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f(—1+\/§)=2+3~/§

For ¢ > 0, f is decreasing and £ 6]

\

For ¢t < 0, fis increasing on (—\/_2_

Finally, | £(5)| 2 2v/2 - 1.
(You can verify this easily with a graphing utility.)

1,—\/5), then decreasing on (—\/5, O). So f(¥) < f(—ﬁ) =1- 2\/5

‘Section 3.4 Concavity and the Second Derivative Test

1. The graph of f is increasing and concave downward: 2. The graph of fis decreasing and concave upward:
S >0,f"<0

<0, f">0
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3 y=xt-x-2
Vo=2x-1
yﬁ=2

y"' > 0forallx.

Concave upward: (~, o)

Chapter 3 Applications of Differentiation

Z 242 _ .3
& g(x) =3 * Intervals; —0 < x <1 1<x <o
(x) = 6x — 3x2
gz’g ; 66 Signof g”: | "> 0 g" <0
g\x)=06-06x
u( ) 0 wh 1 Conclusion: | Concave upward | Concave downward
g'(x) = Owhenx = 1.

Concave upward: (—o, 1)

Concave downward: (1, )

5. =-x*+ 6x2 - 9x ~ 1
f(x) x x o Intervals: -0 < x < 2 2<x<»
F(x) =-3x+12x -9 Signof /" | 77 50 5
ign o : > "<
F(x) = —6x +12 = -6(x - 2) £ J
f”(x) = Owhenx = 2, Conclusion: | Concave upward | Concave downward
Concave upward: (~oo, 2)
Concave downward: (2, «)
6. h(x) = x° - 5x+2
(x) * T Intervals: -0 < x <0 O<x<w
H(x) = 5x* - 5
Signof #": | K" <0 K >0
R'(x) = 20x° :
N Conclusion: | Concave downward | Concave upward
h'(x) = O whenx = 0.

Concave upward: (0, o)

Concave downward: (oo, 0)

24
7. f(x) = )
X+ Intervals: 0 <x<=-2 | -2<x<2 2<x< o
oy —48x -
) = —— Signof f": | f" >0 <0 50
(x + 12)
5 Conclusion: | Concave upward | Concave downward | Concave upward
., —144(4 - x?)
f (x) = ; 3
(3 +12)

F"(x) = 0 whenx = +2.
Concave upward: (—e0, -2), (2, )

Concave downward: (-2, 2)
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2x?
%) = 3x? + 1
4x
(%) =
) (3x2 + 1)2
-4(3x - 1)(3x + 1)
(x) = > 3
(3x + l)
0 whenx = -’-l
() = 3
Intervals: —0<x< -1 “+<x<t F<x<
igrl Of fll: fII < 0 fl! > 0 fl' < 0
Conclusion: | Concave downward | Concave upward | Concave downward

Concave downward: (—oo, -%)G, oo)

432 + 1)

f is not continuous at x = x1.

Intervals: -0 < x < —1 ~l<x =i l<x <o

Signof f": | " >0 f <0 >0

Conclusion: | Concave upward | Concave downward | Concave upward

Concave upward: (oo, —1), (1, »)

Concave downward: (-1, 1)

- 1 .
10. y = S(-3x5 + 400° + 135x)

1
ﬁ(—15.::“ + 120x% + 135)

—%x(x - 2)(x + 2)

Yy
yl
yll =
y' = O0whenx = 0, +2.

Intervals: -0 < x <=2 -2<x<0 0<x<2 2<x<®

Signof y": | »" >0 y'<0 y'>0 y<0

Conclusion: | Concave upward | Concave downward | Concave upward | Concave downward

Concave upward: (-, ~2), (0, 2)
Concave downward: (-2, 0), (2, )
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248 Chapter 3 Applications of Differentiation
x2 + 4
11. g(x) = m
, 16x
g'(x) = N2
(4-)

16(3;:2 +4) B 16(3x2 + 4)

gn ¥) = =
( ) (4 _ x2)3 (2 _ x)3(2 + x)3
S is not continuous atx = +2,
Intervals: -0 < x < =2 -2<x<2 2<x<®
Signof g": [ g”" <0 g >0 g" <0
Conclusion: | Concave downward Concave upward | Concave downward

Concave upward: (-2, 2)

Concave downward: (o, -2), (2, o)

Xt -1
12. h(x) =
2x -1 Intervals: —o < x <L 1<x<w
2(x? - 1
#(x) = (- x *; ) Signof #": | ' > 0 K <0
2x -1
( p ) Conclusion: | Concave upward | Concave downward
H(x) = ——
(2x -1
" . 1
J" is not continuous at x = >
Concave upward: (~oo, —;—)
Concave downward: [—;—, oo)
13, y=2x-tan X, (_ﬁ, Z) ” T
22 Intervals: ——2—<x<0 0<x<5
" =2 ~ secly
Sign of y"': "> 0 "< 0
V' = ~2sec’x tan x gnoty Y Y
" = 0 whenx = 0, Conclusion: | Concave upward | Concave downward
T
Concave upward: (——2—, O)
T
Concave downward: (0, 3-]
14 y = x + 2cscx, (-7, =) :
Intervals: -T<x<0 O<x<ax
"=1- 2cscxcot x
"= -2 cse x(—csczx) — 2 cot x{(—csc x cot x) Signof y": | y" <0 y>0
- 2(csc3x + esc x cot? x) Conclusion: | Concave downward | Concave upward
Y' = Owhenx = 0.

Concave upward: (0, 7)

Concave downward: (-7,0)
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Section 3.4 Concavity and the Second Derivative Test

= x} - 6x* + 12
(‘x) * , ¥ * Intervals: -0 < x <2 2<x<w
'(_x) = 3x° - 12x + 12 - " "
Sign of " <0 "> 0
,(x)=6(x—2)=0whenx=2. g f f f
Conclusion: | Concave downward | Concave upward

oncave upward: (2, «)
oncave downward: (-, 2)

vint of inflection: (2, 8)

-x*+6x* -5

~3x2 + 12x

/(%)

6

~6x +12 = —6(x — 2) = 0O whenx = 2.

Intervals: -0 < x <2 2<x<w®
Signof f": | /" >0 /<0
Conclusion: | Concave upward | Concave downward

Concave upward: (-, 2)
Concave downward: (2, «0)

Point of inflection: (2, 11)

>,f(x) = %x“ + 2x%
‘ Intervals: -0 < x < =2 -2<x<2 0<x<oo
7(3) = 24 + 6x2
() = 652 + 125 = 6x(x + 2) Signof f™: | /" >0 ff<0 ff>0
: fn(x) = 0 when x = 0, -2 Conclusion: | Concave upward | Concave downward | Concave upwayrd
~Concave upward: (—eo, -2), (0, ©)
‘Concave downward: (-2, 0)
Points of inflection: (-2, -8) and (0, 0)
8 f(x)=4-x-3x*
, 3 Intervals: -0 < x<0 0<x<w
SF(x) =-1-12x
S"(x) = =36x? = 0 whenx = 0. Signof f": | f" <0 f<o
Concave downward: (—oo, oo) Conclusion: | Concave downward | Concave downward

No points of inflection

1, 7(®)
1'%

- 4)3

[3(x - 4)2] +(x - 4) = (x - 4)(4x - 4)

x(x

&

T1(x) = 4% - D[ 2(x - 4)] + 4(x - 4)" = 4(x - A2(x = 1) + (x - 4)] = 4(x - 4)(3x - 6) = 12(x - 4)(x - 2)
(%) = 12(x — 4)(x -~ 2) = Owhenx = 2,4.

Intervals: -0 < x <2 2<x<4 4<x<w

Signof f/"(x): | f"(x) >0 f(x) <0 (x>0

Conclusion: Concave upward | Concave downward | Concave upward

Concave upward: (-, 2), (4, )
Concave downward: (2, 4)

Points of inflection: (2, -16), (4, 0)
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250 Chapter 3 Applications of Differentiation

20. f(x)=(x-2P(x-1)
S = (- 2 (4x - 5)
F(x) = 6(x - 2)(2x - 3) : e
S"(x) = 0 when x = —;—, 2. : i
7
Intervals: —-co<x<-% %<x<2 2<x< o
Signof /" | f > 0 ff<0 S >0
Conclusion: | Concave upward | Concave doanard Concave upward
3 \ ' : 1
Concave upward: | —o, >h (2, o) _ : i
3 i
Concave downward: (5, 2)
. ceo (301 ' -
Points of inflection: (—-, ——-), (2,0 i
2 16 ' _ 7
21 f(x) = xv/x + 3, Domain: [-3,») : 22. f(x) = x/9 - x, Domain: x < 9 v ;
1 12 3(x +2) , 3(6 - x) Y
() = x{=|(x+3 +x+3 = 2L ' x) = o2/
&) (2)( ) 2x +3 /) 29 - x e
C eJx+3 + 32 3(x - 12 : |
) = 65/ + 3 - 3(x + 2)(x + 3) 71x) = —(X—s/)? - O when = 12, i
’ 4(x + 3) 49 ~ x)
3(x + 4) x = 121is not in the domain. f” is not continuous at
=——————37-2—=0whenx=—4. L : .
4(x + 3) x =9
= —4 is not in the domain. f is not continuous at Interval: —0<x<9 £
x = -3 Signof /: | f" <0 . : :
. L%
Interval: -3<x<w _ Conclusion: | Concave downward b
Signof /™: | /"> 0 - Concave downward: (-, 9) :
Conclusion: | Concave upward No point of inflection

Concave upward: (-3, o)

| There are no points of inflection,
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A
=
I
8

[
-l

/<0 >0

Concave upward Concave downward | Concave upward

V3) (\3

_w, —— |, —

3 37

V3 V3
373

oncave downward: | —

V3

Points of inflection: ——?, 3 [and 5 3

L x+3
Xx) = —=—, Domain: x > 0

oy X=3

) =S
f”(x)=—9—_—x=0whenx=9

4x52 -
Intervals: 0<x<9 9<x< o
Signof /: | f">0 <o

Conclusion: | Concave upward | Concave downward

Concave upward: (0,9)
Concave downward: (9, «)

Points of inflection: (9, 4)

25. f(x) = sin 2,0 < x < 4x
2 Intervals: O<x<2z 21 < x < 4w
[(=) = Ecos(%] Signof f: | /" <0 >0
x Conclusion: | Concave downward | Concave upward
/(x) = - sin[-—j
4 2
f"(x) = 0 when x = 0, 27, 47.

Concave upward: (27, 47)
Concave downward: (0, 27)

Point of inflection: (27, 0)
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252 Chapter 3 Applications of Differentiation

26. f(x) = 2CSC—?§£,O < x <27

3x 3x
"(x) = ~3 csc = cot ==
J'(x) csc =~ c0 5

9(0303 §2£ + osc -35{ cotz—%{) # 0 for any x in the domain of /.

Sy =5

S is not continuous at x

Interval 0<x< 2”<x<47[ 4ﬂ-<x<2ﬂ'
s: _— —_— — —_
2 3 3 3 3

fll>0

Signof f"(x): | />0 /<0
Conclusion: Concave upward | Concave downward | Concave upward

Concave upward: (0, %75), ('3—, 27!)

Concave downward: ( 3

No point of inflection

27, f(x) = sec(x - %),O < x < 4r

10wl Jufe- |

S(x) = sec{x - %) + sec(x - —Z-J tanz[x - 12{) # 0 for any x in the domain of /.

J" is not continuous at x = Z,x = 2, andx = 37.

Intervals: O<x<uxm T <X <27 2r < x < 37 r<x < 4n

Signof f: ST >0 S <0 >0 S <0

Concave upward | Concave downward Concave upward Concave upward

Conclusion:

Concave upward: (0, z), (27, 37)
Concave downward: (z, 27), (37, 4x)

No point of inflection
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sinx +cosx,0 < x <27

®
~
\

".(x) = cos x — sin x

sin x — CoS X

Lm—
aP)
n

: Iz Tn
= hen x = —, —.
(x) = 0w 44
Is: 0<x<3—7r «31<x<7—” E—<x<27r
ntervals: 2 2 2 2
“Signof f": | /"(x) <0 I(x) >0 (x) <0
“Conclusion: | Concave downward | Concave upward | Concave downward
upward: Edd —7—75
ncave up T

oncave downward: (0, 37”), (%, 271)

Points of inflection: (3—”, 0), (7—”, OJ
i 4 4

f(x) = 2sin x +sin 2x,0 < x < 27
J(x)
f”(x)
f"(x) = 0 when x = 0,1.823, 7, 4.460.

2cos x + 2 cos 2x

~2sin x — 4sin 2x = -2 sin x(1 + 4 cos x)

Intervals: 0<x<1.823 1823 < x <7« T < x < 4460 4460 < x < 271

Signof /" | /" <0 >0 <0 ¢ >0

Conclusion: | Concave downward | Concave upward | Concave downward | Concave upward

Concave upward: (1.823, 7), (4.460, 2r)
Concave downward: (0, 1.823), (z, 4.460)
Points of inflection: (1.823, 1.452), (7, 0), (4.46, 1.452)

5. /()
/')
/(%)

x + 2cos x,[0, 27]

1-2sinx

-2 Cos x

r 37w

"(x) = O when x = —, —
/(%) >
T T 3z 3z
Intervals: 0<x<— —<x< = —<x<2
ntervals X 2 2 x > 2 x T

Signof f": | /<0 >0 f"<0
Conclusion: | Concave downward | Concave upward | Concave downward

Concave upward: (E, 3—”)
22

Concave downward: (0, %), (3?”, 27:)
Points of inflection: -ﬂ;, f-), (3—”, 3—”)
272 272
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254 Chapter 3 dpplications of Differentiation

3. f(x)=6x-x*

f(x) =6-2x
J'(x) = -2

Critical number: x = 3
B =-2<0

Therefore, (3, 9) is a relative maximum.

32, f(x)=x"+3x-8
S(x) =2x+3
() =2

Critical number: x = —%
fn(_%) =2>0

Therefore, (—%, —-‘;—1) is a relative minimum.

3. f(x)=x-3x2 +3
S(x) = 3% - 6x = 3x(x - 2)
S(x) = 6x -6 = 6(x - 1)
Critical numbers: x = 0, x = 2
S0)=-6<0
Therefore, (0, 3) is a relative maximum.
2)=6>0

Therefore, (2, -1)is a relative minimum.

34. f(x) = -x* + 7x* - 15x

S'(x) = =32 + 14x = 15 = ~(x - 3)(3x - 5)
[(x) = -6x +14 = ~2(3x - 7)
Critical numbers: x = 3,3

/"By =-4<0

Therefore, (3, 9) is a relative maximum.
=450

Therefore, (-35-, —%) is a relative minimum.,

35, f(x)=x* —4x*+2
f1(x) = 4% - 1222 = 4x*(x - 3)
S1(x) = 12x% - 24x = 12x(x - 2)

Critical numbers: x = 0, x = 3

It

i
H

However, /"(0) = 0, so you must use the First

Derivative Test. /"(x) < 0 on the intervais (~oo, 0) and

(0, 3); so, (0, 2) is not an extremum. 7"(3) > 0so0

(3, ~25) is a relative minimum.

36. f(x) = —x* + 4x* + 8x? :
S(x) = —4x" 41257 + 16x = ~dx(x - 4)(x + 1) .
J"(x) = =12x% + 24x + 16 = —4(3x* - 6x - 4)
Critical numbers: x = -1, 0, 4
F(=1) = =20 < 0
Therefore (-1, 3) is a refative maximum.
£7(0) = 16 > 0
Therefore, (0, 0) is a relative minimum.

f"(4) = 80 < 0

Therefore, (4, 128) is a relative maximum.

37 flx)=x% -3

, 2
) =
(J 2
@) = —5om

Critical number; x = 0
However, f "(O) is undeﬁned, S0 you must use the First -
Derivative Test. Because /"(x) < 0 on (-0, 0) and

f'(x) > 0on (0, ), (0, -3) is a relative minimum.

33. f(x) = vx? +1

A
) =

(= +1)"

Critical number: x = 0
/0)=1>0

Therefore, (0, 1) is a relative minimum.
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