le’s Theorem does not apply to /(x)

37 because fis not continuous at x = 27.

i

¢’s Theorem does not apply to f(x)

;‘ (2- xm)3
) - ()= 1
- (2 - x2/3)

s not differentiable at x = 0.
=x—x-2=(x-2)(x+1)
ntercepts: (-1, 0), (2, 0)

f(x):Zx—-leatx:-é-.
x)=x2+6x;x(x+6)
I;tercepts: (0,0), (-6, 0)

(x)=2x+6=0atx = -3.

x) = w57 d

ntercepts: (-4, 0), (0, 0)

- x—;-(x s 4y (x4 )7

(x + 4)"’2(-;- w(x ¥ 4))

il

]

(%x + 4J(x + 4)_1/2 =0at x = ——

= =3x/x + 1

-intercepts: (~1, 0), (0, 0)

It

—3x-%(x + l)—l/2 - 3(x + 1)’/2

=3(x + l)_'/z(g +(x+ l))

[}

=3(x + 1)4/2[%): + 1) = 0at x = —-§-

) = f(1) = 1.But, fis not continuous on [-1, 1].

= cot(x/2) over

i—|x~1]

r [0, 2] because fis not differentiable at x =
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9. f(x) = —x* + 3x,
/(0) = ~(0)" +3(0)
70) = -() +3(3) = 0
Jis continuous on [0, 3] and differentiable on (0,3).

Rolle’s Theorem applies.
F(x)= 2x+3=0

[0.3]

hr J—
-J

-2x = =

[N 18]

A=

1.

- .3
c-value: >

10. f(x) = x* ~8x+5,[2, 6]
@) =4-16+5=-7
f(6) =36 -48+5=-7
Jfis continuous on [2, 6] and differentiable on (2, 6).
Rolle’s Theorem applies.
f(x)=2x-8=0
2x = 8

c-value: 4

fx) = (= D - 2)(x - 3),[1,3]

SO =0-101-2)1-3)=0

/@) =B3-13-2)3-3=0
fis continuous on [1, 3] fis differentiable on (1, 3).
Rolle’s Theorem applies.

J(x)=x-6x2 +11x -6

S(x) =3 - 12x + 11 =0

NNCERYE)

3 -

11.

¢~values:

6—\/5 6+\/§
37 3
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212 Chapter 3 Applications of Differentiation

12, f(x) = (x - 4)(x + 2)°,[-2, 4]
f2)=(-2-4(-2+2 =0
f@)=@-4@4+2 =0

I is continuous on [—- 2, 4]. fis differentiable on
(=2, 4). Rolle’s Theorem applies.
J(x) = (x - 4)(x* + 4x + 4)=x-12x-16
S(x) =32 -12=0
3% =12

x2=4=>x=‘i2

3. f(x) = £ - 1,[-8,9]
(8 = (-8 -1=3
S® =@ -1=3
Jis continuous on [——8, 8]. Jis not differentiable on

(-8, 8) because 1"(0) does not exist. Rolle’s Theorem

does not apply.
14, f(x) =3 ~|x - 3], [O, 6]
10) = f(6) = 0

Jis continuous on [0, 6]. fis not differentiable on

(Note: x = —2 is not in the interval.) (0, 6) because £”(3) does not exist. Rolle’s Theorem
c-value: 2 does not apply.
x - 2x -3
15. = —1-1,3
(=1)° - 2(-1) - 3
1) = =0
7 ) -1+2
32 - 2(3) -3
3 = e——— =
76) 3+2
Jis continuous on [-1, 3]
(Note: The discontinuity x =.—2, is not in the interval.) /'is differentiable on (<L 3). Rolle’s Theorem applies.
+2)(2x - 2) — (x?* - 2x - 3)(1
PR CAL O R R IEE U
(x+2)
?+4x-1
(x + 2)2
¥ = iizﬁ/_i =-2+/5
(Note: x = -2 — /5 is not in the interval.)

c-value: =2 + /5

x2 -1 i
X 3 [_13 1]

16. f(x) =

/Gy = (;1—)_21;1 =0

2—
==

0

J'is not continuous on [-1, 1] because /(0) does not exist.

Rolle’s Theorem does not apply.

17. f(x) = sin x, o, 27]
f(0) =sin0=0
f(27) = sin(2z) = 0 ,
fis continuouslon [0, 27]. fis differentiable on

(0, 277). Rolle’s Theorem applies.

T 37

(*) =cosx =0 = x==, 2=

f() 22
7T 3
c-values; —, ——
22
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. 7(x) = cos x, [0, 27] 22. f(x) = sec x, [z, 27]
f(0) = cos 0 =1 fis not continuous on
f(27) = cos(27) = 1 [z, 2] because f(37/2) = sec(37/2) does not exist.

fis continuous on [0, 27]. fis differentiable on Rolle’s Theorem does not apply.

(0, 277). Rolle’s Theorem applies. 23, f(x) =|x|- L, [-1,]]
vfl(x) = —sinx=0=x=7 , ) =f)=0
c-value: 7 Jis continuous on [~1, 1}. fis not differentiabl_e‘ on

(-1, 1) because f"(0) does not exist. Rolle’s Theorem

9. f(x) = sin 3x, [0,% : does not apply.
f(0) = sin(3-0) = 0 !
b1 . 7
‘f(—) = sm(3 . —) =0 -1 —| 1
3 3 N -
~.
fis continuous on [0, Z;—] fis differentiable on . -1
: 24. f(x) =x-x"]0,1
[O, Ej Rolle’s Theorem applies. 1) [ ]
L3 O =r1=0
f'(x) = 3cos3x = 0 fis continuous on [0, 1]. fis differentiable on
I (0, 1). (Note: fis not differentiable at x = 0.)
2 6 Rolle’s Theorem applies.
z
- c-value: — : "o 1
: 5 f(x)—1-33x2—0
0. f(x) = cos 2x, [-7, 7] ] = 1
- f(-m) = cos(-27) = 1 33/ x2
- f(7) =cos2z =1 3x2=—;~
: fis continuous on [-7, z] and differentiable on o = 1
(-7, ). Rolle’s Theorem applies. 27 1

. T_3
f'(x) = —2sin 2x $=\7 =5 \ .

a2 __,—f—‘_"_‘—.-
~2s8in2x =0 NG I
sin2x =0 c-value: T ~ 0.1925 p
: T
X ==, -, Oa -
22 25. f(x) = x - tan zx, [—i—, %:l
T . ‘
-values: —=— el 1y _ 1 =3
c-values 2,0,2 f(_4)_ te1=3
N-1_1=23
f(x) = tan x, [0, 7] f(4) 4 4
f(0) = tan0 = 0 Rolle’s Theorem does not apply.
078
fx)=tanz =0 \\7
fis not continuous on [0, 7] because f(7/2) does not 028 - 025
exist. Rolle’s Theorem does not apply. \\\

~0.76
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214 Chapter 3 Applications of Differentiation

2. f(x) = -’25 - sin ZX,[-1,0]

SE)=r@ =0
fis continuous on [—1, O]. [is differentiable on

(=1, 0). Rolle’s Theorem applies.

1 X
() === =cos— =0
S8 =5 - 5o
X 3
cos — = —
6 b4

x =L arccos 2 [ Value needed in (~1, 0).]
™ ™

~ —0.5756 radian
c-value: —-0.5756

0.02

O *a 0

27, f(t) = -16* + 48t + 6

@ £(1) = f(2) = 38
(b) v = f'(t) must be 0 at some time in (1, 2).

S(t)=-32t+48=0
=3
t = 3sec
28. C(x) = 10(l+ z
x  x+3
) 25
(@) C(3)=‘C(6)=-—3—
1 3
b C(x) =10~~~ + ———|=0
(); () x2 (x+3)2
3 _1
XX +6x+9 x*
2x2 - 6x-9=0
x=6i\/108
4

In the interval

___3+3\/§
2

(3.6): ¢ ~ 4.098 ~ 410 components

29.

Tangcm line

i

30.

31. fis not continuous on the interval [O, 6]. (f isnot

continuous at x = 2.)

32. fis not differentiable at x = 2. The graph of fis not
smooth at x = 2.

8. f(x) = ﬁ [0, 6]

i
bt

f has a discontinuity at x
34. f(x) =|x - 3],]0,6]

fis not differentiable atx = 3.

35. f(x) = =x*+5

1-4
(a) Slope = 271 = —]
Secantline: 'y -4 = ~(x + 1)
y=-x+3
x+y-3=0 .

() f'(x)=—2x=—1 = x=¢=

It
|

© 10 =A(3)= 5455

Tangent line:

‘<
|3
i
|
]

N |-
L

~
>
+
N
<
)
oS
li
<

~

(d)

2

-6 f
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(x) = a2 -x-12 40. f(x) = x* — 8x s continuous on [0, 2] and
. -6 -0 differentiable on (0, 2).
a) Slope = =1
24
. Q- 70 _0-0 _,
Secant line: y-0=x-4 2-0 5
—y-4=0 :
' ¥ £y = 48 8 = 4 - 2) = 0
b) f(x)=2x~1=1 = x=g¢=! R
¢) fle) = /(1) = -12 x=33
Tangent line: y+12=x-1 c= 3
x=-y=13=0
Q) 5 41. f(x) = x**is continuous on [0, 1] and differentiable on
-15 fﬂll V s 2|16 ' (0, 1).
SCCHVK Tangent M =1
pd 1-0
-15 2
Sy =337 =1

f(x) = x* is continuous on [-2, 1] and differentiable

on (=2 1). x = (2)3 _ 8
£0) - 1) _1-4

= -1 c = 8

1-(2) 3 S 27

() =2x = -1 vl
1 42. f(x) = is not continuous at x = 0.The Mean

X = —— X
2 Value Theorem does not apply.
1
Y ‘ 43. f(x) =|2x + 1]is not differentiable at x = -1/2. The

, Mean Value Theorem does not apply.
8. f(x) = 2x"is continuous on [0, 6] and differentiable on

0,6) 44. f(x) = /2 - x is continuous on [-7, 2}and

differentiable on {-7, 2).
f(6)-f(0) _ 432 -0 ( )

6-0 6-0 f@)- /(1) _0-3 1
f(x) = 6x*= 72 2=(=7) 2 3
2 _ ’ , -1 o1 °
s | TW =277 |
In the interval (0, 6): ¢ = 23/3. Zﬁ B z
2-x=-=
39. f (x) = x* + 2x is continuous on [-1, 1] and g
© differentiable on (~1, 1), 2-x=q

SO = 7)) 3-(3) oL
1-(-) 2 =3 ' 4

f(x) =3 +2=3 £FT
: 3xt =1
1
x = t—=
V3
_V3
3
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cations of Differentiation

(b) Secant line:

45. /(x) = sin xis continuous on [0, ] and differentiable 48. f(x) = x ~ 2ssin x, [-=, 7]
on (0, z). (@)—(c) 2
/"
M = =0 o mngc_:},. L ’ Secunyy
z -0 z i};’-ﬁﬂ A tangent
o
S(x) = cosx =0 g |
x =7xf2 . k
(b) Secant line:
T
€= P slope = f(ﬂ) f(nﬂ) 7~ (7) =1
7 —(-x) 2z
46. f (x) = €OS x + tan x is not continuous at y-—m=I(x- )
x = 7/2. The Mean Value Theorem does not apply. y=x
, () f(x) =1-2cosx =1
47. f(x) = x+1[_5’2J i cosx = 0
@-() : _ x=c=+Z
'I‘ngcg;,.’;_'_{v, 2
P (7[) 7
06 e 2 fl=—l==-2
Fa o Becant 2 2
el
-1 d

Tangent lines: y - z_ =1x-Z
f(2) SV _23-(-1) 2 2 2
slope = = z
- (-1/2) 52 3 Y —x-2
A z z
3 (x 2) y—(—5+) 1(x+2)
= Z x~1) Yy=x+2
© 1) = 2 49. f(x) = V% [1,9]
(x+ 1) 3
(a)_(C) 3 ‘Tangent ;’,;;st'"
(x + I)2 = % jﬁ:
) ~ o Secan
x=-1% 3 =-1% —\/E j\;/‘/
2 2 11"' : A9 )
In the interval [~1/2,2]: ¢ = -1 + (JE/z) (b) Secant line:
-1+(\/E/2) slope=f(9)—f(l)=3—l=l
/(e) = e 9-1 8 4
-1+ H* y-1=Yuy
] ‘11 3
e VTPt
==l w11
V6 © 7)== =1
Tangentline:y—]+%=§(x__\2_/g+lj = 2 X =c=4
y_1+_*/§=§x__~§§+§ Tangentline:y—-Z:i-(x_4)
1
-5(2x+5~2\/—) yzix“
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f(x) = x* - 22 + %% ]o, 6]

(2)—(c) 1o
!7
>
Secant, T F

R

-
e

o o7 Tungent
4] e 8

_/(6)-s(0) _90-0_

slope 60 G 150
y -0 =150(x - 0)
y = 150x

:(cv)‘ f(x) = 4x* - 6x% + 2x = 150

' Using a graphing utility, there is one solution in
(0,6), x = ¢ ~ 3.8721and f(c) ~ 123.6721

Tangent line: y ~ 123.6721 = 150(x — 3.8721)
y = 150x — 457.143

5(f) = -4.9¢% + 300

: s(3) - s(0) 2559 — 300
(a) v“"? = (?)’_ 0( ) = 3 = —14.7 m/sec
~(b) s(r) is continuous on [0, 3] and differentiable on

(0, 3). Therefore, the Mean Value Theorem applies.

v(t) = s'(¢) = 9.8t = —14.7 m/sec

t = ;Iiz = 1.5sec
-9.8

+¢

S0 - 200(5 - 2_?_)

lj S(12) - S(0) _ 200[5 - (9/14)] - 200[5 - (9/2)]
® =55 - 12 ;
- 450
7
®  S(@) =200 )
1 _1
(2+1 28
24t =2/7

t = 2/7 - 2 ~ 3.2915 months

§'(r) is equal to the average value in April.

3. No. Let f(x) = x? on [-1, 2).

f(x) = 2x

S "(0) = 0 and zero is in the interval (-1,2) but
J1) = 1(2).

Rolle’s Theorem and the Mean Value Theorem 217

54. f(a) = f(b)and f'(c) = Owhere c is in the interval

(a, b).

(@ g(x) = vf(x) +k
gla) = g(b) = f(a) + &
g = s(x) = ge)=0
Interval: [a, b]
Critical number of g: ¢

(b) g(x) = flx-k)
gla+ k) =g(b+k) = f(a)

g'(x) = f(x - k)

gle+k)=fllc)=0
Interval: [a + k, b + k]

Critical number of g: ¢ + &

© glx) = f(k)
RO
g'(x) = k()
g'(%) = kf'(c) = 0

Interval: F—, P—
k' k

Critical number of g: %

x=0

55. f(x) = {0’

1-x, 0<xg1

No, this does not contradict Rolle’s Theorem. fis not
continuous on [0, 1].

56. No. If such a function existed, then the Mean Value
Theorem would say that there exists ¢ & (-2, 2) such

that

/)

=f(2)—f(—2)=6+2=

2-(-2) 4 2

But, f'(x) < 1forall x.
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218 Chapter 3 Applications of Differentiation

57. Let S(¢) be the position function of the plane. If 62. (a) fis continuous on [-10, 4] and changes sign,
¢ = 0 corresponds to 2 .M., S(0) = 0, 5(5.5) = 2500 (/(-8) > 0, /(3) < 0). By the Intermediate Value
and the Mean Value Theorem says that there exists a Theorem, there exists at least one value of x in ;
time #p, 0 < #; < 5.5, such that [4(), 4] satisfying f(x) = 0.
S'(te) = vto) = 25000 454.54. ’ (b) There exist real numbers a and b such that
1 55-0 | . -10 < a < b < 4and f(a) = f(b) = 2.
ing t i 1
aggc}i{lngful;:é:l;ez:i:;ai:tzrigz —1[?)1 etoae;ll do[: 65 5] Therefore, by Rolle’s Theorem there exists at least ¢
v »70 0> =k one number ¢ in (=10, 4) such that f"(c) = 0.
you see that there are at least two times during the This is called a critical b
flight when the speed was 400 miles per hour. 18 is called a crifical numoer.
(0 < 400 < 454.54) (© y .
A :
58. Let T(¢) be the temperature of the object. Then e i
T(0) = 1500° and T(5) = 390°. The average L N :
8 4 INU 4
temperature over the interval [O, 5] is st
390 1500 _ oo ol
5 - 0 K n
By the Mean Value Theorem, there exist a time #, 63. fis continuous on [-5, 5] and does not satisfy the 7 ;
0 < fy < 5, such that T"(t) = ~222°F/h. conditions of the Mean Value Theorem. = f isnot . i
- i . differentiable on (-5, 5). Example: f(x) =|x]| %
- 59. Let S(¢) be the difference in the positions of the 2 §
bicyclists, S(¢) = Si(t) — S,(¢). Because ;
S(0) = S(2.25) = 0, there must exist a time i
to < (0, 2.25) such that S'(fp) = v(to) = 0. ”
At this time, v(t,) = v2(fo)- 1

60. Let ¢ = 0 correspond to 9:13 A.M. By the Mean Value

Theorem, there exists #, in (0, %) such that

Vit = (i) = 85 =35 _ Ls00 mih?. 64. fis not continuou§ on [-5, 5]
730

Example: f(x) = {l/x, 0 J
_ o 7x . ax) . (xx\\ = 0, x=0
61. f(x)=3cos (T)’ f(x)=6 cos(—i—)(—sm(—z—)J(a—J - i
| = -3z cos(ﬂ) sin(ﬁ) -
-2 2
(@) ——
N f
/
o AR ’\ﬁ\ﬁ‘tﬁ 2
VVVPVVY :
(b) fand ' are bofh continuous on the entire real line. o

(c) Because f(~1) = f(1) = 0,Rolle’s Theorem
-~ applies on [1, 1] Because f(1) = Oand f(2) = 3,
Rolle’s Theorem does not apply on [, 2].
@ lim f(x) =0
x—3"
lim f"(x) = 0

x->3+
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f(x)=x5+x +x+1

f is differentiable for all x.
7=
Theorem implies that fhas at least one zero ¢ in
[-1,0], /(¢) =

Suppose f had 2 zeros, f(c;) = f(c;) = 0. Then

Rolle’s Theorem would guarantee the existence of a
number a such that

(a) = fle2) - fla) =
But, /'(x) = 5x" +3x* + 1 > Oforallx. So,/ has

exactly one real solution.

= ~2and j(0) = I, so the Intermediate Value

f(x) = 2% + 7x - |
s differentiable for all x.

1 (0) = ~1and f(1) = 8, so the Intermediate Value
Theorem implies that f'has at least one zero ¢ in
[0.1], /(e) =

Suppose / had 2 zeros, f(c¢;) = f(c,) = 0. Then

olle’s Theorem would guarantee the existence of a
number a such that

f'(a) = f(e2) = fla) = 0.
~But f'(x) = 10x* + 7 > 0 forallx. So, f(x) =

- exactly one real solution.

0 has

I -sinx
[is differentiable for all x.
f(~7) = =37 +1 < 0and £(0) =

ntermediate Value Theorem implies that / has at least
one zero ¢ in [-7, 0], f(c) = 0.

Suppose f had 2 zeros, f(c;) = f(c,) = 0. Then

Rolle’s Theorem would guarantee the existence of a
umber a such that

(@) = fle) - fla) =
But f'(x) = 3 - cos x >

-exactly one real solution.

1 > 0,so the

0 foralix. So, f(x) = 0has

= 2x -2 —cosx
=-3,f(r)=2r-2+1=27-1> 0.Bythe
Intermediate Value Theorem, fhas at least one zero.
. Suppose /" had 2 zeros, f(c,) = f1 (cz) = 0. Then

Rolle’s Theorem would guarantee the existence of a
number g such that

1'(@) = fle2) - fla) =
But, f'(x) = 2 + sinx > !

‘one real solution.

i
e

for all x. So, f has exactly

Section 3.2
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69. f'(x) = 0
f(x)=c
@) =5
So, f(x) = 5.

70. f(x) =4
f(x)=4x+c¢
f0)=1=>c=1
So, f(x) = 4x + 1.
S(x) = 2x
f(x)=x+¢

i

) =0=0=1rc=c=-]

So, f(x) = x -1,

72. f(x) = 6x-1

f(x)=3x:—x+c

/)

1]

7=:>7=3(22)—2+c

10+c=c¢c=-3

So, f(x) = 3x* —x - 3.

73. False. f(x) = 1/x has a discontinuity at x = 0.

74. False. fmust also be continuous and differentiable on
each interval. Let

x¥ —4x
JG) = ——

75. True. A polynomial is cbntinuous and differentiable
everywhere.

76. True

77. Subpose that p(x) = x*"*! + ax + b has two real roots
x;and x,. Then by Rolle’s Theorem, because
p(x) = p(x;) = 0, there exists ¢ in (x, x,) such that
pl(c) = 0.But p'(x) = 2n + Dx™ + @ =

n > 0,a > 0.Therefore, p(x) cannot have two real

0, because

roots.

78. Suppose f(x)is not constant on (a, b). Then there exists
xand x,in (a, b) such that f(x) # f(x,). Then by the

Mean Value Theorem, there exists ¢ in (a, b) such that

7(c) = S(x ) x(xl)

This contradicts the fact that f”(x)

(a, b).

= ( for all x in

©2014 Cengage Learning. All Rights Reserved. May iot-be scanned, copied or duplicated, or posted toa publicly accessibie website, in whoie or in part.




220 Chapter 3 Applications of Differentiation

79. If p(x) = Ax* + Bx + C, then

/() - f(a)
b-a
(4b* + Bb + C) - (4a® + Ba + C)
- b-a
A(p* - a*) + B(b - a)
b-a
_ (b—a)[A(b+ a)+B]
b-a
= A(b + a) + B.

p(x)=24x+ B =

So, 24x = A(b + a)and x = (b + a)/2 which is the
midpoint of [a, b}

80. (a) f(x)=x%g(x)=-x"+x* +3x+2
1) = g(-1) =1, /(2) = 2(2) = 4
Let h(x) = f(x) - g(x). Then,
h(-1) = h(2) = 0.So, by Rolle’s Theorem these
exists ¢ € (-1, 2) such that
H(c) = f(c) - g'c) = 0.
So, at x = c, the tangent line to fis parallel to the
tangent line to g.

h(x) = x* - 3x - 2, W(x)

¥ -3=0=>x=c=1

Let h(x) = f(x) - g(x). Then h{a) = A(b) = Oby

Rolle’s Theorem, there exists ¢ in (a, b) such that

W) = 1) - £(6) = 0.
So, at x = ¢, the tangent line to f'is parallel to the
tangent line to g.

81. Suppose f(x)has two fixed points ¢, and c,. Then, by
the Mean Value Theorem, there exists ¢ such that

- Le)SE) a-a

C—q 5]

+ This contradicts the fact that f"(x) < 1for all x.

82. f(x) = 1 cos x differentiable on (o, ).

f(x) = —% sin x
-1 </ (x) 4= fi(x) <1 forall real number

So, from Exercise 62, f has, at most, one fixed point.
(x ~ 0.4502)

. Let f(x) = cos x.fis continuous and differentiable fo

all real numbers. By the Mean Value Theorem, for any
interval [a, b], there exists c in (a, b) such that

/() - f(a)
b-—a
cosbh — cosa
b-a
cosb — cosa = (~-sinc)(b - a)

- 1@

= —sin ¢

|cos b — cos a| =|-sin ¢||b - a]

|cos b ~ cos a| <|b — a]since|-sinc| < 1.

. Let f(x) = sin x.f is continuous and differentiable fo

all real numbers. By the Mean Value Theorem, for any
interval [a, b], there exists ¢ in (a, b) such that

f() - fl@) _
T Ta 1)

sin(b) — sin(a) = (b - a) cos(c)
|sin(b) — sin(a)| =|& - al|cos(c)|

|sina - sinb|<|a - b|

.Let 0 < a< b f(x) = </ satisfies the hypotheses o
the Mean Value Theorem on [a, b]. Hence, there exists
in (a, b) such that :

1 f)-f@ VE-<a
FO = m ™ " vTa T hoa

So,\/——\/;=(b-.a)—2%:<l;—:/_a£.

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test :

1. (a) Increasing: (0, 6)and (8, 9). Largest: (0, 6)
(b) Decreasing: (6, 8) and (9, 10). Largest: (6, 8)

2. (a) Increasing: (4, 5), (6, 7). Largest: (4, 5), (6, 7)
(b) Decreasing: (-3, 1), (1, 4), (5, 6). Largest: (=3,1)
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