176 Chapter 2 Differentiation

74, x X2yt
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2x 2y

’

N ?l;, slope of tangent line ‘ EvIM 3

!

| 4D
Slope of normal line is 2.
y-0

—2y=T— y—-2=2(x—4)
y

Consider the slope of the normal line joining (x,, 0) and At (4,2) ) = -4
(%) = (yz, y) on the parabola.

y=2x-6
4
et S
{: 74}
S
I e
(@) If xp = 1 then 2 = % -1= -1, which is ~-"'“""7/
impossible. So, the only normal line is the x-axis
(=0 # (-6 _

(b) f xo = L, then »* = 0 = y = 0. Sameas part (a). ' 32 8
: X+ 44 - 24x 4 36) = 32

-4

(©) If xy = 1, then y? = 1 = xand there are three 1722 — 965 + 112 = 0
normal lines. . 28
1 (l7x-—28)(x—4)=0:>x_—.4,__
The x-axis, the line joining (%o, 0) and (—, *J, 17
2’V2 :
. 28 46
1 1 J Second point: F’ —ﬁ
and the line joining (x,, 0) and - —— :
joining (o, 0) (2 7
If two normals are perpendicular, then their slopes are —1
and 1. So,
y—-0 1
2y=-l=s—<_" o ==
Y yz ~ y 2
and

/2 —1=>l—5c———1-:>x——
(1/4) - x, 4 VT, VY

The perpendicular normal lines are y ==X+ %and

y=x-

Section 2.6 Related Rates
L. y= Vx
2 (1)
dt  \2Jx) dr
& _ LY
dt 2\/; dt
(a) When x = 4 and : (b) When x = 25and dy/dr = 2:

dy dx
- = — = 24/25(2) = 20
dt dt @)
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Section 2.6 Related Rates
y_3x2-5X‘ 5 y=2x"+1
ay _ 5= 2 -9
@ (=975 dt
dx(,'_ 1 @ 4 = 4xéx—
. 6x-5dt dt dt
(a) When x = —1:
2) When x = 3and — = 2:
dt dy
v i 4(-1)(2) = -8 cm/sec
Y _6(3) - 5]2 = 26
at (b) When x = 0:
. o @, dy \
)AWhen x = 2and i = 4(0)(2) = 0 cm/sec
dx 1 ()zi (¢) When x = 1:
& 62)-5 7 &
= 4(1)(2) = 8 cm/sec
xy =4
dy A 0 6. y= L 6
o TVl YE T d
P _ (_1)2"_ y__ " &
dt x/ dt dt (1 + x2) dt
& _ (_i)ﬂ B 12x
= {
dt y) dt (1 + xz) (] + x2)2
(a) When x = 8,y = 1/2, and dx/dr = 10:
‘ a _ _1/_2(]0) __5 () When x = -2:
dt 8 8
dy . (-12)(-2) 24
“. (b) When x =1,y = 4,and dy/dt = -6: Z T aP 3 in./sec
[1+ (2]
o g =2
d 4 2 (b) When x = 0:
-12(0
x* + y2 =25 %:——(—)2—=Oin./sec
dx & (1+0)
x—+ 2y— =0
dt dt (c) When x = 2:
Y[ x| a _ (122 _ 24,
dt y) dt P v iy in./sec
! (l +2 )
@ _ _z)@
dt x) dt
(a) When x = 3,y = 4,and dv/dr = 8:
dy 3 )
Yo 28 =-6
dt 4( )
(b) When x = 4, y = 3,and dy/dt = -2:
dx 3 3
K- 2= 2
dt 4( ) 2
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178 Chapter 2 Differentiation

¥
gj_/ = seczx . ix— = sec2x(3) = 3SeC2JC
dt dt S

(a) When x = —%z

D _ 3 secz(—ﬁ) = 3(2)* = 12 fu/sec
dt 3

(b) When x = -Z,
4
n
dt 4
(c) When x = 0:

Py _ 3 secz(——) = 3(\/5)2 = 6 ft/sec

%é 3 sec?(0) = 3 ft/sec

dx
8. =cosx,— = 4
4 dt

= = —sin x(4) = —4sin x

(a) When x. = %:

g.y_ = —4 s;n(%) = —4[—\/—5] = —2\/5 cm/sec
(¢c) When x = %
%}ti = -4 sm(g) = —4 i;—- = ~2\/§ cm/sec
9. Yes, y changes at a constant rate.
Y _, &
dt dt

No, the rate dy/d? is a multiple of dx/dr.

10. Answers will vary. See page 149.
1. 4=t
ar
dt
L = 27r a
dt dt
M 2 .
(a) When r = 8, - = 27(8)(4) = 64z cm*/min.
, a4 2 -
(b) When r = 2,d— 27(32)(4) = 256z cm?/min.

1/2
12. (a) sing = M = b= ZSSiTlQ
2 s 2

g h G
cos~2-=—::> h = s cos —

&

2
A= lbh = l(2s sin g)(s cos 2)
2 20 2 2

SZ

2.
= -—(2 sin —q cosg = 2 sin §
2 2 2 2

s deé de 1

(b) a _ s cos @ — where — = = rad/min.
r 2 dt dr 2

i 2 2
When¢9=£,iA-=i—\/§(l)=\/§S.
6 dt
dd
!

When &

li
|4,
—
N | —
N
~
N | —
N

]
o4,

(c) Ifsand -‘:j—f is constant, % is proportional to cos .

13. V = im‘3
3

ar
dt
dav dr

— = 4t =
dt dt

(a) When r = 9,
ar
dt
When r = 36,

arv
d

(b) If dr/dt is constant, dV /dt is proportional to r2.

{f

471'(9) (3) = 9727 in*/min.

= 47(36)’(3) = 15,5527 in>/min.

4. V = iﬂr3,§£ = 800
3 -dt
@ amz &
dt dt
RN AN
—_—= = = 800
dat 47[1"2‘( dt J 4711'2( )
(a) When r = 30,
. ——(800) = 2 cm/min.
dt 4 (30) 174
(b) When r = 60,
_d_r ————(800) = £ cm/min.
dt 4 (5()) 187
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Seciion 2.6 Related Rates 179

7= 7. b= dlm e “”(9}‘2)11 [because 2r = 34]
i 3 3
g =6 3z .
dt . _4_/,1_,
V 2
L= Xt — ,
dt dr v _, 0
(a) "When x = 2, dt
oy ) v _ 9z, dh _ dn _ Hav/di)
- 3(2)°(6) = 72 cm’*/sec. a R 7 omm
When 4 =1
5)- When x = 10, en ( )5,
dn 410 g
L~ 5(10)°(6) = 1800 cnn'sec. & " on(sy w05z M
s = 6x7
=6
= 12x ﬂ
dt

-(a) When x = 2,

6 144 cm?/sec.
dt 12(2)(6) = cm?/sec

- (b) When x = 10,

% = 12(10)(6) = 720 em?fsec.

Vo= —arih = lﬁ—2—5-1‘13 - B h (By similar triangles, — = 1 == i/Z.J
3 3144 T 3(144) 5 I

o
VB (14 )dV
dt 144 4dr dt 25xh? ) dt

When £ = §, dh_ 144 —1 ) 1 —— ft/min.

di 257(64)

g
G
:si o
(a) Total volume of pool = %(2)(12)(6) + (1)(6)(12) = 144 m®

Volume of | m of water = %(1)(6)(6) =18m’  (see similar triangle diagram)

1
% pool filled = %(100%) = 12.5% b P

}-(—_—_:—-—M

(b) Because for0 < & < 2,b = 6h,you have-
V = -;—bh(é) = 3bh = 3(6h)h = 18K’

1 dh 1 1 1 :
) om I = ——— = ———— = —  m/iin.
t a 4 dt 144h  144(1) 144
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180 Chapter 2 Differentiation

20. V = %bh(lZ) = 6bh = 6k* (since b = h)

dv d_dn_ 1 ay
LUAREP @
@ - 7R R Ty

When s = land 2 = g @ _ 1oy 1o,

dt dr 12(1) 6

o) If ilf = %in./min = 515 ft/min and 2 = 2 ft, then 7 (1 )(2)( J = %fﬁ/min.

21. x* + y? =282
2x—[£x— + 2yij): =0
dt dt
Q=:{-ix-=ﬁ becauseé=2.
dt y dt y dt
e & _-2A70)_ 7
a) When x = 7, y = \/576 = 24, = =227 o __ L g
@ FELY dr 24 2
dy _ -2(15) 3
When x = 15,y = /400 = 20,2 - Z2\0) _ 3.,
nEE Yy dr 20 2
-2(24
When x = 24,y = 7, y ( ) = -i§ﬁ/sec.
dt 7 7
1
b) 4=-
(b) >
dA 1( ly  dx
— = x4y
dt 2\ dr dt
dx dy 7.
From part (a) you have x = T,y =24, = = 2,and = = -~—So,
part () y ¥Ehy a "My T _
a4 = 1 7( 7) + 24(2) = ﬂftz/sec
a2 12 24
(©0  tang =2
y
Seczeg.g_ =l£_i.d_y
a y & 3y g
d y dt  y* g
Using x = 7,y = 24,ﬂ = 2,92)— = —l nd cos @ = E,youhave
dt dt 12 25
@ . (24) —(2) - -ﬁ(—l) -1 rad/sec.
dt 25) 124 (24) 12




Section 2.6 Related Rates 181

Kbyt =25
dy
a2 g
2 T
9’_{ =-2. 9—”—‘)- = —M (becauseﬁbi = 0.15)
dt x dt X dt

il

25,y = \/18.75,% = ——%73— 0.15 = -0.26 m/sec.

= 6,x=~/122 - 67 = 6/3,and s = /57 + (12 - y)* = /108 + 36 = 12.

=g
= 2s£
dt
ds
= § —
dt
Also, x* + y* =122
ngx—+2y-@=0=>2=——-{£
dt dt dt y dt
x dx ds
So, x—+ (y-12) == 52
o (v - 12) dar dt
12 - -
ﬂx—x+l—2—{ =s-£—i§-::> & & —~—(———)(—6)—(— .)=——1—=—£m/sec(horizonta])
dt y d d 12x di (12)(6\/3) 5/3 15

RCARP AR AR S WY A —]—m/sec (vertical)
dt y dt 6 15 5

24. Let L be the length of the rope.

(2) I? =144 + x*

2Lfi£ = 2x—£éx—

s &
t~
&
S
h

== 2= o 22 (since 5‘-{-15- = —4 ft/sec) .
dt

=
]

VIF - 144 = \J169 - 144 = 5

& = —m = 232 = —10.4 ft/sec
dt 5 5

Speed of the boat increases as it approaches the dock.
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182 Chapter 2 Differentiation

(b) If%:— = -4, and L =

a = ( 4) = ft/sec
dt L dt 13
ab _xdx _ NI - ]4 (_.4)
dt Ld

lim a lim —\/ I? - 144

L-12tdt o1t

N
(8]

2

25. (a) st =x 4y

L3 = —450
dt
D _ 00
dt

252li = 2x£ + 2y = L
dt dt dt
ds _ x(dx/dr) + y(dy/dt)
at s

-100 100200 300

When x = 225 and y = 300, 5 =

375 and
25(~ _
ds _ 225(-450) + 300( 500) _ 150 mih
dt 375
® =32 L1y 30
750 2

26. x? +yt = g2

li

2.7cﬂ +0 = ZSEE becauseﬂ)- : O)
dt dt dt

id_x_ _s ds

dt X dt
When s = = V100 - 25 = /75 = 5.3,
d 10 480
— = —=(240) = —= = 160~/3 ~ 277.13 mi/h.
” J§( )=

27. 5% =907 & x?

28.

x =20
& s
dt
ds dx ds X dx
2s— = 2x— = =2 2. X
dt dt dt s dt
When x = 20,5 = /902 + 202 = 10-/85
ds 20 =50
-25 ~ —5.42 ft/sec.
dt 10~/85 ( ) \/ 5

¥ Home

5?2 = 90% 4+ x?
x=90-20=170
dt . .
ds _ x dx
dt s di
When x = 70,5 = /90?2 + 702 = 10130,
ds 70 175
— = ——==(25) = ——== ~ 15.35 ft/sec.
dt 10\/130( ) V130

ana\z,(, it

Home




Section 2.6 Related Rates 183

2+y2:]

S Y 15y ~ 15x = 6y 31 x(r) = -;—sin 7—[6£,x

(a) Period: 27 = 12 seconds
7/6

V3
= —m
2
1
(c) When 5 = —,
4
2 ows
y = l——(l) = lsandf—lz
4 4
dx n] t T it
— = —| —|c0§ — = — 0§ —
dt 6 6 12 6
?ft/sec X4y =1
2x£—‘,2yiy——0::~d—y=i—
dt dt dt y dt
dy 14 x (7[]
So, = = ——7=— + —cos| —
da J15/4 127 \6

—ﬂ[i]\/g__—_._ o ~\/§7z.

J15\12
Speed = o7 = NEL m/sec
120 20
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184 Chapter 2 Differentiation

32, x(r) = %sin 7, X+ ¥ =1

(a) Period: 2—” = 2 seconds
T

|
' 3 4
b) Wh =2y = = ~m,
(b) When x 5 P
. 4
Lowest point: (O, g)
s -
() Whenx:l—?;- =%and%=%sinm‘:sinﬂt=%:t=é—:
dx ;
dr
x4yt =]
PPN N N e .
dt dt dt y at
So, @ = =310 . -?172' cos(zj -
d 15/4 5 6
_ Oz -9/57
255 125
Speed = |~ x| 0.5058 m/sec
125
33. Because the evaporation rate is proportional to the 35 I N
surface area, dV/dt = k(47rr2). However, because ) R R 2
V = (4/3)2r*, you have : i‘?_ =1
t
L g & R’ _
dt dt dt .
Therefore, k(47rr2) - id =k = i': L R _ 1 dR + L ARy
: dt dt R* dt R* d R &
dx dy When R, = 50and R, = 75:
34. () (@ = negative = I positive R=130
” ay . dx .
(b) — positive = 7 nesative ' R _ (30)° -—1—2 1) + —12—(1.5) = 0.6 ohm/sec
d (50) (75)
(i) (a) -?—tnegatwe = z}t)negatlve 36. PV =
dav dp
0.3 139P
b) %positive = %positive L3pV ZF 4 i 0
V°'3(1.3p£ + Vd—pJ =0
dt dt
1.3 pﬂ -
dt ar
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Section 2.6 Related Rates 185

—vz 40. tan6=l,y=5
= v?,  risaconstant. o
dx .
.df_ - 2 dv E = =600 mi/h
dt dt
do 5 dx
sec?f)— = -= . =
ﬁ‘f‘i = —1-—6-£ ec’d %6 ( )dt x* dr
“ do ' t d 40 = cosza[—i ax ﬁ(.._s_]é
. Likewise, — = 2 cos2g 2 dt 2 )dr - I\ % dr
: dt 16r dt
_Gglﬂ
2
tan @ = > LN dr
50 1
Yo = (~sin29)(g (~600) = 1205in%¢
dt
o _ 1dv o
50 dt ) Ls :_
49 _1 cos*é b AL !
50 dt !
(a) When 6 = 30°,
-d—g = 1—29 = 30rad/h = l rad/min.
// dt 4 2
// (b) When 8 = 60°,
. d—g = ]20(1) = 90 rad/h = 3 rad/min.,
i dt \4 2
When y = 50,6 = Z—, and cos @ = _\é_f_ So, (c) When 6 = 75°,
de
2 — =120sin? 75° ~ 111.96 rad/h ~ 1.87 rad/min.
49 _ 1 V2 (4) = 1 radssec. dt
dt 500 2 25
41. tan @ = X
. 10 50
sinfd = — 4o
5 * ' P 30(27) = 60z rad/min = 7 rad/sec
— = (-1) ft/sec '
dt 5 (d&) 1 (dx)
. sec’| — | = — —
(dﬁ] -10 dx dt 50\ dt
cosl — | = — X
¥ oo & _ 50 seczﬁ(d—g)
dé  -10dx dt dt '
Z = —;T—a,?(sec 0)
= S
25 252 - 10?
10012
25521 25+/21
= -2——-£ ~ 0.017 rad/sec
525
J | (@) When 6 = 30°, % = 2907 e,
dt
(b) When 6 = 60°, & = 2007 ft/sec.
v dt _
10
) (c) When 8 = 70°,§§- ~ 427.43xr ft/sec.

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




186 Chapter 2 Differentiation
dé s oo X
42. - = (10 rev/sec)(2x rad/rev) = 207z rad/sec 43. sin 18° = ;}-
x x dy 1 dx
cosf = — 0= —— .= +—.=
@ 30 vod oy a
., de 1 dx & x o
—sinf — = —— S _ X Y (e 180 ~ ;
70z il (sin 18°)(275) ~ 84.9797 mi/hr
& 30sn0l . .
dt dr [ :
= -30sin 6(207) 15
= —6007 sin &
4. tan g = = = x=50tan 6
50
& _ 50 sec? Hﬁ
x dt
2 = 50 sec? 93@
dt
dé 1 2 /4 T
22 L 2ot L<co<cl
(®) a0 a " sty

=}

-2000

©

|snd|=1= 6

| dx/dt| = |-6007 sin 6is greatest when

(orn - 180°).

| dx/dt [is least when @ = nx
(d) For 6 = 30°,
L -6007 sin(30°) = —600#% =
For 8 = 60°,
L sin(60°)
dt
= —6007:-*{3 = ~300+/37 cmv/sec.

46. x> + y* = 25; acceleration of the top of the ladder

First derivative: 2x§l—:— + 2

dt

L d%x
Second derivative: x;t-z— +

When x = 7,y = 4,2—
) at
Ly _1)_
art 24

dy
= =0
Yt
dy _
Yar
& dx
dt dt
1
12’

10 - @F - (-

Y ar?

dr

2
ay .

7

2
0

dy

dt

izr- +nr (or90° + n - 180°).

-300x cm/sec.

d*y

dr?

&
d
4y
dr?

1

= —l4
i

45. (a) dy/dt = 3(dx/dr) means that y changes three times
as fast as x changes.

(b) vchanges slowly when x ~ 0 orx » L. y changes
more rapidly when x is near the middle of the
interval.

0

g

d*x

—)— -

dt?

5%

2

2 (see Exercise 25). Because % is constant, Z—t;f = 0.

49

K 625
144

-———] ~ —0.1808 ft/sec’

1
EZ[_ 144
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SecAlion 2.6 Related Rates 187

i . déx
= ‘144 + x%; acceleration of the boat = e

o dL dx
‘First derivative: 2L;{— = 2“‘;
PR
dt dt

d’L dL dL  dx dx dx

. ivative: L——— + — . = Y — .
Second denvate: Lo T @ T YA T a
d’x (1) d*L (dL)z (dsz
—_— ==+ =] - =
dr? x)dr? dt dt
: dx dL . dL d*L
L =13,x=5— = -104,and — = —4 (see Exercise 28). Because — is constant, — = 0.
When x dt dt ( , ) dt dr?

"

ax %[13(0) + (~4) - (—10‘4)2}

]

%[16 - 108.16] = %[—92.]6] = —18.432 ft/sec?

8. (a) Using a graphing utility,
' m(s) = —1.24449 5* 5 72.7661 s* ~ 1416.428 5 +~ 9215.21.

S (b) an _ (~3.73347 57 + 14553225 — 1416.428)é
, dt dt

If-g‘—:- = 0.75and ¢ = 7,then s = 19.7 and % ~ 1.23 million/year.

49. (1) = -4.9¢% + 20

~— = —0.8¢

dt

W) = 49 + 20 = 15.)
y(1) = -9.8

By similar triangles: 20 =2 . .
x x =12
20x - 240 = xy

When y = 15.1: 20x - 240 = x(15.1)

(20 - 15.1)x = 240
240
X = ——
49
20x ~ 240 = xy
20E = xfi—)i + yﬂ
dt dt dt
& _x A
dt 20— ydt
Att =1, & ~—2—4}2/—4'1(&.8) ~ —97.96 m/sec.

d 20 -15.1




