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23. y=x° - 5x

Y =5x" =5 = 5(x* - 1) = 0 whenx = 4I.

¥ =20x> = 0 whenx = 0, ) . o
y | ¥ | ¥ | Conclusion (=¥5.0) ﬁ‘
-0 < x < ~]" + | = | Increasing, concave down R
x = -1 4 |0 |- | Relative maximum - Lo o (:4/5 0
-2 f- 1 f 2
-1<x<0 - |- Decreasing, concave down ::
x =0 0o |- 0 Point of inflection o e
0<x<i - |+ Decreasing, concave up
x =1 -4 10 + Relative minimum
I<x<ow + + Increasing, concave up
4. y=(x-1)

V= 5(x~ 1)4 = Owhenx = 1.
¥ =20(x - 1)° = 0 when x = 1.

y | ¥ | ¥ | Conclusion
-0 < x <] + - Increasing, concave down | | .o / et
x =1 ~{ofo 0 Point of inflection !
l<x<ow + + Increasing, concave up
: .
20x 1 19x* -1 4 ¥ +x+4 ‘
25, = -—= 26. =x+ = = Ofor x ~ ~1.379
f(x) ?+l x x(x2 + l) f(x) * xt+1 x2+1 orE =
4 2 _ .
~(19x* - 22% - ) S = I o 1.608,% ~ 0.12
f(x) = 7= = 0forx » £1.10 (xZ + ])
xz(xz + 1)
} . ' §(3x2 - 1) 1
2(19x5 - 63x° — 357 — 1) f(3) = ——— = Oforx = —— ~ +0,577
f(x) = : ; = 0forx ~ +1.84 : (x* +1) V3
xi’(x2 + 1) 4

.

Slant asymptote: y
Points of inflection: (~0.577, 2.423), (0.577, 3.577)

x
Vertical asymptote: x = 0

Horizontal asymptote: y = 0 ‘
Minimum: (~1.10, ~9.05) * Relative maximum: (0.129, 4.064)

Maximum: (1.10, 9.05) Relative minimum: (1.608, 2.724)

Points of inflection: (-1.84, -7.86), (1.84, 7.86)
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_k f() —2x 30. f(x) = —x + 2cosx, 0 < x £ 27
7. f(0) = 5
X+ T S(x) = -1 = 2sinx
14 ”
J(x) = 5 7z <0 /(%) = =2cosx
(< +7) S(x) = 0= x ~ 1.0299
42x
My) = ——— = = Tr 1z
f(x)— 5/2—0atx—0 'x=0:>sinx=-—l=>x=-——,—
(x2 + 7) f( ) 2 e 6
Horizontal asymptotes: y = +2 SMx)=0=>x= %, .3.21
Point of inflection: (0, 0) ' T =
' ) Relative minimum; (-— -3 - —6-)
ol
L AR . o (lx 1z
" - 6 Relative maximum: [ p ,\/§ P J
T Points of inflection: | %, - Z |, 3—”,—-%
2 2 2 2
4x 5
28. f(x) = — .
8. 10 Vx? 415
60 o %&-.. 27
RO
(x2 + 15)3/2 M
’ -6
~1
f"(x)=—80£5—/—2-=0atx=0 i
(’f2 + 15) 31. y = cosx — ZCOS 2x,0< x < 27
Horizontai asymptotes: y = +4 y = Oats = 5.797. 4.486
Point of inflection: (0, 0) i
y = —sinx + —sin2x = ~sinx + sinx cosx
&
---------- -oa= = sinx(cosx — 1)
-8 el 8 It . 4, . 2
__,,-'/ y' = —cosx + cos2x = —cosx + 2cosx — 1
A = (2cosx + I)(cosx - 1)
T
y=0=x=0nx27
f(x)=2x-—4sinx,0.<.x.<.27r y"*O:x—z—ﬂ4—”O.27r
S(x) = 2 - 4cosx 37377
f'(x) = 4sinx Relative minimum: (ﬂ, —%)
fx)=0= osx--%:»x-:%,STﬁ e 3 (4 3
= 7 Points of inflection: ; — ~=| | —, -=
{3 8/(3 8

=

—_
=

~
i
<
(]
_
[
N

2

Relative minimum: (7[ 2z 2\/5]

Relative maximum: (S” 107 2\/— ] e

Points of inflection: (0, 0), (z, 27), (27, 47)

T




3 -:"'Applicatim’ls of Differentiation

: T T 35. Because the slope is negative, the function is decrea
y=2x—tarlx, —5<x<-2—

on (2,8),and so f(3) > f (5).

2 —sec’x = Owhenx = +

<
I

1N

36. If f'(x) = 2in [-5, 5], then 1 (*) = 2x + 3and
S(2) = 7 is the least possible value of f(2)af

Vertical asymptotes: x = +% J'(x) = 4in[-5, 5], then f(x) = 4x + 3and
2 /(2) = 11is the greatest possible value of 7).

-2sec?x tanx = Q whenx = 0.

=
li

Relative minimum: (—%, 1~ ﬁ)

) 37. fis cubic. N

f'is quadratic. , !

. . T
Relative maximum:; (—, - - 1) e e
4’2 " is linear.

Point of inflection: (0’ 0) The zeros of f* correspond e
to the points where the graph
2 of f has horizontal tangents.
The zero of f” corresponds to
1H the point where the graph of 7
: has a horizontal tangent.

38. f"is constant.
33. y = 2(cscx + secx), 0 < x < -;E ['is linear.

’

¥ = 2(secx tanx — cscx cotx) =0 = x = i[—

;
[ is quadratic. \\ /

The zero of f” corresponds

to the points where the graph /
Relative minimum: (f., 4\/§J of f has a horizontal tangent.
4 There are no zeros on of f”, !
Vertical asymptotes: x = 0, Z which means the graph of f*
2 has no horizontal tangent.
16 5
"\\W /f' . f() = 2D - ),
— x‘—4x+5
. z Vertical asymptote: none
t Horizontal asymptote:_ y=4

34. g(x) = xcotx, -2z < x < 2
g'(x) = sinxcosx — x 8
sin%x " e / .

£(0) does not exist, but lim xcotx = 1.
X—y00

The graph crosses the horizontal ésymptote y = 41Ifa
function has a vertical asymptote at x = ¢, the graph

would not cross it because f(c) is undefined.

2(xcosx — sin x)
" _
g"(x) = sin® x

Vertical asymptotes: x = +2z, +7

Intercepts: (i-?f, 0), il, 0)
2 2

Symmetric with respect to y-axis
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: 3x - 5x+ 3
(x) = x4

ertical asymptote: none

would not cross it because f(c)is undefined.

S 4

Yes, it is possible for a graph to cross its horizontal
asymptote.

the function is not continuous there.

2. /() - ==

Vertical asymptote: x
Horizontal asymptote: y = 0

il
<

2

2
Yes, it is possible for a graph to cross its horizontal
asymptote.

the function is not continuous there.

4, h(x)=¥
- X
206-%) _[2 if x % 3

3-x Undefined, if x = 3

The rational function is not reduced to lowest terms.
3

-1
There is a hole at (3, 2).

The graph crosses the horizontal asymptote y = 3.1fa
function has a vertical asymptote at x = c, the graph

It is not possible to cross a vertical asymptote because

It is not possible to cross a vertical asymptote because
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2 —
44.g(x)=%—2
_(x+2)(x—1)_ X+ 2, if x =1
B x =1 " |Undefined, if x = 1

The rational function is not reduced to lowest terms.

4

7
A

-8 . 4

/

/

4

There is a hole at (1, 3).

2_ -_—
45. f(x)=—£—x-fx—2—1=—x+1+x_3_2

The graph appears to approach the slant asymptote
y=-x+1

2 _ —
46. g(x)=———-—2x 8x - 15 =2x+ 2 - >

10 ,-\}l 20
-2

The graph appears to approach the slant asymptote

y = 2x + 2.
47. f(x) = 2 _
) xt+1 xt +1
.‘J
¢
£
8 = &
7
/
-
The graph appears to approach the slant asymptote
y = 2x.
-+ x*+ 4 4
48. hx) = ———F—— = —x + 1+ —
() = 223 4
10
\\.' l’ \
.t
10 ™ 10
“Z\‘\,’\
.

The graph appears to approach the slant asymptote
y=-x+1 ‘
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294 Chapter 3 Applications of Differentiation

)\' 51. N 4#
4
it fp 4 ‘T
2 I 2 f 2+
1 1 S
e 7:_;5 ::mrr "\jﬁdd" ™
I 2 2t
. ) af
I L
(or any vertical transtation of /')
50. )f y 52, ! ¥
1204 2+ O —0
100+
0+ f 1+ 1+
60+ N ey e s
1 -2 T -2 -1 IR
4 -14 -1t
SEAERE apg'“ o3 . 2l -
(or any vertical translation of /) (or any vertical translation of the 3 segments of /)
53 _ cos’ zx 0.4
N f (x) = \/2—, ( ) )
x° +1
(a) 1.5
VAV
-0.5
On (0, 4) there seem to be 7 critical numbers: 0.5, 1.0,1.5,2.0,2.5,3.0,3.5
) ~cos ﬂx(x cos 7x + 27r(x2 + 1) sin 7rx)
®) £()= — - :
(x + l)
Critical numbers ~ <, 0.97, 2, 1.98, 3, 2.08 7.
2 2 2 2
The critical numbers where maxima occur appear to be integers in part (a), but approximating them using f* shows that

they are riot integers.
54. f(x) = tan(sin zx)
@ s
SAAARAAL
YV VY

It

() f(-x)

tan(sin(—n'x)) = tan(-sin 7x)

~tan(sin 7x) = - f(x)

Symmetry with respect to the origin
(c) Periodic with period 2

(d) On (-1, 1), there is a relative maximum at (—;—, tan 1) and a relative minimum at (— %, —tan l).

() On (0, 1), the graph of fis concave downward.
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]
w

ertical asymptote: x

orizontal asymptote: y

i
[=]

ical asymptote: x = =5

zontal asymptote: none

=
[¢]
8
2
<
g
=
=4
4]
%
n
Lo

Jant asymptote: y = 3x + 2

3P -Tx -5

x=-3 x=-3

x-2 1.2

-y(d) Jhas a relative maximum at x, .

concavity).

x = 2 (relative minimum).

() f"is increasing on (0, ). (/' > 0)

other values of x.

a) f'(x) = Oat xy, x, and x, (horizontal tangent).
b) f"(x) = Oat x,and x; (point of inflection).

) f'(x) does not exist at x, (sharp corner).
(e) /has a point of inflection at x, and x, (change in
60, (a) 1 '(x) = 0for x = -2 (relative maximum) and

f"is negative for ~2 < x < 2 (decreasing).
JS'is positive for x > 2and » < ~2 (increasing).
(b) /"(x) = Oat x = 0 (point of inflection).

S" s positive for x > 0 (concave upward).

J" is negative for x < 0(concave downward).

@ r '(x) is minimum at x = 0.The rate of change of /

at x = 0 is less than the rate of change of /for all
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61. TangentlineatP: y — y, = T (xo)(x = xp)
(a) Lety = 0: —yp = f'(x)(x = x)
v ’(xo)x = Xf '(xo) ~ Yo

— e _ N =._f("0)
TTRTT) T A
x-intercept: on - ;—,((Eil), 0

(b) Letx = 0: y — yo = /"(x)(-xp)
Y=y = %/ (%)
¥ = f(x) = /()
y-intercept: (0, /(xg) — %o/ (%))

1
(c) Normal line: y ~ y, = ——(x - x,
’ f(xo)( 0)
Lety = 0: -y, = ——]—-—(x - x)

I'(x)
“nS (%) = —x + x
x = x4 Yof (%) = x - S (%0)./"(xo)
x-intercept: (x, + f(x0)/"(%o), 0)

(d) Letx = 0: y — y, = #io)(—-xo)

y =g+ =
P (o)
. Xo
y-intercept: | 0, yo + ——
P (%)

(e =|x -.&)_,_._x - i(ﬁ)_
R Z SR ey

b J(0) ) _ S(0) S (30) + f(3%)
£y |PC|" = y? =
(f) ! I Yo + f’(xo) f'(-xo)z

jpcj=[ LN Lol

A '(XO)

® [4B]=x = (x0 + /(%) / (x0))] =] /(3)/'(30)|
M) [4P] = f(x) f(x) + 3

| 4P| = | f(xo)|\[1 + [/ (x)]
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296 Chapter 3 Applications of Differentiation

2x"
62. f(x) = .

(a) For n even, fis symmetric about the y-axis. For »n odd, fis symmetric about the origin.

(b) The x-axis will be the horizontal a

symptote if the degree of the numerator is less than 4.
Thatis, n = 0,1, 2, 3.

(¢) n = 4gives y = 2as the horizontal asymptote.

= 2x v} 3
x* +1 x" +1

5
(d) There is a slant asymptote y = 2xif » = 5: 42 ud 2 =

©
n=0 ,.L\

n:’.’/ﬂ/ a
-3 %ﬂm \i“—*-—fﬂ—"/' e 3
ne=l

63. f(x) = ; ‘_’""b)2

Answers will vary. Sample answer: The graph has a vertical asymptote at x = b.If g and b are both positive, or both negati (
then the graph of f approaches w as x approaches b, and the graph has a minimum at x = —b.If a and b have opposite signs,
then the graph of f'approaches —oo as x approaches b, and the graph has a maximum at x = —b,

64. () %(a_x)z - (@) = %(ax)(ax ~2a#0

I=

f(x) = @ - a = afax - 1) = 0 when x =

Q

S"(x) = a* > 0forall x.
(a) Intercepts: (0, 0), (—2—, 0)
a

Relative minimum: (l, —-l-)

a 2
Points of inflection: none

DR

/

i @2

8
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Section 3.6 A Summary of Curve Sketching 297

y=~/4+16x2 66.y=\/x2+6x=\/(x+3)2—9‘

y > x+3asx > ow,and y > —x — 3as x - —o.

. Slant asymptotes: y = +4x Slant asymptotes: y = x + 3,y = —x - 3

f(x) - fla) _ /() - S(a)

’Let/l= X -4 — b-a  ,<x<b
se -y = 8000 10 Aa)
ix = b)x - 0) = 1) - (@) - YO

76 = 1)+ POy o - by

Let A(t) = f(£) - {f(a) + &bl%({(—a)(t —a)+ At - a)t - b)}

h(a) = 0, h(b) = 0, h(x) = 0
By Rolle’s Theorem, there exist numbers & and a, suchthat a < @; < x < @, < band K'(a;) = H(a,) = 0.

By Rolle’s Theorem, there exists fin (a, b) such that 4"(f) = 0.
Finally,

0= K(B) = /'(B) - 4} = 1 = 4/(B).
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