivative of y=secx Use a derivative rule to show that
d
—— $eCX =secx tanx
dx

77. Derivative of y=cs¢x  Usea derivative rule to show that

d
—— CHCX = —
ax CSC X cotx

xr Usea derivative rule 1o Shog, h
t
At

ﬁ'. cotx = —csel x

dx
’ ! .
how that finding f7(0) is the Same o

=cot
78 Derivativeofywo

S
£) == €08 X+
79. Let S )‘ cosx 1
finding l% X ) e s
_ sin x. Show that finding f'(0) is the sany, .

80, Let f(x)
sin x

finding Jith —
_ Acint 4+ Bcost,

81, fy=AsinfT ="
show that Y+ = 0.

where A and B are constants,

Challenge Problem

82, Fora differentiable function f let f* be the function defipeg by

Sx+h) — f(x~h)
h

=i
(a) Find f*(x) for f(x)=x%+x.
(b) Find f*(x) for f{x)=cosx.
(¢) Write an equation that expresses the relationship begye e
functions f* and f’, where f’ denotes the derivative of f;
Justify your answer.

AP?® Practice Problems

e,

( Preparing for the e

HoE

’ 1. If y = xsinx, then Q =
o dx

: 209
.' (A) xcosx +sinx (B) xcosx —sinx
; (C) cosx+siny (D) (v+1jcosx
L 7
2. Whatis lim — <3-+h) _3,
g h—0 . h )
i
Wo w3 ©f o-L =

3. If £ () = tan x, then f/ (g—) equals

Wi ®m4 ©2 @ %

I3 g 2
4. ‘The position s (in meters) of an object moving along a

eSinxy Dy ;

herizontal line at time L=< < g-, (in seconds) is given A Which of the foy . R

Owin

iestin graph of y o, 8 numbers x, 0 < x < 277, does the

by s(f) = 6sin¢ + 512 +8 Whatis the velocity of (A) 0on o e hon?ontalhtangent I;ne°
the object when jig acceleration is zerg? 3 “Y ® % only
(A) 6ms B) 347 mis © '"27l oy )
© 83+r ' i) 10. 5 g ol

T O (3V3- 1) g

5 Iy=s %
Y = sinyx, lhenm
(A) sinx

sinx equals

(B) ~siny (C) cosx (D) - 00§ x

ok

b
HE{!?,‘ a_,.'} l

Y

.“5,
]

D LM Aar 0wy i .

[T -
ﬁ;r i ”I ;,f'}{t.? i "W:i ir'gn ;
.!' 'l lllc' }:l ¢ :

’f»

6.

7.

cIg(x) 5

IF f(x) = —, find f* (.’1)
cosx 3

; 2/3

W2~ (B l+?7r
V3

©1-Fx 24 2Y3

3

I «) X l«'mx lh ;
1 €n ot
" quals

(A) 1~ secx tan

—tan2
©) tan?x B) —~an x

D) —sec?y
€OSX + 21, then &'(x) =
(A) er .. sinx ‘

C) ¢ Cosx o (B) e cosx w g sinx + 3x

an H
aty = 2;5 i gent line 1q (he graph of f(x) = sinx
(A) 3
ar ..
© 6y 3¢ o V3 B) 3y 4 6y = 2m + VA

D) 6y - 3p = dy = VT
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Chapter Review

THINGSITO KNOW,

2,1 Rates of Change and the Derivative
¢ Definition (Form 1) Derivative of a function f ata
number ¢

1oy g F) = f(e)
f(c)-}1_>lrlc x

provided the limit exists. (p. 167)

f)—f@
—C

Three Interpretations of the Derivative

* Geametric If y= f(x), the derivative Fe)
is the slope of the tangent line to the graph of f at'the
point (¢, £(c)). (p. 167)

* Rate of change of a function It y = f(x), the derivative f'(c)

is the rate of change 6f f with respect to x at ¢. (p, 167)
* Physical If the signed distance s from the origin at time ¢
of an object in rectilinear motion is given by the position

function s = £(t), the derivative S (ty) is the velocity of the
object at time f,. (p. 167)

2.2 The Derivative as a Function

* Definition of a derivative function (Form 2)
") fies 4 G HB) = F(x)
f OC)"%‘-%“}T“

provided the limit exists. (p. 172)

* Theorem If a function S has a derivative at 2 number ¢,
then £ is continuous at ¢, . 177)

¢ Corollary If a function [ is discontinuous at a number c,
then f has no derivative at c. {p.177)

2.3 The Derivative of 3 Polynomial Function;
The Derivative of y=e*

o dy d d
™ b tati —— e A o - 5
Leibniz notation b e bi69) (p. 183)

* Basic derivatives

d . d
E;A:O A is a constant (p. 184) chx:] (p. 184)

= (p. 190

d . . od 1
dxe =e¢" (p. 190) Elnxzx

* Simple Power Rile d£~x" =pxn-l
x

(p. 185)
Properties of Deriyatives

d d d
* Sum Rule —[ftg]=2r, 4
(bp. 186, 187) 450 TEI=7-f a8

(ftg)=ftg
. D(‘fferenceRuIei - —-_‘_1_ _4
o187 ol g]-—dxf ™
(f-gy=p~g

» n21,an integer

iple Rule (p. 186)  Ifkisa Consty

It nt
o Constant M p d - !
Z;[kf] =k f
kf) =k f'

the ‘ProAduct and the Q“°tient

2.4 Differentiating Higher-Order Detivative

Two Functions;

Properties of Derivatives g d
d
L Pt a1 (Eé’) ; (2; f) g
(feY =rfg +f'¢

f>= (%f)g"f(d%g)

d
o Quotient Rule — ( -

2
(p. 196) dx \ 8, 8
‘FY_ f'e—r¢
(5) S g
provided g(x) 50
® Reciprocal Rule % ( —gl-) = _Ed_gxz_
(p. 197)
1 ,____ g
(-
provided g(x) #0

d
* Power Rule 22X =01 p an integer (p. 198)

* Higher-order derivatives  See Table 3 (p. 199)

Position Functiop, §=5(t) (p. 200)

¢ Velocity y= v(t) :% (p. 200)

* Acceleration, a=a(t) == ‘_1_'{ d%s

dr = 7z - 200)
2.5 The Derivative of the Trigonometric Functions
Basie Derivatives
d |
dx SInx=cogx (p. 207) a‘i Secx =secx tanx (p. 20
X
d

—

COS X = gt d (
dy COSX = —gin (p. 208) dy C8CX = —cscx cotx (p- 20)

d
Stan y = 2 d (
dx Sectx (p, 210) dy COtx = —asc? x (p, 210)

=\
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AP® Review Problems

Examples Review Exercises

gecti
21

1 Find equations for the tangent line and the normal line 1 67-70
to the graph of a function (p. 162)
2 Find the rate of change of a function (p. 163) 2,3 1,2,73(a)
3 Find average velocity and instantaneous velocity (p. 164) 4,5 71(a), (b); 72(a), ()
4 Find the derivative of a functiosi at a number (p. 166) 6-8 3-8,75 ' 5
22 1 Define the derivative function (p. 171) 1-3 912,77 2
2 Graph the dexivative function (p. 173) 4,5 9-12, 15-18
3 Identify where a function is not differentiable (p. 175) 6-10 13,14,75 4
2.3 1 Diffefentiate a constant function (p. 184) 1
2 Differentiate a power function (p. 184) 2,3 19-22
3 Differentiate the sum and the difference of two 4-6 - 23-26, 33, 34,40, 51,52, 67
functions (p. 186) ‘
4 Differentiate the exponential function y =e* (p. 189) 7 44, 45, 53, 54, 56, 59, 69 ' 7
I
24 1 Differentiate the product of two functions (p. 194) 1,2 27, 28, 36, 46, 48-50, 53-56, 60
2 Differentiate the quotient of two functions (p. 196) 3-6 19-35, 37-43, 47, 57-59, 68,73, T4 3,10
3 Find higher-order derivatives (p. 198) 7,8 61-66,71,72,76
4 Tind the acceleration of an object in rectilinear 9 71,72,76 8
motion (p. 200)
1-6 49-60, 70 1,69

25 1 Diffetentiate trigonometric functions (p. 207)

REVIEW,EXERCISEST , ]

In Problems 1 and 2; use a definition of the derivative to find the rate
of change of f at the indicated numbers.

1 f=4yxat(a) c=1 (b) c=4

(c) ¢any positive real number
‘ 2 ,
2 f)= ;:*—1 at(a) c=0 (b) c==2
(c) ¢ any real number, ¢ #1

In Problems 3-8, use a definition of the derivative to find the derivative
of each function at the given number.

3 Flx)=2x+5at2 4, f(x)=4x*+1lat~1
3
5. f(x)=3x%+5x at0 6. .f(x) =7 atl
x4
T fe)=vixFlat0 8 fl=g—atl
In Problems 9~12, use a definition of the derivative to find the
derivative of each function. Graph f and f' on the same set of axes.
9% f)=x—6 10, F(x)=7-3x
W fix)mir 12. fix)=n
2x3 :

In Problems 13 and 14, determine whether the function fhas a
derivative at ¢, If it does, find the derivative. If it does not, explain why.

Graph each function.
B fey=p®—1ate=1

14, C[4-3a? ifxs-l
f(X)—{-—ﬂ ifx>—1 ate=-1

In Problems 15 and 16, determine whether the graphs represent a
function f and its derivative f". If they do, indicate which is the graph
of f and which is the graph.of f'.

15. 16.

17. Use the information in the graph of y = f(x) to sketch the graph
of y = f/(x).

(2,4)

L0 LN FO) f'O) f'(8)
=9 =0 =0 =1 =0 =
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: ivative.
18, Match the graph of y = f (x) with the graph of its derivatiy

if present, as constants,

19, f(x)=x°
o4
21, fo)= "7
23, f(x)=2x% -3¢

25. Fx)=7(x2-4)

27 f(x)=5(x2 ~3x)(x — 6)
6x% - 0x2
29, fx)= T

a1, f(x)=;3_i§

33, flx)=242 <552

b
3. fw=2- 5

3
. S0 =T

In Problems 19-60, find the der

-3
=3,=1

(D)

’ Indicated poips,
Ivative of each function. Treat 4 ang b B(e) on aph the function, the tangent line, and the normal line otk
same screen, 7
7. fe=22 3,1 4 68, yo Lot
at (-1, 12) 2l

26, F(x)=

28, f(x)= (234 (x5

2x 42
30, =0
Fx) o

32, f(x)=x~i2

M. foy=243 4
X x?

36 f(x)=(xd 12

x2
38 fx)= i

“i
4

| : i(’:" s
a0 ‘H:r!

Tl

I

fii

T
I

Y
!

!

LT S

3 , 40, f(x)=3x“2+2x\l+
39. s(N=7"32 b
4. F@)= 3]
1 44, f(x)=3e"+x2
8 sD=T 752

46- f(x)=aex(2x2+7x)

: ([)::1 "‘e{
45, § b 48, f(x)= (2xexy2

4. fO)="5"
49, f(x)=xsinz

50. s(f) =cos?;

e 1
51, G(u)=tanu+secs 52. g(v)-smv~§c(,sv

54, f(x)=e"csoy

. f(r)=e¥sinx
53. S 56 0= (e 4 by,

55, f(x)=2sin¥cos

) I-coty

. sinx 58, fx)=—"12

7. f(x);..égc_; ‘ 1 4cotx
cosd 60. f(0) =48 cotp tang

59. fO) =55

In Problems 61-66, find the first derivative and the secong derivagy,
of each function.

61 f(x)=(5x+3)? 62, f(x)=yxe*
—-‘.._u (3
u) = 64. F(x)=e"(sin )
63. g =75 () = €* (sinx + 2005
cosy Sinx
=— 66, F(x)=—2
05 fy=— 6. F(x) -

In Problems 67-70, Jor each function:

(@) Find an equation of the tangent line 10 the graph of the finctin
at the indicated poing,

(b) Find an equation of the normal line to the Junction at the

5
at <2, 5)

70. s(t)=1+2sins
at (mr, 1)

71, Rect} .
- cclilinegy Motion A4 an object in rectilinear motion Mm% |

IS signed gigt i
: a . :
(in seconds) g gg. A Meters) from the origin at ime !

1S given by the position function

(a) Find g 'S':f(f)=t2—6t

(®) Fing the average Velocity of the object from 0 to 5 &
e veIocxty AL =0, o p = 5, and at any time !

i e acceleratin atany time ¢,
. Rectilinear' »

69, f(x)::xzhex
at (01 ""‘l)

{©) Fing th
he ot ot : ion 1m0
18 signeq istanggn As an object i rectilinear motio? ?I:Z

i . ee s © origin at time ¢ is given by drk

Unetion 4 i
nds, B=t-p, Where s is in centimeters ®

e

®) Fing 3‘/16 98¢ Velocity of ghe object from | to 35

© What ; -te Ocity of the objectat t= | §gnd r =35
acceleration att=]and =37




ysiness  The price p in dollars per pound whep x pounds

73 gfa commodity are demanded is modeled by the function
10,000
xX) = il
PO = S

when between 0 and 901b are demanded (purchased),

@ Find the rate of change of price with respect to dermand,

® Wwhat is the revenue function R? (Recall, revenue
price times amount purchased.)

(¢} What is the marginal revenue R’ at x =10 and at x =40 Ib?

R equals

x=1 o
4, Iff(x):m for all x # —1, find f(1).

75,

76,

77.

ikt il T L LT
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If £ (x) =2 + |x — 3| for all x, determine whether the
derivative f’ exists at x =3, .
Rectilinear Motion  An object in rectilinear motion moves
according to the position function 5 =213 —15(% - 24z + 3,
where ¢ is measured in minutes and s in meters.

(a) When is the object at rest?
(b) Find the object’s acceleration when ¢ =3.

Find the value of the limit below and specify the function f for
which this is the derivative,
i 420+ AN — (4-2x)

li
Ax—0 Ax
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Ap® REVIEW PROBLEMS: CHAPTER 2

® L If f(x) = secx, then f’ (%) =

(A) —2‘@ ®2 ©1 D2
® 2. Ifa function £ is differentiable at ¢, then f(c) is given by
Sx) = F(o)

x—c

fx+h) — f(x)
A

L lim
Xere

II. lim

w2

h
(A) Ionly (B) I only
(C) Tand Il only (D) IandIII only
®3. Ify= x23_5,m¢n 5% =
W s ® G
© s oG

® 4. The graph of the function f is shown below.
Which statement about the function is trye?

(A) f is differentiable everywhere,
B) 0k J'(x) £1, forail real numbers,
(©) f is continuous everywhere.

(D) fisaneven function,

Preparing for the |

f a differentiap)
lect values 0
lue of f/(2)?

2 2.002

€ funcy:
e displays € ﬁlncuon

What is an approximate va
0596 | 1.998
(x) 515 ?68 3181 [ 3.194 3.207
J . ‘
5 (B) 1154 (©) 0013 (D) 0.001¢

(A) 6. +:xef + 6, what 18 the instantaneouyg e
=sinX , wha
®s <I)ffy with respect to x at x = 57
(®) 2
(D) 6e° ~cos5

The tabl

® 5

2,004
3.220

of change

(A) cos5+6¢’

(©) cos5 +3¢°
A" equation of the normal line to the graph of f(x) = 3
n

+
7
@ atx =0is |
=—=X+5
(A) y=3x+5 (B) Y 3*+
C) y= 31—x+5 D) y=-3x-+5
® 8. An object moves along a horizontal line so that its positioy a

time ¢ is s(¢) = 14 — 61> — 2t — 1. At what time ¢ is the
dccéleration of the object zero?

(A) atOonly (B) at1only

(C) at3only (D) atOand3 only

®9. If f(x) =e*(sihx +cosx), then f/(x) =

(A) 2e*(cosx + sinx)
Q) 2¢¥cosx

(B) ¢*cosx
(D) €*(cos’x — sin?x)

® 10. Find an equation of the tangent line to the graph
v x+3
FRO) = 200 4y
o f(x) Fp =1
(A) Sx+9y =17
©) 5x4+3y=g

(B) 9y~5x=7
(D) Sx 49y =7
® 11,

lim
=L x X

A) 0 (B) —1

tanx — |
——

o=

©) 2 (D) Does not exist.
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® ~1 ©o

(D) does not exist

» 4
3xA4siny

@ I 2
wo ®1
Leth be defined by

W) = {f(z)-Fi(X)

© 2 (D) does not exist

(=4

®

if x<1
if x>1

where f and g are bot_h continuous at all real numbers,
I fim, f(x) = 2 and lim g(x) = ~2, then for what
X

mimber k is h continuous?
@ -5 (B —4 ©) -2 @O 2

04 Which function has the honzonta] asymptotes y = |
andy = —17

f(x)-—%tan“x B) f()=e™ +1
2 2 ~1

O =1 @ fw=2t

®5. Suppose the function f is continuous at all real
numbers and f(—2) = 1 and f(5) = —3. Suppose the
function g is also continuous at all real numbers
and g(x) = £~1(x) for all x. The Intermediate Value
Theorem guarantees that

®6.

® 1.

The line x = ¢ is a vertical asymptote to the graph of
the function . Which of the following statements
cannot be true?

@) lim £(6) = o0 ®
(C) f(c) is not defined.

i 70 =¢

(D) f iscontinuous at x = c.

» The position Tunction of an object moving along a

straight line is s(t) = L13 - %12 + 561, What is the

15
object’s acceleration at ¢ = 57
27 1 1 27
A ~5s — l 2o
&) ® -z ©z O 5
20x+bx—-1 if x=3
. If the function f(x) = { bx4bx—a if x>3

is continuous for aH real numbers x, then
(A) 19a—15p=1 B) 18a—-9 =1
() 19a—-9% =1 (D) 1924150 =1

. Find the slope of the tangent line to the graph

of f(x) = xe* at the point (1, €).
W1 ®e . @2 ©:

An obJect in rectilinear motion is modeled by the
position furiction

s¢) =3 — 8 —62+24t  t>0
where s is in feet (ft) and # is in seconds (8). Find the

-acceleration of the object when its velocity is Zero.

(A) —24ft/s2, 36 t/s%, and 72 ft/s% only

(AY g(c) = 2 for at least one ¢ between —3 and 1,
(B) g(c) = 0 for at least one ¢ between —2 and 5. (B) 36ft/s” only
C) f(c) =0 for at least one ¢ between —3 and 1. (©) 361t/s* and 724/ s only
D) f(c) = 2 for at least one ¢ between —2 anci_ 5. (D) ~241t/s* and 36ft/s? only
[ Nty : .




