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43. f(x) = 02x%(x - 3, [-1, 4]

ORERSs

' 4 x*_a (@ f'(x) = 0.2x(5x — 6)(x - 3)2
I@=1-7="07 1) = (x = 3)(4x* - 9.6x + 3.6)

) = = = 04(x - 3)(10x? - 24x + 9)

3
x (6) /"(0) < G = (0, 0) s a relative maximum.

Gle e - - +
(Critical numbers: x = +2 / ”(%) > 0 = (1.2, -1.6796) is a relative minimum.
(D) =i <0 0=

g Points of inflection:

Therefore, (—2, —4) is a relative maximum. (3, 0)’ (0. 4652, -0.70 48), (1'93 48, - 0.9049)
FQ) =150

Therefore, (2, 4)is a relative minimum.

x

f(x) Cox-1

: -1

£(5) =

f( ) (x _ 1)2
There are no critical numbers and x = [is not in the Jis mcrea51.ng when f* > 0and decreasing when
domain. There are no relative extrema. /' < 0. f is concave upward when /" > 0and

concave downward when /" < 0.

1

f(x) = cosx - x,0 < x < 4z

f(x)=—sinx-1<0 4. f(x) = x*6 - xz,[—\/g, \/E]
Therefore, / is non-increasing and there are no relative
© extrema. 3x(4 _ xz)

@ f(x) =
2. f(x) = 2sinx +cos2x,0 < x < 27 _ V6 - x?
f'(x) = 2cosx — 2sin 2x = 2cos x — 4sin x cos x J(x) = Owhenx = 0,x = £2.

4 _ g2
=2cosx(1 - 2sinx) = Owhen x = Zz—, —75, 2-75, 91 (%) w
6 E
(6- )

1t

-2sinx ~4cos2x

/")
f"(z) =30 S"(x) = Owhenx = &

It

9 - 33
—

(®) /"(0) > 0 = (0,0)is a relative minimum.

6

T 3). . .
Therefore, (-g, 5) is a relative maximum.

/(#2) <0 = (i2, 4\/5) are relative maxima.
z

! (5) =2>0 Points of inflection: (+1.2758, 3.4035)

T Y. . ..
Therefore, (—2—, l) is a relative minimum,

f"[s?”) =-3<0

Therefore, (5—675, %) is a relative maximum.

f "(37”] =6>0
. _ The graph of f is increasing when f” > 0and
Therefore, (—2—, —3) is a relative minimum. decreasing when f* < 0. f is concave upward

when f” > 0 and concave downward when
f"<o.
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45, f(x) = sin xv - % sin 3x + —;— sin 5x, [0, 7]
(2 S'(x) = cosx — cos 3x + cos 5x
T T Sr
! = ( wh = -, = — X = —
/(=) enx = x = ux 5

f"(x) = -sinx + 3sin 3x — 5sin 5x

f"(x)
x ~ 1.1731,x ~ 1.9685

Owhenx = E—,x = =
6

(b) f”[—;i] <0= [%, 1.53333] is a relative

maximum.
Points of inflection: [—Z—, 0.2667), (1 1731, 0.9638),
(1 9685, 0.9637), (-5—62, 0.2667)

Note: (0, 0) and (7, 0) are not points of inflection
because they are endpoints.

-8 T.

The graph of f is increasing when f* > 0and
decreasing when f” < 0. f is concave upward

when /™ > 0 and concave downward when
<.

pplications of Differentiation

46. f(x) = 2x sin x, [o, 27]

47. (a) -

(x) = sin x
(a) f(x)—\/Z_xcosx+\/§;

Critical numbers: x ~ 1.84, 4.82

COSX  COSX
R
2 cos x (4x2 + l) sin x
N/ 2x/2x

4x cos x — (49:2 + 1) sin x

2x~/2x

(b) Relative maximum: (1.84, 1.85)

S'(x) = ~/2x sin x +

i

Relative minimum: (4.82, -3.09)

Points of inflection: (0.75, 0.83), (3.42, -0.72)

fis increasing when f’ > 0and decreasing when
S’ < 0. f is concave upward ;

when /" > 0and concave downward when
<.

[y S
[ N
-

S’ < Omeans fdecreasing

[ increasing means concave upward

¥
3 4

i

—

w4

J' > Omeans fincreasing

JS" increasing means concave upward




f' < 0 means fdecreasing

/" decreasing means concave downward

. 1

+ T
1 2 3 4

f' > Omeans fincreasing

S’ decreasing means concave downward

9, Answers will vary. Sample answer:
Let f(x)
f(x) = 125

x4,

. 50. () The rate of change of sales is increasing.
S">0

(b) The rate of change of sales is decreasing.
S'>08"<0

(c) The rate of change of sales is constant.
§=CS8" =0

(d) Sales are steady.
§$=C8=08=0

(e) Sales are declining, but at a lower rate.
§'<0,8">0

S§' > 0, 8" > 0 Answers will vary.

/"(0) = 0, but (0, 0) is not a point of inflection.

(f) Sales have bottomed out and have started to rise. 0.0y
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258 Chapter 3 Applications of Differentiation

57. ‘t

A
I cranroasmsra e

- + ' - ¥ .
-4 /( 8§ 12 o
GARAN .

/" is linear.

S is quadratic.
/s cubic.
Jfconcave upward on (—, 3), downward on (3, ).

58. (a) «

SRR
12 :

! .
(b) Because the depth d is always increasing, there are no relative extrema. f° ’(x) >0

(c) The rate of change of d is decreasing until you reach the widest point of the jug, then the rate increases until you reach the
narrowest part of the jug’s neck, then the rate decreases unti you reach the top of the jug, 8

59.(a) n=1 no=2: n=3: n=4:
. '
/@) =x-2 7(6) = (x -2y /@) = (x -2y J() = (x - 2)'
fx) =1 7(x) = 2x - 2) S(x) = 3(x - 2)° [(x) = 4(x -2y ot
f"(x) =0 f"(x) = 7 f"(x) - 6(x - 2) f"(x) - 12(1' ~ 2)2
No point of inflection No point of inflection Point of inflection: (2, 0)  No point of inflection f
Relative minimum: (2, 0) Relative minimum: (2, 0) i
6 6 6 &
f

"I I
/ /( f0)= (-2 / & }
- 0 9 &\ \ 0 -9 ra 0 -9 WA s
A Jo) = (x -2y i Pointor foo=@-2° o
/ m inflection

RS
-8 -6 -8 ~6 .

Conclusion: If n > 3and nis odd, then (2, 0) is point of inflection. Ifn > 2 and n is even, then (2, O) is a relative minimum

® Let £(3) = (=2, /() = nlx = 2™ 1"(s) = - 1) - 2"

For n 2 3and odd, » - 2is also odd and the concavity changes at x = 2.

I
N

For n > 4 and even, n — 2is also even and the concavity does not change at x
So, x

"

2 is point of inflection if and only if 7 > 3is odd.
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Section 3.4 Concavity and the Second Derivative Test 259

K
i}
I
><|
£
o3

"f"(x) does not exist at x = 0.

14
0.0
+ i

A
T4 - 2 4 6

= X

Relative maximum: (3, 3)

elative minimum: 5.1

oint of inflection: (4, 2)

f(x) = 3ax? + 2bx + ¢, f"(x) = 6ax + 2b

F(3) =27a+9% +3c+d=3

: 98a +16b+ 2c = -2 = 49a + 8b + ¢ = -1
f(5) =125a + 256 + 5c +d = 1

S'(3) = 27a+6b+c=0,1"(4) = 24a +2b = 0

49ag + 8b + ¢ = -] 240 +2b = 0

27a + 6b+c¢c = 0 22a + 2b = -]

22a + 2b = —1} 2a =]
| =45 g - _
—Z*,b— 6,C—— z,d— 24

Sf(x) = -é—x“ - 6x% + %S-x - 24

f(x): a® + bx? +ex + d

Relative maximum: (2, 4)

Relative minimum: (4, 2)

Point of inflection: (3, 3)

£(x) = 3ax* + 2bx + ¢, f"(x) = 6ax + 2b

F(2)=8a+4b+ 20 +d =4 | ,
56a + i2b + 2¢ = 2 = 28a + 6b + ¢ = -1
f(4) = 64a +16b + 4c + d = 2

S(Q=12a+4b+c=0,1(4)=48a+8b+c=0,7(3) = 18a+2b = 0

28a +6b + ¢ = ~1 18a+2b= 0
12a+4b+c= 0 16a + 2b = ~1
16a + 2b = -1 2a = 1

=-2,c=12d=-6

Cf(x) = %x:‘—%xz +12x -6

© 2014 Cengage Learning. All Rights Reserved, May not be scanned, copied or-duplicated, or posted to a publicly accessibie website, in whole or in part,




260 i 'App‘lic'az_ti'o,n& of Differentiation

ax ¥ bx* +ex +d

63 f(x) =
. Maximum: (-4,1)

Minimum: (0, 0)

@ f(x)= 3ax2+2bx+c, /"(x) = 6ax + 2b
J0)=0=d=0
f(-4) =1= —6da + 16b - 4¢c = 1
S(-4)=0= 482 - 8+ c=0
f’(0)=0=> c=0

Solving this system yields a = Land b = 64 =

f(x) = -3—'5x3 + %xz

(b) The plane would be descending at the greatest rate at the point of inflection.
f(x)=6ax+ 2 =3x+3 =02 x=-2

Two miles from touchdown.

64. (a) lineO4: y

—0.06x slope: —0.06

line CB: y = 0.04x + 50 slope: 0.04
S =a +bx* +ex+ d 1564
F(x) = 3ax? + 2bx + ¢ o (1000,50)
(-1000,60): 60 = (~1000)’a + (1000)°5 - 1000c + d “a ¢

~0.06 = (1000)* 3a — 20006 + ¢ @50
(1000,90): 90 = (1000)’a + (1000)*b + 1000¢ + d i T

0.04 = (1000)° 3a + 20006 + ¢

The solution to this system of four equations is a = -1.25 x 1078, 5 = 0.000025, ¢ = 0.0275,and d = 50.
(b) y = -1.25x108x* + 0.000025x% + 0.0275x + 50

0.1

(d) The steepest part of the road is 6% at the point 4.
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Section 3.4 Concavity and the Second Derivative Test

= 0.5x% + 15x + 5000

5000

= = 05x+ 15 + —

X

X

average cost per unit

5000

0.5 -

= 0 when x = 100

x2
By the First Derivative Test, Cis minimized when x = 100 units.

5755 5 8521, . 6.540

@@ S

v + 5 T +0.99987,0 < T < 25
10% 10 10
17.265,, 17.042 6.540
= - T+
108 106 10°
" = 3;"(')33 - % = Owhen T ~ 49.4, which is not in the domain

$" < 0for0 < T < 25 = Concave downward.

b) The maximum is approximately (4,1).

“(c) a1
v——-"“—-—‘_‘h‘—&‘
“\\
™~
o 25
0.996

(d) When ¢ = 20, § ~ 0.998.

2
7.8=2 og<i<3
8 +1¢
@ Tos |1 1.5 2 2.5 3
S| 1515 | 5556 | 1097.6 | 1666.7 | 2193.0 | 2647.1

(b) =00

Increasing at greatest rate when 1.5 < ¢ < 2

o—-i':j—‘—«»-_-—-_.‘a

5000¢2
c S =
© 8 + 12
. 80,000z
S() = ——
(8 +t )
win 80,0008 - 362)
(8 +t )
§"(¢) = Ofort = g So,t = 3? ~ 1.633 yrs.
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[} 35
]

13,000¢
b) S(f) = ———s
® ) (65 + )’
_ 242
50 = 13,000(65 33r ) _ 0o 1 = 465
(65 + £2)

S is concave upwards on (0, 4.65), concave downwards on (4.65, 30).

(c) S'(r) > Ofor ¢ > 0.

As t increases, the speed increases, but at a slower rate.

69. f(x) = 2sinx +cosx), f (%) =22

f'(x) = 2(cos x - sin x), f’(%) =0
S(x) = 2(-sin x ~ cos x), f "(_Z.) =22

R(x) = 2v2 + O(x—%) = 2\/2

R(x)=0

2 2
B(x) = 2V2 + O(x - 1) + l(~2\/§)[x - 1) =242 - \/E(x - f) T
4 2 4 4 ,r\ ff\ p'f
, V3 -2n h =) 27
e =242} x - =
/) - -2 - ) VIR
qu(x) =22 ' ‘ 4
The values of f, B, P, and their first derivatives are equal at x = 7/4. The values of the second derivatives of fand P are

equal at x = 7/4. The approximations worsen as you move away from x = z/4.

70.  f(x) = 2(sin x + cos x), f£(0) =2

f'(x) = 2(cos x ~ sin x), 7(0) =2

S"(x) = 2(=sin x - cos x), £(0) = =2

B(x) = 2+ 2(x - 0) = 2(1 + )

B(x)=2 ‘ - 4 -~
KO =242 0 e <202 LA
B(x)=2-2x Plyf” \/
P2"(x) = ~2 )

The values of f, B, B, and their first derivatives are equal at x = 0.The values of the second derivatives of / and Pare -
equal at x = 0. The approximations worsen as you move away from x = 0.
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'he values of f, R, P, and their first derivatives are equal at x = 0.The values of the second derivatives of fand P, are
qual at x = 0.The approximations worsen as you move away from x = 0.

Ji ) -

x =1

) = =+ 7@ = 3 _ .32

2 2x(x - 1) 232 4

—
ta3
=
It

3xF + 6x — 1

S = 42 (x - 1) 1@ = &2 16

—
P
1]
|
-pl

x-2)+ o 2V

W2 L1232 2 W2 2V2, v
| T =V2-= (r-2)+ =5~ -2y

1]
|
—_
>
|
[ 3]
~

if

B'(%)

at x = 2. The approximations worsen as you move away from x = 2.
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264 Chapter 3 Applications of Differentiation

B 1) = x sin(i)

- ol ol ol )
R R e O
-1

Point of inflection: (—1—, O)
T

When x > I/z, /" < 0, so the graph is concave downward.

74, f(x) = x(x - 6)2 = x> - 12x% + 36x
F(x)=3x"-24x+ 36 =3(x-2)(x -6) = 0
S(x) = 6x—24 = 6(x — 4) = 0
Relative extrema: (2, 32) and (6, 0)

Point of inflection (4, 16) is midway between the relative extrema of f.

75. True. Let y = ax® + bx® + cx + d,a # 0. Then 79. fand g are concave upward on (a, b) implies that 1’ an

y" = 6ax + 2b = O when x = —(b/3a),and the g’ are increasing on (a, b),and /" > Oand g” > 0
| concavity changes at this point.  So, (f + g)" > 0 = f + gis concave upward on
j; 76. False. f(x) = 1/x has a discontinuity at x = 0. (a, b) by Theorem 3.7.
77. False. Concavity is determined by /. For example, let 80. £, g are positive, incfeasing, and concave upward on -
f(x) = xand ¢ = 2. f'(c) = f(2) > 0, butfis not (a,b) = f(x) > 0, f(x) 2 0and f"(x) > 0,and .
concave upward at ¢ = 2. g(x) > 0, g'(x) = Oand g"(x) > Oon (a, b). For

xe (a, ),

(%) () = /(@) + 1))

(&) (x) = ["(x)e(x) + 2/ (x)g'(x) + f(x)e"(x) > 0

So, fg is concave upward on (a, b).

78. False. For example, let f(x) = (x - 2)".

Section 3.5 Limits at Infinity

2x? 2x
AR | SRR
No vertical asymptotes No vertical asymptotes
Horizontal asymptote: y = 2 Horizontal asymptotes: y = +2
Matches (f). Matches (c).
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