APTER 3
cations of Differentiation

n 3.1 Extrema on an Interval
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(0) does not exist, because the one-sided derivatives

€ not equal.

ritical number: x = 2

2: absolute maximum (and relative maximum)

8. Critical number: » = {

x = 0: neither

9. Critical numbers: » = 1,2, 3

¥ = 1,3: absolute maxima (and relative maxima)

X

I

2: absolute minimum (and relative minimum)

10. Critical numbers: x = 2, 5

x = 2: neither

% = 5: absolute maximum (and relative maximum)

1. f(x) = x* - 3x°
S(x) =327 - 6x = 3x(x - 2)

Critical numbers: x = 0, 2

xt — 8x?

4x3 -~ 16x = 43:():2 - 4)

12. g(x)
g'(x)

Critical numbers: x = 0,-2, 2
B. g(t) =tJd-1, 1 <3
#0) = {3600+ (- g
1 -2r -
—(4 - 1+ 204 -1t
20 = 7=+ 204 - )

8 -3
24 -t

It

It

Critical number: ¢ = g

) - A
£ = (7 + 1)9) - (4x)2x) _ 401 - #)

(xz + l)2 (x2 + 1)2

Critical numbers: x = *]

15. A(x) = sin? x + cosx, 0 < x < 27
H(x)

Critical numbers in (0, 27): x = —;5, 7,

2 sin x cos x ~ sin x = sin x(2 cos x - 1)

Sz
3
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204 Chapter 3 Applications of Differentiation

16. f(6) = 2secd + tan 8, 0 < 0 < 27
S(6) = 2sec & tan 6 + sec?
sec (2 tan 6 + sec 6)

sin & 1
o2 +
¢ [ (cos 9) cos 6:'
sec? G(2sin 6 + 1)

Tr 1lr

Critical numbers in (0, 27): @ = e

17. f(x) =3-1x, [-1, 2]

J'(x) = =1 = no critical numbers
Left endpoint: (-1, 4) Maximum

Right endpoint: (2, 1) Minimum

18. f(x) = =x + 2,[0,4]

S(x) = riadiy critical numbers
Left endpoint: (0, 2) Minimum

Right endpoint: (4, 5) Maximum

19. g(x) = 2x* - 8x, [0, ]
g(x) = 4x -8 = 4(x - 2)
Critical number: x = 2

Left endpoint: (0, 0)
Critical number: (2, —8) Minimum
Right endpoint: (6, 24) Maximum
20. A(x) = 5- x*,[-3,1]
H(x) = -2x
Critical number: x = 0
Left endpoint: (-3, —4) Minimum
Critical number: (0, 5) Maximum
Right endpoint: (1, 4) -
21, f(x) = x* - %xz, [-1, 2]
(%) = 3x* = 3x = 3x(x - 1)
Left endpoint: (—1, —%) Minimum
. Right endpoint: (2, 2) Maximum
 Critical number: (0, 0)

. Critical number: (1, —%)
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22, f(x) = 2x* - 6x, [0,3]
S(x)=6x* -6 = 6(x2 - 1)
Critical number: x = 1 (x = —1 not in interval.)
Left endpoint: (0, 0)
Critical number: (1, —4) Minimum

Right endpoint: (3, 36) Maximum

23, f(x) = 3% - 2x, [-1,]]

) =25V -2 = A=) \3—/;\3/;)

Left endpoint: (-1, 5) Maximum
Critical number: (0, 0) Minimum
Right endpoint: (1, 1)

24. g(x) Yx = 5B, [-8, 8]

, 1
g6) = 15

Critical number: x =
Left endpoint: (-8, —2) Minimum
Critical number: (0, 0)

Right endpoint: (8, 2) Maximum

2. gl) = o—, [1,1]

2 +3
, 6t
g'()

(t2 + 3)2
Left endpoint: - (—1, %) Maximum
Critical number: (0, 0) Minimum

Right endpoint: (l, %) Maximum -

2x
2 +7
(x2+ 1)2 - 2x(2x) 2oy
@+ (1)
2(1 - xz)
(x2 + 1)2

2. f(x) = [-2.2]

76 -
76 -

Left endpoint: (—2, —%)

Critical number: (-1, —1) Minimum

Critical number: (1, 1) Maximum

Right endpoint: (2, %J
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() = —= [1.6]
(3 -) 3
V= +3)

y=3-|t-3|, [-15]
:'Forx<3,y=3+(t—3)=t
and y' = 1= Oon [-1,3)
3-(t-3)
and y' = -1 # Oon (3,5]

If
(=)
{
~

For x > 3,y

So, x = 3is the only critical number.

Left endpoint: (-1, —1) Minimum
Right endpoint: (5, 1)

Critical number: (3, 3) Maximum

g(x) =|x + 4], [-7.1]

Left endpoint: (-7, 3)
Critical number: (-4, 0) Minimum

Right endpoint: (1, 5) Maximum

1) =B[22

From the graph of /; you see
that the maximum value of f'is
2 for x = 2, and the minimum

g is the absolute value function shifted 4 units to the
left. So, the critical number is x = —4.

valueis -2 for -2 < x < -1.
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32. i(x) = [2 - %], [-2, 2]

From the graph you see that the maximum value of 4 is 4
at x = -2, and the minimum value is 0 for 1 < x < 2.

¥

"4
>

33. f(x) = sinx, [5—675, T}
S'(x) = cos x

Critical number: x = 37”

Left endpoint: (5?”, %] Maximum
Critical number: (37”, —1) Minimum

Iz 1
Right endpoint: | —, ——
ght o (L, 1)

T
sec x, [——, =
[ 6 3}

g'(x) = sec x tan x

T 2 T.
Left endpoint: | ——, —= | ~ | ——, 1.1547
P [ 6 JE) ( 6 )

Right endpoint: (%, 2) Maximum

34. g(x)

Critical number: (0, 1) Minimum

35. y

y = -3sinx

3cosx, [0,27]

Critical number in (0, 27): x = #
Left endpoint: (0, 3) Maximum
Critical number: (7, -3) Minimum

Right endpoint: (27, 3) Maximum

tan(ﬂ), [0,2]

8

, o L (nx
—sec’[— ([ =0
Y73 [8)

Left endpoint: (0, 0) Minimum

36. y

Right endpoint: (2, 1) Maximum
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206 Chapter 3 Applications of Differentiation

3. f(x) = 2x -3
(2) Minimum: (0, -3)
Maximum: (2, 1)
(b) Minimum: (0, -3)
(¢c) Maximum: (2,1)
(d) No extrema
38 f(x)=5-x
(2) Minimum: (4, 1)
Maximum: (1, 4)
(b) Maximum: (1, 4)
(¢) Minimum: (4,1)
(d) No extrema
39. f(x) = x* - 2x
(2) Minimum: (1, -1)
Maximum: (-1, 3)
(b) Maximum: (3, 3)
(c) Minimum: (1, 1)
(d) Minimum: (1, -1)

0. f(x) =4-¥
(2) Minima: (-2, 0)and (2, 0)
Maximum: (0, 2)
(b) Minimum: (-2, 0)
() Maximum: (0, 2)

(d) Maximum: (1, \/-3_)

a1, f(x)=;i—1, (1, 4]

Right endpoint: (4, 1) Minimum

8

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

2. f(x) = 2—2; [0,2)

Left endpoint: (0, ) Minimum

B, f(x)=x*" -2x + x+1, [-1, 3]

32

-4
S(x) = 4x' —6x* + 1= (2x - 1)(25* 25~ 1) = 0

_11x43
27 2

~ 0.5,-0.366,1.366

Right endpoint: (3,3 1) Maximum
+
Critical points: (1__§£ %J Minima

4. f(x) = Vx + cos %, [0, 27]

3

(1.729, 1.964)

]

2r

0

() = —_ _Lgn*
f(x)_Z\/; 2sm2

Left endpoint: (0, 1) Minimum .

Graphing utility: (1.729, 1.964) Maximum
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.
“'47 Minimum: (0.4398, -1.0613)
° .——"’/—/} !
(0.4398, =1.0613)
-2
) S(x) = 32x° + 5x° - 3.5x, [0,]]
/(%) = 16x* + 15x% - 3.5
16x* +15x* =35 =10
PREE: J@5) - 4(16)(=3.5) 15+ \Ja#s
2(16) 32
x = |2V X 49 . 0.4308

Left endpoint: (0, 0)
Critical point: (0.4398, ——1.0613) Minimum

Right endpoint: (1, 4.7) Maximum

. (@ s

—_
~

wico

=

Maximum: (2, g)

G

=

)
i

: %x\/3 - X, [0, ]

]

S

3) =90+ 6-970) = 260 23] - e R

Left endpoint: (0, 0) Minimum
Critical point: (2, gj Maximum

Right endpoint: (3, 0) Minimum

1) =0+ (0.7

() = %x’(l + 2"

) = 2t ax)(1+ )"

I(x) = —%( ¢+ 205~ 8)(1 + 2) 7"

Setting /" = 0, youhave x5 + 20x3 — 8 = 0.

5 _ T20 % \J400 — 4(1)(-8)

2
Y-10+ 108 = /3 -1
In the interval [0, 2], choose x = 3/-10 + /108 = /3 - | ~ 0.732.
!f"(3 ~10 + /108

X

~ 1.47 is the maximum value.
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208 Chapter 3 Applications of Differentiation

48. f(x) =

B: relative maximum

i [ 1 ] 52. A: absolute minimum
, 3

2 +1 |2
' ~2x ' C: neither
s (xz + l)2 D: relative minimum
_2(1 - 3x2) E: relative maximum
(xz + 1)3
24x - 2453
(xz + 1)4

Setting /™ = 0, you have x = 0, 1.

F: relative minimum
G: neither

J(x) =

1) = 53.

' f "(l)l = %is the maximum value.

9. f(x) ==+, [02]
F(x) = 3x+ 1)
() = =2+ 1y
) = 2y
7) = - 5(x + 1)

79) = 380x + 1™

l f (“)(O)I = % is the maximum value,
55. (2) Yes

1 (b) No

f(x) = 2+l [—1’ 1]
, 56. (a) No
- 24x ~ 24x (b) Yes

x% 4+ 1 X
( ) 57. () No
24(5x" - 1057 + 1) () Yes
(x2 + 1)5
(a) No
~240x(3x* - 105> + 3) () Yes
5 6
(< +1) 59. P=VI~RI* =121 - 051%,0 < I < 15
l f (4)(0), = 24 is the maximum value, ' P =Owhen I =0,

J"()

796 =

f(S)(x) =

P = 67.5when I = 15.
1 P=12-71=0
y =~ on the interval (0, 1) Critical number: 7 = 12 amps

S1. Answers will vary. Sample answer-

There is no maximum or minimum value, When I = 12 amps, P = 72, the maximum output.

i ‘ No, a 20-amp fuse would not increase the power output.
P is decreasing for 7 > 12. :
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2 o3 2
=vs1n2t9,ﬁs‘9s_3_71 61. S=6hs+—3—s—\/3_-cose,£.<,95—7£
2 4 4 ’ 2 sin6 )6 2
de . 2
— is constant, as _3st 2
dt 20 2( J3esc 6 cot 6 + csc 9)
dx  dxdb . v? cos 26 d6 352
=~ = —— (by the Chain Rule) = ———— = - =
o 40 dr ( y the Chain .u_e) 16 7 5 csc 0( J3cot 6 + cse 9) 0
In the interval [7/4,37/4], 6 = n/4,37/4 indicate csc 6 = ~/3cot 8
minimums for dx/dt and @ = z/2 indicates a maximum secd = /3
for dx/dt. This implies that the sprinkler waters longest 6 = arcsec~/3 ~ 0.9553 radians

‘when @ = z/4 and 3z/4. So, the lawn farthest from
he sprinkler gets the most water.

S(%) = 6hs + 3—;(\/3)
S(%) — ks + 25 3)
S(arcsec\/g) = 6hs + —3—“;(\/5)

2

.S'is minimum when 8 = arcsec\/§ ~ 0.9553 radian.

. (a) Because the grade at 4 is 9%, A(~500, 45)
- The grade at B is 6%, B (500, 30).

ES
A S

® y=a?+bx+c

At 4: 2a(-500) + b = —0.09
At B: 2a(500) + b = 0.06

Solving these two equations, you obtain

a= 3 and b= —i.
40,000 200 A -

Using the points 4(~500, 45) and B(500, 30), you obtain
3

——(-500)" + (-5(3)—0)(400) +C

.40,000

3 2 3
00) + | ~——|(500) + C.
'M(S ) +( 200)( )+

45

3, 3 15

In both cases, C = 18.75 = E So, y = ————x
4 40,000 200 4

x [ -500 | —400 | -300 | —200 [ -100 | © 100 | 200 | 300 { 400 { 500
d|0 1075 |3 6.75 | 12 1875 (12 | 6753 07510

For 500 < x < 0,d = (ax? + bx + c) - (~0.09x).

For 0 < x < 500,d = (ax? + bx + c) - (0.06x).
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210 Chapter 3 Applications of Differentiation

3 3
e 2 —_— =0
@y 20,000 200
po 3 2000
200 3

The lowest point on the highway is (100, 18), is not directly over the origin.

63. True. See Exercise 25.
64. True. This is stated in the Extreme Value Theorem.

65. True

6

=)

- False. Let f(x) = x% x = 0is a critical number of f.

g(x) = f(x = k) = (x - &)’
x = kis a critical number of g.
67. If fhas a maximum value at
x = ¢,then f(c) 2 f(x)forallxin 1 So,
=f(¢) £ =f(x) forall x in I. So, — / has a2 minimum
valueat x = ¢,

a® + b vex+d, g% 0

68. f(x)
I(x)
The quadratic polynomial can have Zero, one, or two
Zeros.

o 2bE N - 12ac  —b 1+ [B2 - 340

6a 3a

Zero critical numbers: b% < 3qec,

3ax? + 2bx + ¢

Example:(a = b =c = 1,d = 0)/(x) = x* + x> + x
has no critical numbers.

One critical number: b? = 3qc.

Example: (a = ,b=c=d = 0)/(x) = x’ has one
critical number, x = 0.

Two critical numbers: 52 > 3ge.

Example:

(@a=c=1,b=24d= 0)/(x) = x¥* + 2x* + xhas

two critical numbers: x = -1, —-%.

69. First do an example: Let @ = 4 and f (x) = 4.
Then R is the square 0 < x < 4,0< y <4,

Its area and perimeter are both 4 = 16,
Claim that all real numbers a > 2 work. On the one
hand, if @ > 2 s given, then let /(x) = 2af(a - 2).

Then the rectangle

R={(x,y):0$x$a,0£ys Za}

a-2
_ 2a(a - 2) + 2(2a)

a - 2

Perimeter = 24 + 2[ 2a J

2a°
a-2
To see that ¢ must be greater than 2, consider

R={(x,y):0$x$a,0£ysf(x)}.

Jattains its maximum value on [o, a] at some point

P(x,, Yo), as indicated in the figure.

Draw segments OP and PA.The region R is bounded
by the rectangle 0 < x < 4,0 < Y £ ¥, S0

area(R) = k < ay,. Furthermore, from the figure,
Y < OP and Y < PA. So,
k = Perimeter(R) > OP + P4 > 2yy. Combining,
2y <k<ayy = a>2
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