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79. If p(x) = Ax* + Bx + C, then

1) - 1)
b-a
_(Ab2+Bb+c)-(Aa2+Ba+c)
- b-a
_ A(b2 —a2)+B(b—a)
- b-a
_(6-a)4( + a) + B]
b-a
= A(b + a) + B.

So, 24x = A(b + a)and x = (b + a)/2 which is the

pl(x) =24x + B =

midpoint of [a, b}

80. @) f(x) =x%g(x) = +x* +3x +2
fEY=g-)=1/(2) = 2(2) =4
Let h(x) = f(x) - g(x). Then,
h(-1) = h(2) = 0.So, by Rolle’s Theorem these
exists ¢ € (-1, 2) such that
H(c) = f'(c) - g'(c) = 0.
So, at x = c, the tangent line to f'is parallel to the
tangent line to g.

h(x) = x* = 3x = 2, K(x)
T =23x2-3=0>x=c=1

(b) Let k(x) = f(x) - g(x). Then h(a) = h(b) = 0by

Rolle’s Theorem, there exists c in (a, b) such that

HE) = £16) - £c) = 0.
So, at x = c, the tangent line to fis parallel to the
tangent line to g. :

81. Suppose f (x) has two fixed points ¢, and ¢,. Then, by
* the Mean Value Theorem, there exists ¢ such that

©) _Se)-fle) _a-a _ L

C — ¢ ¢ —q

: f,

: This contradicts the fact that f '(x) < 1forall x.

82. f(x) = 4 cos x differentiable on (—co, ).

f(x) = ~Lsinx

1<) <s3= x)<1
So, from Exercise 62, f has, at most, one fixed point,
(x ~ 0.4502)

for all real number'

. Let f(x) = cos x.fis continuous and differentiable fo

all real numbers. By the Mean Value Theorem, for any,
interval [a, b], there exists ¢ in (g, b) such that

f(6) - fla) _
=70
cosb — cos a
b-a
cos b — cos a = (~sin c)(b - a)

= —sin¢

|cos b - cos a| =|-sinc||b - a|

|cos b ~ cos a| <|b — a| since |-sin ¢| < 1.

. Let f(x) = sin x.f is continuous and differentiable fo
all real numbers. By the Mean Value Theorem, for a
interval [a, b, there exists ¢ in (a, b) such that

f (b) - f (a) _
b-a - f(c)
sin(b) ~ sin(a) = (b - a) cos(c)
|sin(b) - sin(a)| = |5 - al|cos(c)|

|sin @ — sin b <|a - b]

. Let 0 < a < b. f(x) = /x satisfies the hypothese
the Mean Value Theorem on [a, b]. Hence, there exi
in (a, b) such that - '

f et IO B
2Je b-a "~ b-a

So,\ﬁ;—\/Z=(b—la)ﬁ<l;_7:.

Section 3.3 Increasing and Decreasing Functions and the First DeriVative Test

1. (a) Increasing: (0, 6)and (8, 9). Largest: (0, 6)
- (b) Decreasing: (6, 8) and (9, 10). Largest: (6, 8)

2. (a) Increasing: (4, 5), (6, 7). Largest: (4, 5), (6,7)
(b) Decreasing: (-3, 1), (1, 4), (5, 6). Largest: (—3;_‘1
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Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 221

4.y = —(x+ l)2
From the graph, fis decreasing on (-, 3) and From the graph, fis increasing on (-0, —1) and
increasing on (3, ©). decreasing on (-1, ).

Analytically, f'(x) = 2x - 6. Analytically, ' = -2(x + 1).

Critical number: x = 3 Critical number: x = -1
‘| Testintervals: | —o0 <x <3 | 3<x <o | ° Testintervals: | o0 < x < -1 | -1 < x'<
Signof f'(x): | f <0 />0 Sign of y": y >0 y <0
Conclusion: | Decreasing Increasing Conclusion: | Increasing Decreasing
3
x
.y = — ~3x
5 y 7
- From the graph, y is increasing on (—co, —2)and (2, o), and decreasing on (-2,2).
. 3 3, 3
»Analytlcally, Y= 3= Z(x - 4) = Z(x - 2)(x+2)
Critical numbers: x = +2
Testintervals: | —0o < x < -2 | -2 <x<2 | 2<x<®
Sign of y": ¥y >0 Yy <0 y >0
Conclusion: Increasing Decreasing Increasing

fx) = x* - 247
From the graph, fis decreasing on (-0, ~1) and (0, 1), and increasing on (~1, 0) and (1, ).

Analytically, f(x) = 4x° - 4x = 4x(x - I)(x +1).

Critical numbers: x = 0, £1.

Testintervals: | -0 < x < -1 -l<x<0 O<x<l [l<x<ow
Sign of 1 <o >0 f1<0 >0 )
Conclusion: | Decreasing Increasing Decreasing | Increasing
: 1
T () = ——
\ (x+1)

From the graph, fis increasing on (0, ~1) and decreasing on (~1, o).

Analytically, f'(x) = —‘27
(x+1)
No critical numbers. Discontinuity: x = —1
Test intervals: | —0o < x < -1 | =l < x <
Signof f'(x): | f' >0 f<0
Conclusion: Increasing Decreasing
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222 Chapter 3 Applications of Differentiation

xZ

T o .

From the graph, y is increasing on (~o, 0)and (1, «), and decreasing on (0, 1/2) and (1/2, 1).

8. y

(2x - 1)2x - x*(2) _2x*-2x 2x(x-1)
@x-1 (-1 (x-1)

Critical numbers: x = 0,1

Analytically, y' =

Discontinuity: x = 1/2

Testintervals: | —0o < x <0 | 0<x <2 | 2<x<l|l<x<w
Sign of y': y >0 Yy <0 V<0 Yy >0
Conclusion: Increasing Decreasing Decreasing Increasing

9. g(x)=x*-2x-8
gx)=2x-2

Critical number: x = 1

Test intervals: | - < x < 1 l<x<owo
Signofg'(x): | g' <0 g >0
Conclusion: Decreasing Increasing

Increasing on: (1, «)
Decreasing on: (—o, 1)

10. h(x) = 12x -
H(x) =12 - 327 = 3(4 - x*) = 3(2 - x)(2 + )

Critical numbers: x = +2
Testintervals: | —0o < x <=2 | -2<x<2 | 2<x<®
Signof #(x): | # <0 K >0 K <0
Conclusion: Decreasing Increasing Decreasing

Increasing on: (-2, 2)

Decreasing on: (—c, —2), (2, ®)
1. y = x3/16 — x> Domain: [4, 4]

A -8 o .
YT s Vie-av 22)x + 2/2)

Critical numbers: x = t2«/5
Testintervals: | —4 < x < ~24/2 | -24/2 < x < W2 | 22 <x<4
Sign of y": y' <0 ¥y >0 y' <0

Conclusion: Decreasing Increasing Decreasing

Increasing on: (—-2s/5 ,24/2 )

Decreasing on: (—4, -242 ), (2\/5, 4)
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12. y=x+Z
X

, _1-9 X -9 (x-3)(x+3)
y = pe) ¥ 2

Critical numbers: x = £3

Discontinuity: x = 0

i Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

Test intervals: -0 < x < -3 -3<x<0 0<x<3 3<x<®
Sign of y'": ¥y >0 y' <0 ¥y <0 v >0
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (oo, —3), (3, ©)

- Decreasing on: (-3, 0), (0, 3)

13. f(x) =sinx -1, 0<x<2z

. (7[ 37[]
Decreasing on: | —, —
22

H(x) = ——;— sing

Critical nurnbers: none

Test interval: 0<x<2r7

Signof#'(x): | # <0

Conclusion: Decreasing

Decreasingon 0 < x < 27

f(x) = cos x
Critical numbers: x = z i
' 272
Test intervals 0<x<Z 7 < <3” T cx<or
st inte : (<= | = <x<=— ]| —<x
¢ 2 | 2 2 | 2
Signof f'(x): | /' >0 [0 S -0
Conclusion: Increasing Decreasing Increasing
. z\ (37
Increasing on: | 0, — |, | —, 27
2 2

223
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224 Chapter 3 Applications of Differentiation

15. y = x — 2cos x,

16.

17

Yy =1+ 2sinx

0<x<27

B

1
"= 0:sinxy = ——
y sin x 5
Critical numbers: x = 7—”, lﬁ
6 6
Test intervals: O<x<-7—7£- Z£<x<l—1-7—z- M<x<27r
6 6 6
Sign of y": y >0 y <0 y >0
Conclusion: Increasing Decreasing Increasing
Increasing on: [O, E—), (1—175, 27:)
6 6
. Tz 11z
Decreasing on: | —, —
6 6
f(x) = sin’x +sinx, 0 < x < 27 ‘
J'(x) = 2sin x cos x + cos x = cos x(2 sin x + 1)
25inx+1=0:>sinx=—l=>~x=7—”,1—]—7E
2 6 6
n 37
cosx=0=>x=— —
2° 2
Critical numbers: Zt—, E—, 3—7[, “—”
26 2 6
Test intervals: 0<x<Z £<x<7—” lz<x<3—” z’—7E<x<-1-!—7£ llz<x<27r
2 2 6 6 2 2 6 6
Signof /'(x): | f/'>0 <0 f >0 f <0 >0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing

Increasing on: (O,

d
2’

(53
6" 2/

]
6

. (7[ 77[) (32 1171')
Decreasing on: -2—,—-— b | s —

6 2° 6
(a) f(x) = x? —4x
f(x)=2x-4
Critical number: x = 2
® Test intervals: -0 < x<2 2<x<w
Sign of 1" f1<0 >0
Conclusion: Decreasing Increasing

Decreasing on: (-0, 2)

Increasing on: (2, )

(c) Relative minimum: (2, -4)
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Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 225

b(a) f(x) = x* + 6x + 10

S(x)=2x+6
Critical number: x = -3
'(b) Testintervals: | -0 < x < -3 | -3 <x < ®
Sign of /™ f1<0 />0
Conclusion: Decreasing Increasing

Decreasing on: (-, —3)
Increasing on: (-3, «©)

¢) Relative minimum: (-3, 1) -

a) f(x)=-2x"+4x+3
f(x)=-4x+4=0
Critical number: x = 1
b) Test intervals: - < x <1 I <x<o
Sign of f'(x): >0 f'<0
Conclusion: Increasing Decreasing

Increasing on: (-, 1)
Decreasing on: (1, »)

¢) Relative maximum: (1, 5)

@) f(x) =-3x —4x -2
f(x)=-6x-4=0

Critical number: x = -

It

win

b)

" | Testintervals: | ~0 <x < -2 | -2 <x<o
Signof f'(x): | /' >0 <0 ’
Conclusion: Increasing Decreasing

Increasing on: (—-oo, —-%)

Decreasing on: (—-%, oo)
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2L () /(%)

1)

2x% + 3x* - 12x

6x2+6x—12=6(x+2)(x—l)=0

Critical numbers: x = -2, 1

226 Chapter 3 Applications of Differentiation

®

Test intervals:

-0 < x < =2

-2<x<1 l<x< o

Sign of f"(x):

f >0

S <0 [ >0

Conclusion:

Increasing

Decreasing Increasing

Increasing on: (-, —2), (1, )
Decreasing on: (-2, 1)
(c) Relative maximum: (—2, 20)
(.-7)
x* - 6x* +15
3x% - 12x = 3x(x ~ 4)
0,4

Relative minimum:

22. a) f(x)
()

Critical numbers: x

®

4<x<w

f >0

0<x<4

f<0

—o<x<0

>0

Test intervals:
Sign of f'(x):

Conclusion:

Increasing Decreasing | Increasing

(=0, 0), (4, )

Decreasing on: (0, 4)

Increasing on:

(c) Relative maximum: (0,15)

Relative minimum: (4, -17)

i

(x—l)z(x+3)=x3+x2—5x+3

3x + 2x = 5 = (x ~ 1)(3x + 5)

23. () f(x)
f(x) =

Critical numbers: x = 1, -% o ) )

(b)

I<x<ow

>0

Test intervals:
Sign of f":

Conclusion:

—o<x<-3 | 53<x<]
f>0 f <o

Decreasing

Increasing Increasing

Increasing on: (—oo, —%) and (1, ) .
Decreasing on: (—%, 1)~

(c) Relative maximum: (—

w
IN

56
7

)

>

N

Relative minimum: (1, 0)

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible websité, in whole or in part.




Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 227

@ /)= GE+2 (-
f(x) = 3x(x + 2)

Critical numbers: x = -2,0

b) Testintervals: | —0o < x < -2 | -2<x<0 | 0<x<o
Signof /(x): | />0 /<o >0
Conclusion: Increasing Decreasing Increasing

Increasing on: (~<, -2), (0, )

Decreasing on: (-2, 0)

@ () = x° -5— 5x

S =X

- Critical numbers: x = ~],1
Testintervals: | —o<x < -1 | -l<x <1l | l<x<o
Signof f'(x): | f/>0 /<0 [ >0
Conclusion: Increasing Decreasing Increasing

Iﬁcreasing on: (~oo, —1), (1, )

Decreasing on: (-1, 1)

~(¢) Relative maximum: (—1, %J

Relative minimum: (l, —g—)

26. (@) f(x) = x" -32x+4 27. @ f(x) = x" +1
"(x) = 4x° - 32 = 4{x* - 8 RN WY S | -
f( ) ( ) f(x) = gx — _§x27
Critical number: x = 2 -
Critical number: x = 0
Test intervals: | —~o < x < 2 2<x< o (b) -
Test intervals: —0<x<0 ]| 0<x<ow
Sign of f'(x): "< 0 "> 0
gnof f(x) | f A Signof f'(x): | />0 f>0
Conclusion: Decreasing Increasing A - -
Conclusion: Increasing Increasing

I i : (2
nereasing on: (2, «) Increasing on: (—co, )

Decreasing on: (—, 2 .
& ( ) (c) No relative extrema

(c) Relative minimum: (2, —44)
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228 Chapter 3 Applications of Differentiation

28. (a) f(x) =x¥ _4 31 (a) f(x) =35 —Ix - 5!
’ 2 -3 2 , x-5 1, x<5
x) =B = = - =
7 3 3x¥3 7) [x-5] |-, x>5
Critical number: x = 0 Critical number: x = 5§

(b) : ) (b :
Test intervals: | —o < x < 0 O<x<o Testintervals: | -0 < x <5 | 5 < x <
Signof /"(x)} | /' <0 S >0 Signof f'(x): [ />0 <0
Conclusion: Decreasing Increasing Conclusion: Increasing Decreasing

Increasing on: (0, «) Increasing on: (<o, 5)
Decreasing on: (-, 0) Decreasing on: (5, »)
(¢) Relative minimum: (0, -4) (¢) Relative maximum: (5, 5)
29. (@) f(x) = (x+2)" 32. @ f(x) =|x+3]-1
’ 2 ; -3 2 x+3 L x>-3
f(x)==(x+2 = — "(x) = =
) 3( ) 3():-1»2)1/3 /) |x+3| -1, x<-=3
Critical number: x = -2 Critical number: x = -3

® Testintervals: | —0 < x < -2 | -2 < x < 0 ® Testintervals: | ~o0 < x < =3 | -3 < x <&
Sign of f": <0 >0 Signof f'(x) | /' <0 >0
Conclusion: Decreasing Increasing Conclusion: . | Decreasing Increasing

Decreasing on: (~oo, -2) ) Increasing on: (-3, )
Increasing on: (-2, w) Decreasing on: (-, -3)
(c) Relative minimum: (-2, 0) (¢) Relative minimum: (-3, -1)

30. (@ f(x)=(x~- 3)1/ ?

S(x) = §(x o

3(x - 3)%
Critical number: x = 3
®) Test intervals: | -0 < x < 3 3<x<w )
Sign of f": >0 >0
Conclusion: Increasing Increasing

Increasing on: (oo, )

(c) No relative extrema
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S =2+ 7
g 2 _
f'(")zz_}lfzzxx 1

‘Critical numbers: x = %

Discontinuity: x = 0

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

-‘Testintervals: »oo<x<—--—g —~—2<x<0 0<x<£ —\[-2—<x<oo
‘ 2 2 2
| Signof f": f>0 f1<0 f1<0 f >0
Conclusion: Increasing Decreasing Decreasing Increasing
. V2 V2
Increasing on: | —co, ——— and —, 0
2 2
Decreasing on: —3-/_3,0 and O,—\/z
2 2
(c) Relative maximum: ——?,—2\/5
Relative minimum: 12_%’ 22
‘ x
4, (a X) = ——
@ f(x) =
. (x-5)-x -5
fx) = 7 - 2
(x-35) (x - 5)
No critical numbers
Discontinuity: x = 5
Testintervals: | —0o < x <5 | 5<x <
Signof f'(x): | /<0 f1<0
Conclusion: Decreasing Decreasing

Decfeasing on: (—, 5), (5, )

(c) No relative extrema

W

w
~
£
~
—_

&
~

]

=

P-9
_ (x2 - 9)(2x) - (xz)(Zx) __-l8x

(-9 (= -9

Critical number: x = 0

Discontinuities: x = -3, 3
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230 Chapter 3 Applications of Differentiation

® Testintervals: | —0 < x < -3 | -3 < x <0 0<x<3|3<x<w
Signof f(x) | />0 >0 <0 /<0
Conclusion: Increasing Increasing Decreasing | Decreasing

Increasing on: (-0, -3), (-3, 0)
Decreasing on: (0, 3), (3, «)
() Relative maximum: (0, 0)

x2 ~2x + 1
x+1

36. () f(x) =

) -

(x+1)(2x—2)-(x2—2x+1)(l)= x4+ 2x -3

L

+3)(x — 1)

(x + 1)2
-3,1

Critical numbers: x

Discontinuity: x = —1

(> + 1)2

(x+ 1)2

(®

Test intervals: -0 < x < -3

-3 <x< -1

-l<x<1

I<x< o

Signof f'(x) | /" >0

S <0

/<0

>0

Conclusion:

Increasing

Decreasing

Decreasing

Increasing

Increasing on: (~eo, -3), (1, ®)
- Decreasing on: (-3, -1), -1
(©) Relative maximum: (-3,-8)

Relative minimum: (1, 0)

]

37. (@ f(x)

-2x, x
-2,

I

X

]

Critical number: x = 0

®)

Test intervals: -0 <x<0

O<x<ow

Sign of f": f>0

<o

Conclusion;

Increasing

Decreasing

Increasing on: (~oo, 0)
Decreasing on: (0, o)

(c) Relative maximum: (0,4

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part,




(a)

(b)

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

2x + 1,

xt -2,

/) =

x < -1

x > -1

2, x < -1

76) =

Critical numbers: x

X =

-1
= -1,0

Test intervals:

-0 < x < =]

~l<x<0

O0<x<owo

Sign of f":

>0

f1<0

f >0

Conclusion:

Increasing

Decreasing

Increasing

and

(0, 0)

Increasing on: (—co, —1)

Decreasing on: (-1, 0)

~(¢) Relative maximum: (-1, -1)

Relative minimum: (0, - 2)

Ix+1, x<1

1t

9. (@ f(x)

5-x%, x>1
3, x <1

) = —2x

x> 1

Critical number: x = 1

Sign of 1"

/>0

f1<0

Conclusion:

Increasing

Decreasing

40. (2)

(b)

Increasing on: (-, 1)

Decreasing on: (1, )

-x 4+ 1,

/(%)

2
~3x°,

76) -

Critical numbers: x =

—-2x + 2,

(c) Relative maximum: (l, 4)

x<0

x> +2x, x>0

x<0
x>0

0,1

®) Test intervals: -0 < x <1 l<x<ow .

Test intervals:

co0 < x < 0

Sign of f™:

/<0

f >0

<0

Conclusion:

Decreasing

Increasing

Decreasing

Increasing on: (0, 1)

Decreasing on: (-0, 0)

and

(c) Relative maximum: (1, 1)

(1, )

Note: (0, 1) is not a relative minimum
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