CHAPTER 2
Differentiation

Section 2.1 The Derivative and the Tangent Line Problem

L At (x, ), slope = 0.

At (xp, y,), slope = 2.
2. At (x,, »y), slope = %
At (x,, y,), slope = —-—g-.

3. (a), (b) l)y=ﬁ%.g).(x—l)+f(l)=x+l
y

ORI
—Z—_l—(x -1

+ /(1)

4 @) -1 _3-2 -
4 -1 3
7(4) - 1(3) _5-475
4-3 1
s SO -10) | 18- 10)
4 -1 4-3
(b) The slope of the tangent line at (1, 2) equals f'(1).
This slope is steeper than the slope of the line

through (1, 2) and (4, 5). So, %{;@ < (.

= 0.25

5. f(x) = 3 - 5xisaline. Slope = -5

6. g(x) = 3x + lisaline. Slope = 3

7. Slope at (2, -5) = Alximo g2+ 1"3 - 2(2)
-
2
- fim G -9-(9)
Ax—0 Ax
2
- Im 4+ 4Ax) + (Ax)” - 4
Ax->0 Ax
Ax—-0

8. Slopeat (3, ~4) = fim ZC+ &) = /6)

Axr—0 Ax )
2
o 3B A) -4
Ax—0 Ax
2
- Iim 5-9-6(Ax) - (Ax)" + 4
Ax—0 Ax
2
e 6080 - (a)
Ax—0 Ax

9. Slope at (0, 0) =

2
- 1im 3(a) - (A) -0
Ar—0 At

- fm6-2) -3

10. Slopeat (1, 5) = g’lmo &%@

= i (L 80) + 40+ 81 - 5
A0 At

= lim

1+ 2(A0) + (A1) + 4+ 405 -5

A0 At
2
- lim 840+ An°
.Y At
= lim (6 + At) = 6
A0
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Section 2.1 The Derivative und the Tangent Line Problem 107
13, f(x) = ~10x 15. h(s) = 3 + %s
. f(x+ Ax) = f(x)
(x) = lim —————t—— -
/(%) s Ax H(s) = lim h(s + As) ~ h(s)
_ =10(x + Ax) - (~10x) a0 As
= lim 2 ( 2
4x—0 Ax 3+ Z(s + Asy - G + —sj‘
. ~10x — 10Ax + 10x Hin J 3 .
= AI;!TO A As—0 As
li —10Ax 3+~2~S+2AS—-3——S
= m ——— . 3 3
A0 Ax = lim
X As—0 As
= lim (-10) = ~10
Ax—0 2
ZAs 5
= lim - = =
14. f(x) = Tx -3 As—>0 As 3
() = qig LX) - f(x)
f(x) = Alx"—];}o Ax 16. f(x) =5 - %x
(x4 AY) =3 - (7x - 3) | o ‘
- Jim, e 7ie) = gim L2 802 )
Av—0 Ax
. lim7x+7Ax—3—7x+3 5 )
Ax—0 Ax 5- Z(x+ Ax) - (5 - ng
. 7(Ax) = lim
= A]’}TO—AX— Av—0 Ax
= lim 7 =7 S—Zx—gAx—5+gx
Ax—0 = lim 3 3
Ax—0 Ax
~_*2_(A,f)
= Jim
Ax—0 Ax
: ( 2) 2
= lim|-=|=-=
Ax—0 3 3
17 f(x)=x*+x-3
() = fin LAY - f(3)
S0 = T |
_ (x+Ax)2+(x+Ax)-—3-(x2+x—3)
= lim
Ar—0 Ax
- x4+ 2x(Ax) + (Ax) + x+ A -3 -x2 - x+3
B A:To Ax -
2
- lim 2x(Ax) + (Ax)" + Ax
Ax—0 Ax
= lim (2x + Ax + 1) = 2x + |
Ax—0 .
- f(x)=x* =5
_f’(_x) = lim w
B0 Ax
(A -5 (-5
= lim
Ax—0 Ax
2 A)E & .2
- lim ¥ +2x(Ax) + (Ax) -5 - x2 + 5
Ar—0 Ax
2
- bim 2x(Ax) + (Ax)
Ax—>0 Ax
= lim (2x + Ax) = 2x
Ax—0




108 Chapter 2 Differentiation

19. f(x)
1(x)

20. f(x)
AL))

21. f(x)

J'()

= x* - 12x

- 1im L0 A9 - /()
Ax—0 Ax

[+ a2 - 12(x + ax)| - [~ 12x]

= lim *
Ar—0 Ax
= g 30 4 3x(Ax) + (A%) - 12x — 12Ax - 2P 4 124
= o Ax
g 3+ 3x(AY) + (A0 - 12 A
= e Ax
= lim (3 + 3x Ax + (Ax)? - 12) = 35 - 12
Ax—0

= x3 + x?

i L0+ %) = £(3)

]

Ar~0 Ax
[(x + Ax)3 +(x+ Ax)z] - [x3 + xz:l
= lim -
Axr—0 Ax
i x4 3x%Ax + 3x(Ax)2 + (Ax)3 +x% + 2x Ax + (Ax)2 - x} - x?
B A:-To Ax
o 3x” Ax + 3x(Ax)" + (Ax)’ + 2x Ax + (ax)*
T Ao Ax
= lim (3% + 3x Ax + (Ax) + 20+ (A%)) = 322 + 2
1 1
= 2. I e——
% -1 4 — 2. f(x) p,
= llm f(x+Ax)—f(x) fl(x)= hm f(‘x+Ax)~f(x)
Ax—0 Ax Ax—0 Ax
1 _ 1 1 _ 1
= lim 2+ A& -1 x-1 . +AY X
AETO U Ax Alzt_‘;‘o & ; Al
=lim(x—l)—(x+Ax_1) . xz—(Jc+Ax)2
&0 Ax(x + Ax — )(x-1) = lim ——— "/

lim Ax
8520 Ax(x + Ax — 1)(x - 1) o
= lim -
a0 (x + Ax — 1)(x - 1)
1

(x - 1)2 : =

800 Ax(x + Ax)x? -
. =2x Ax - (Ax)’
Ar—0 Ax(x +.Ax) x2
.. =2x - Ax
lim 5
A0 (x + Ax) x?
2

x4

2
.X3
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i Section 2.1 The Derivative and the Tangent Line Problem 109

23. flx)=~x+4
f(x + Ax) = f(x)

S = i, Ax
L Nx v M4 -xrd (xr A+ deSx+ 4
= lim - .
Ax—0 Ax Nrxt A+ 4 +Sx+ 4
. (x+Ax +4) = (x + 4)
= lim
AHOAx[\/x+Ax+4+\/x+4]
= lim ! = ! = l
a0yt A+ d+x+d xrdeJx+4d 2Sx+a
4
; W) = &
L 24. /(%) Np
Ui flx + &) - £()
f(x) = Jim, e
44
= lim Vx+ A Wx
Ax—0 Ax

he o lim4\/——4\/x+Ax~ Vx + Jx + Ax
: a0 Ax/xx + Ar (Vx + x + Ax
- tm 4x — 4(x + Ax)

520 pafonl + S+ 5 )

= lim

—4 v
EUNENE +.Ax(\/; +x + Ax)
-2

-4 B
NN NN RPN

25.(a) f(x) = x* + 3 ®) 2
() = i L AY) = f(x)
e = g L 2180

[(x + Ax) + 3] - (x* +3) =
= lim -
Ax—0 Ax -
oxt 4 2+ (Ax)? 43 - X% -3 dy
= Al:}TO . (c) Graphing utility confirms - = -2 at (-1, 4).

2
- lim 2xAx + (Ax)
Ax—0 - Ax .

= lim (2x + Ax) = 2x

At(~1, 4), the slope of the tangent line is

m=2(-1) = -2.

The equation of the tangent line is

y=4=-2x+1)

y—4=-2x-2
y=-2x+2
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110 Chapter 2 Differentiation

26. (&) f(x) = x%+2x-1
f(x) = lim iﬂ%&

Ax—0

[(x + Ax)2 + 2(x + Ax) ~ l] - [xz + 2x ]:l

= Alxigl»o Ax
[+ 20+ (05 4 20 4 280 - =[x+ 22 -1]
= Ax
. 2xAx + (Ax) + 2Ax
= lim
Ax—0 Ax

= 1im(2x+Ax+2)=2x+2
Ax—0

At(1, 2), the slope of the tangent line is m = 21) + 2 = 4.

The equation of the tangent line is

y=2=4x-1)
y-2=4x-4
y=4x -2,
® 8
(1.2)
-10 i 8
Ll

-4

(c) Graphing utility confirms % = 4at (], 2).

27. (a) f1 (x) = xv3 '
) = tim B8 - /()

Ax—0 Ax
3 _ .3
- lim (x+ Ax) - x
Ax—0 Ax
o i B3+ 3x(A0) + (ax)°
= A Ax
2 3
lim 3x%Ax + 3x(Ax) + (Ax) -
Ax—0 Ax

= % 2 7 2) _ 2,2
= lim (3 +3xAx + (A)°) = 3x

At (2, 8), the slope of the tangent is m = 3(2)2 = 12. The equation of the tangent line is
y-8=12(x-2)
y-8=12x-24
y = 12x - 16.
(b) 10

2,8

-5 5

[

4

(c) Graphing utility confirms % = 12at (2, 8).
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Section 2.1 The Derivative and the Tangent Line Problem 111

il

.‘f3 AR

fx+ Ax) - f(x)

28; @ [

r6) = Jim, Ax
__1. [:(x+Ax)3+l]—(x-"‘+l)
= aso Ax
o x4 322 (Ax) + 3x(Ax) + (Ax) 41 - 2P -1
= s Ax

Jim [35% + 33(ax) + (a)'] = 322

At (-1, 0), the slope of the tangent line is m = 3(—])2 = 3. The equation of the tangent line is

y=0=3x+1)
y = 3x + 3.
(b) 6

(=1, 0) }j

|

-9

-8

(c) Graphing utility confirms % = 3at (-1,0).

Vx
Hm ———————————-f(x * Ax) — f(x)

2.@ /()

f,(x) - Ax—0 Ax
. Vr e A -Nx Naxd - Jx
Ax—0 Ax . Nr o+ Ao+ x
- lim (x+ax) - x
A"—’(’Ax(\/x + Ax + x)
1 1

= lim

iy ey vy W

-1

1
212

At (l, 1), the slope of the tangent line is. m =

The equation of the tangent line is

1
-1=—x-1
y S =)
11
= —— :
7 272
S P
YEFTY
(b) 3
/r'"
(l,w‘f—‘f
et 5

(c) Graphing utility confirms % = %at L.
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112 Chapter 2 Differentiation

’ 30. (@) f(x) = /x -1 () 4[
] . _ (:‘\.:'L._,,.-naﬁ
769 -y, A2 S ez,

]

 Nx A A1 - fx D1 Vx+ A -1+ x21
lim :
ax—0 Ax Vr+Ax -1 +/x21
lim (x+Ax—l)~(x-l)

1
Ax—0 _ x -

” Ax(\/x'+ Ar =1+ +/x l) (c) Graphing utility confirms

1 1
lim » = y_1

I a0 x + A -1 +Jx -1 NEE a2 (. 2).

: 1
245 -1

]

At (5, 2), the slope of the tangent line is m =

A

The equation of the tangent line is

2:-9)

1 s
-2 =ty 3
Y 477

y=-2

1.3
4" 3

i y

3.@ fx)=x+2 (b) 6

f(x + Ax) - f(x) ~12 va el 12
Ax (~4,-5) ,c?
e “
X + Ax X -10
: Ax
. x(x+Ax)(x+Ax)+4x—x2(x+Ax)—4(x+Ax)
Alxl—l-?o , x(Ax)(x + Ax) % = %at (-4,-5).
- X3+ 2x2(Ax) + x(Ax)2 - % - xz(Ax) ~ 4(Ax)
s x(Ax)(x + Ax)
im X(A0) + x(Ax)” - 4(ax)
Ar—0 x(Ax)(x + Ax)
X x(Ax) - 4
- Alxn—nw x(x + Ax) -
Xt -4 4

=] - —
x2 x2

S(x) = lim

Ax—0

(x+Ax) +

= lim
Ax—0

(c) Graphing utility confirms

]

At (-4, -5), the slope of the tangentlineis m = 1 - -2 __ _ %

The equation of the tangent line is

y+5=%(3c+4)

]
|
%
+
(O8]

y+5

<
1]
|
®
|
N
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= 6 34. Using the limit definition of derivative, f/'(x) = 4x.
-32. (2) f(x)=X+x+2 . . .. ()
; _ Because the slope of the given line is —4, you have
, S+ Ax) - f(x) Ax = —4
S(x) = Jim, Ax
x = -1,
6 6 : o
 Geae2 T i+ At the point (-1, 2) the tangent line is parallel to
- Al:TO Ax 4x + y + 3 = 0. The equation of this line is
m6x+12—6(x+Ax+2) y=2=~4x+1)
= li
a0 Ax(x + Ax + 2)(x + 2) y = —4x - 2.
- lim 6x + 12 — 6x — 6Ax - 12
vy Ax(x + Ax + 2)(x + 2) 35. From Exercise 27 we know that f"(x) = 3x7.
B —6Ax Because the slope of the given line is 3, you have
= lim
a0 Ax(x + Ax + 2)(x + 2) 3% =3
=6 x = %1
- N2
(x+2) Therefore, at the points (1, 1) and (-1, 1) the tangent
At (0, 3), the slope of the tangent line is lines are parallel to 3x — y +1 = 0.
6 3 These lines have equations
m= -2 = -2
N o y=1=3x-1)and y+1=3(x+1)
The equation of the tangent line is y = 3x-2 y=3x+2
y-3=-x-0)
2 36. Using the limit definition of derivative, /"(x) = 3x.
y=-3= _3 X Because the slope of the given line is 3, you have
2
3 3x% =3
=-=x+3
Y X T X =1= x =+l
(b) . Therefore, at the points (1, 3) and (-1, 1) the tangent
\%g(ﬁ. 3 lines are parallel to 3x — y — 4 = 0. These lines have
10 ?C::“‘% 8 equations
‘m\\ \\- y-3=3x-1)and y-1=3(x+1)
-6 - y = 3x . y = 3x + 4,
(c) Graphing utility confirms % - - % at (0, 3). 37. Using the limit definition of derivative,

-1

f'(x) - 2x\/; ' -

33. Using the limit definition of derivative, f'(x) = 2ux.

. o1
Because the slope of the given line is 2, you have Because the slope of the given line is -5 you have
2x =2 11
x=1 2xdx 2
At the point (1, 1) the tangent line is parallel to x =1
2x — y + 1 = 0. The equation of this line is Therefore, at the point (1, 1) the tangent line is parallel to
y-1=2x-1) x + 2y — 6 = 0. The equation of this line is
y=2x-1 y~1=-l(x—1)
2
1 1
“l= ——x 4+ —
Y '3
- 1.3
rETT Y
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114 Chapter 2 Differentiation

38. Using the limit definition of derivative, 42. The slope of the graph of fis—1for x < 4, | for
, -1 x > 4, and undefined at x = 4.
S (x) = vz
Z(x - 1) ¥

Because the slope of the given line is —%, you have

-1 1 T M
W“‘z‘ IRENPEEIS
I=(x-1)" i
l=x-1=x=2
At the point (2, 1), the tangent line is parallel to 43. The siope of the graph of fis negative for x < 0and
x + 2y + 7 = 0.The equation of the tangent line is positive for x > 0.The slope is undefined at x = 0.
1
~1=—-=(x-2 21
y S -2) g
1 14 .
= —-—X + 2. --&
y==3 .

22— L2 3
39. The slope of the graph of fis 1 for all x-values. : \I
y

44. The slope is positive for -2 < x < 0and negative for
7 0 < x < 2.The slope is undefined at x = *+2,and O at

-2 -

45. Answers will vary.

It

{ Sample answer: y = —x
2 )

41. The slope of the graph of fis negative for
x < 4, positive for x > 4,and O at x = 4.

46. Answers will vary.
Sample answer: y

]
=




) 5-0 5
fW=37"73

CO(-1,4).

%@% T Seciion

.
o

47 g(4) = 5 because the tangent line passes through (4, 5)‘

50, f(x) = »and ¢ = -2

51, f(x) = —x*and ¢ = 6

i
o

52 f(x) = 2/xand ¢

53. f(0) = 2and f'(x) = -3,-® < x < w
f(x)=-3x+2

forx >0

4

Answers will vary: Sample answer: f(x) = X+ 4

54. f(0) = 4, /'(0) = 0; f'(x) < Ofor x < 0, /'(x) > 0

]

The Derivative and the Tangen! Line Froblem 115

55. Let (x), ¥y ) be a point of tangency on the graph of /.

By the limit definition for the derivative,
/"(x) = 4 = 2x. The slope of the line through (2, 5) and

(0, yo) equals the derivative of f'at x:

i:.lo_=4_2xo
2‘X0
5=y = (2= x)4 - 2x)

5 - (4);u - xoz)

\
= § ~ 8.1:0 + ZxO‘—

0 _.,:02

dx, + 2

6 v~

0= (3 - 1) —3) = x = 1,3

Therefore, the points of tangency are (1, 3) and

It

(3, 3), and the corresponding slopes are 2 and —2. The

equations of the tangent lines are:

y=5=2x-2) y-5=-2x-2)
y=2x+1 y=-2x+9

56. Let (xo, yp) be a point of tangency on the graph of /. By
the limit definition for the derivative, /(x) = 2x.The

slope of the line through (1, -3) and (xy, y,) equals the

derivative of fat x;:

_—3_'—'20_ = 2x
1- Xo
30 = (-
__'; - "'02 = Z_Xu - 2):02
\'0: 2X0 3= 90 -.

(% = 3)xp + 1) = 0 = x5 = 3, -1
Therefore, the points of tangency are (3, 9) and

(=1, 1), and the corresponding slopes are 6 and —2. The

equations of the tangent lines are:

y+3=6(x—1) y+3=—-2(x—1)
y:6_x-—9 y=-2)f'—1
W0+
Jofe
o
o
_(—l.l) i L
8(42X e
“Tha-n
ad

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



116  Chapter 2 Differentiation

57. () f(x) = 22 ) g'(x) = 1im £E* 4% - g(x)
o) = i LG8~ 1) S A
S0) = Jim _ i A -2
. (x+ Ax)2 - x? a0 Ax
pl - a—— = i F 358 + 3x(ax)’ + (&) —
o B 26(A) + (A - 22 a0 Ax
e Ax M35+ 3x(Ax) + (&%)
= A3+ &) = Ax
a=0 Ax = lim (3% + 3x(Ax) + (&%) = 352

= Altimo(Zx + Ax) = 2x &0

At x = -1, g'(~1) = 3 and the tangent line is
At x = ~1, f'(~1) = -2 and the tangent line is
: Yy+1=3(x+1) o y=3x+2
y-1=-=2x+1) or y=-2x-1.
At x = 0, g'(0) = 0and the tangent line is y=0.

At x = 0, /'(0) = 0and the tangent line is y=0.
At x = 1, g'(1) = 3 and the tangent lin¢ is
At x =1, /(1) = 2 and the tangent line is '
y-1=3x-1) o y=3x-2
y=2x-1. 2 ‘

©

. | Y /
\\ f}/ 3 “ /, 7

7 * 2

-3 For this function, the slopes of the tangent lines are -
: sometimes the same,

For this function, the slopes of the tangent lines are
always distinct for different values of x.

58. (@) £'(0) = -3
® g3 =0
(¢) Because g'(1) = —%, & is decreasing (falling) at x = 1.
(d) Because g’(‘—4) = I, g is increasing (rising) at x = —4,
(¢) Because g'(4)and g'(6) are both positive, g(6) is greater than g(4),and g(6) - g(4) > o.

(f) No, it is not possible. All you can say is that g is decreasing (falling) at x = 2,
2

59. f(x) =
@@ 5

N | —

7(0) = 0, 1(1/2) = 12, SO=1r02=2
(b) By symmetry: f'(~1/2) = —i/2, F(=1) = -, r(=2) =2
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Section 2.1 The Derivative and the Tangent Line Problem 117
©
N
B
i : f(x + Ax) _ f(x) l(x + Ax)2 - —l-.x2 —]—(x2 + 2x(Ax) + (AX)Z) - —]-xz Ax
| (@ ()= lim =lim2— 2 jim2 2 = jim (x + ~—) = x
Ax—>0 Ax Ax—0 Ax Ax—0 Ax Av—>0 2
1 s
0. f(x) = 3%
(@) - f
=) /, / g
-8
f0)=0,701/2) =470 =112) =4, f/(3) =9
(b) By symmetry: /'(=1/2) = 1/4, /'(-1) = 1, f'(-2) = 4, f(-3) = 9
(©)
LF %
4
N
B SN '
von o S+ Ax) = f(x)
@ 1) = fm =
l(Jc + Ax)3 - lx3
= tm3— - 3
Ax-0 Ax
e+ 37(ax) + 3x(a) + (&x)') - 12
= lim3 3 )
Ax—0 Ax
T 2 _1_ 21 _ 2
= Al:go[x + x(Ax) + 3(Ax) ] = x
S(x +001) - f(x) : f(x +0.01) - /(x)
61. = 62. =
&(x) ool g) 0.01
= [2()( +0.01) - (x + 0.01)° - 2x + x2]100 = (3v/x + 001 - 3/x)100
=2-2x-001 0
\3 f_f’/}’
i b
= AN . - 8
A SN

-1 The graph of g(x) is approximately the graph of
The graph of g(x)is approximately the graph of :

. 3
f'(x) =2-2x f(x) = m
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63.

64.

65.

66.

67. f

68.

Chapter 2 Differentiation

(2 =2(4-2) = 4, 721) = '2,1(4 - 2.1) = 3.99

£(2) ~ 3 99 24 = -0.1 [Bxact: f(2) = 0]

12) = 1(23) = 2, f(2.1) = 231525
231525 - 2

712 » —*2-——31525[Exact /(2) = 3]
Sx)=x*-5c=3
) = timZ*) = /6)
SG) =l
_limxz—s—(9—5)
_x—>3 x-3

- lim (x = 3)(x + 3)
x->3 x-3
= lin%(x +3)=6

gx)=x*-xc=1

&) - &(1)

x—1 x -1

@) =x+2x* + e =2
_ o S - 1)
IO =

) lim(x + 252 +1)-1

¥—>-2 X+ 2
J(x) =% + 6x,¢c =
70 = 1) 1) 0

x-2 x -2
3 —

- tm (x + 6x) 20
x2 x -2
. (x = 2)(»* + 2x + 10)
x—2 x -2
lim(x* + 2x + 10) = 18
P VAN

69. g(x) = \/F,c =0

70.

71.

72.

73.

g(O) = lim& g(x )—5(0) =

x—=0 X —

As>c—>0'\/——l 1

NER

ASX—90+,@=~-—I~—--

x

Therefore g(x) is not differentiable at x = 0.

. Does not exist.

3
f(x) = ;,c =4
(ay — 1 L) = S(4)
£(4) = lim ———
3.3
= lim & 4
x4 x — 4
- Tim 12 - 3x
4 ax(x - 4)
=1 —3(x-4)
x4 4x(x ~ 4)
= lim 3 S
x4 4x 16
f(x) = (x 6)2/3,c =
7 T f(x)_f(é)
76) = ’lr]—?é x-6

i
5

i

g

Does not exist. _
Therefore f(x)is not differentiable at x = 6.

gx) = (x+3)"c=-3
- () - g(=3)
g'(-3) = X&m}%

(x + 3)1/3
-\'->—3 x+3

"]"H‘l3(x + 3)2/3‘

Does not exist.

Therefore g(x)is not differentiable at x = —3.
h(x) ={x + 7|.c = -
hl(_7) - ]1 h('x) ( 7)

x—==7 ( 7)
WlEr 7m0 fxe)
\—)—7 x + ,\—->—7x+ 7

Does not exist.
Therefore h(x)is not differentiable at x = —7.
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4 : Section 2.
f(x) _—.Ix— 6f,c =6
- (%) - f(6)
- S1(6) = P—TS x-6
: B limlx-—G[—O - iimlx_6|.
T x -6 26X — 6

- Does not exist.
" Therefore f(x)is not differentiable at x = 6.

x = 3.(Discontinuity)

o

. f(x) s differentiable everywhere except at

:.x = +3.(Sharp turns in the graph)

f (x) is differentiable everywhere except at

x = —4.(Sharp turn in the graph)

78. f(x)is differentiable everywhere except at

x = 2. (Discontinuities)

/() is differentiable on the interval (1, ). (At

Y-

"x = | the tangent line is vertical.)

80. f(x)is differentiable everywhere except at

x = 0.(Discontinuity)

. f(x) =|x - 5|is differentiable everywhere except at

x = =5.There is a sharp corner at x = 5.
7
™ /
e
e
-1 11
-1
v 4x . . .
82. f(x) = 38 differentiable everywhere except at
x —

x = 3.fis not defined at x = 3. (Vertical asymptote)

\.

T
'
i
i
1 To—
|
L
[
1
L

15

\

(
-6

- 83. f(x) = x¥*is differentiable for all x % 0. Thereisa

sharp corner at x = 0.

-6 6

-3

I The Derivarive and the Tangent Line Problem 119

84. [is differentiable for all x = 1.

fis not continuous at x = 1.

/
4 'A _"" 5
I
-3
85. f(x) =|x -1
The derivative from the left is
lim f(x) _ f(]) = limlx _ ]i— 0 = —].
xs1m 0 x =1 x—1" x -1

The derivative from the right is

lim f(x) — f(l) = ll'ml)r — ll_ 0 =1,

x -1 x —1

o1t x—lt

The one-sided limits are not equal. Therefore, f'is not
differentiable at x = 1.

7(x) =J1- %

The derivative from the left does not exist because

lim f(A) — f(l) - \/1—_::2— -0

86

lim
x=1" x -1 x—1" l
AT =xr N1- X2
= lim .
yo1— X -1 —\/] — x2
. I+ x
= lim-————= = ~o.
r=317 1 - x?

{Vertical tangent)

The limit from the right does not exist since fis
undefined for x > 1. Therefore, fis not differentiable at

x =1
3
x-1)7, x<1
87. f(x) = ( )2‘ .
(x - 1) , x> 1
The derivative from the left is
3
lim f(x) ~ f(l) = lim (X _ 1) -0
x—=1" x -1 Py x -1
= lim(x - 1)2 = 0.
r—-1"
The derivative from the right is
- 1 c - 1) -
tim 0 /) . 1ixq(” y -0

it X

L= e i

= lim(x - 1) = 0.

xolF
The one-sided limits are equal. Therefore, f'is
differentiable at x = 1. ( RUE 0)
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120 Chapter 2 Differentiation

x, x=<1 90. Note that fis continuous at x = 2,
88. f(x) = { )
, x> 1 1
o mx 4L ox<2
The derivative from the left is flx) =42
V2x, x22
G AP (OREE S SR
eo- x—1 ol X =1 xoi- ) The derivative from the left is
The derivative from the right is 109 - 1) (lx + 1) -2
_— (x) f S -10) _ -1 _ lim = lim
xllgl = x—>1+_x——-—1- }g{},(-x +1) = 2. 2 X =2 -2 X =2
1
The one-sided limits are not equal. Therefore, Sfisnot —x - 2) 1
differentiabl =1 = lm2—" = _
fferentiable at x = 1. i2 % — 2 5
89. Note that f'is continuous at x = 2. The derivative from the right is
76 ¥+l x<2 tim J(x) - f(2)  V2x =2 N2x+2
x =
4x -3, x> 2 2t x =2 x—>2"‘ x -2 \/2x+2
The derivative from the left is - lim—2%-4
+
-0 ()= R ACEE
lim = lim :
x2" X~ 2 20 x -2 - lim 2(x - 2)
= lm;(x +2) =4 x->2* (x — 2)( 2% + 2)
x>
The derivative from the right is - hm+ — %
f(x) f(2) ; (4x _ 3) -5  lim4 o x—2 \/2x + 2
x-:?** . R 2 mes= 4. The one-sided limits are equal. Therefore, fis
The one-sided limits are equal. Therefore, fis differentiable at x = 2. [ /2 = —;—J
differentiable at x = 2. (f'(2) = 4)

3) = 1(1) + 4
91. (@) The distance from (3, )to the line mx — y + 4 = 0is 4 = |0+ B+ C|_[m(3) - 1) + 4] _ |3m + 3|
VA + B? Nm? 41 Jm? +1

(® 5

The function d is not differentiable at m = —1. This corresponds to the line y = —x + 4, which passes through
the point (3, 1).

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole orin part.

R B e

ﬁ%ﬁﬁmmﬁ%wn




Section 2.1 The Derivative and the Tangent Line Problem 121"

- (c) The derivative is a polynomial of degree 1 less than the original function. If A(x) = x", then K'(x) = nx

(d) If f(x) = x*, then
f{x + Ax) - f(x)

o) = 2
- 1 (x + Ax)4 - x*
B A:—>O Ax .
-1 x4 4x3(Ax) + 6x2(Ax)2 + 4x(AJc)3 + (Ax)4 - x*
= a0 o Ax
Ax{4x® + 6x2(Ax) + 4x(Ax) + (Ax)
= lim ( (&) + 4xlso)” + () = lim (4 + 6x3(Ax) + 4x(&x)’ + (&x)) = 45
Ax—0 Ax Ax—0

So,if f(x) = x*,then f*(x) = 4x> which is consistent with the conjecture. However, this is not a proof because you
must verify the conjecture for all integer values of n, n > 2.

12+ &) - 10)

93, False. The slope is lim
Ax->0 Ax

False. y =|x - 2|is continuous at x = 2, but is not differentiable at x = 2. (Sharp turn in the graph)

False. If the derivative from the left of a point does not equal the derivative from the right of a point, then the derivative does

not exist at that point. For example, if 11 (x) = lx[, then the derivative from the leftat x = 0 is—1 and the derivative from the

rightat x = Ois I. At x = 0, the derivative does not exist.

True—see Theorem 2.1.
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122 Chapter 2 Differentiation
xsin(l/x), x = 0

91f@=&

Using the Squeeze Theorem, you have —|x| < x sin(l/x) < |x[,x # 0.So, .l,i"?, xsin(l/x) = 0 = £(0) and

x=0

H

J is continuous at x = 0.Using the alternative form of the derivative, you have

lim /&) - 1) = mesm(l/x) 0 = lim(sin —]-)
x>0 x-0 x—0 x~-0 x—>0 x

Because this limit does not exist (sin(l/x) oscillates between ~1 and 1), the function is not differentiable at x = 0.

x* sin(l/x), x # 0
g(x) =
( ) {0, x=20
Using the Squeeze Theorem again, you have —x2 < x° sin(l/x) < x%, x = 0. So, ]m}) x* sin(l/x) = 0 = g(0)
and g is continuous at x = 0.Using the alternative form of the derivative again, you have

_ 2 oi — ]
£() g(O) = lim> sin(l/x) - 0 = lim xsin—l- = Q.

x>0 x-0 x>0 x

lim
x=0 X -

Therefore, g is differentiable at x = 0, g'(0) = 0.

98. 3

N/

-3 3

-1

As you zoom in, the graph of y, = x* + | appears to be locally the graph of a horizontal line, whereas the graph
of y, =|x|+ lalways has a sharp corner at (0, 1). y, is not differentiable at (0,1).

Section 2.2 Basic Differentiation Rules and Rates of Change

L@ y=xP Iy=12
y = Lat2 , y =0
Y =3 4. f(x)=-9
b =i f'(x)=0
y = 3x? -
5 y=x' )
y()=3 g
Vo= T8
2.(a y=x1
’ _. L 6. y = le .
y = zx ‘# = 12xll
1) = -1
y(l) - 2 |
- — -3
)  y=x =
T
-1 yeost oo
¥y ==
8 y-= —17 = 3x77
X
21
"= 3(-7x7) = — 2
- oeret) = 2
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