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Section 3.7 Optimization Problems

L@ First Number, x | Second Number Product, P
10 110-10 10(110 ~ 10) = 1000
20 110-20 20(110 - 20) = 1800
30 110-30 30(110 - 30) = 2400
40 110-40.. 40(110 - 40) = 2800
50 v 110-50 50(110 - 50) = 3000
60 110 - 60 60(110 - 60) = 3000
®) First Number, x | Second Number Product, P
10 110~ 10 10(110 - 10) = 1000
20 110-20 20(110 - 20) = 1800
30 110-30 300110 - 30) = 2400
40 110 - 40 40(110 - 40) = 2800
50 110-50 50(110 - 50) = 3000
60 110 - 60 60(110 - 60) = 3000
70 110 - 70 70(110 - 70) = 2800
80 110-80 80(110 - 80) = 2400
90 110-90 90(110 - 90) = 1800
100 110-100 100(110 - 100) = 1000

The maximum is attained near x = 50 and 60.
© P =x(110 - x) =110x - x?

@ oo
(55, 3025)

[} 120
]

The solution appears to be x = 55,
.. dP
€) —— =110 ~ 2x = Owhen x = 55.
( e x

2

L =-2<90

de

P is a maximum when x = 110 ~ x = 55. The two numbers are 55 and 55.

© 2014 Cengage Leamning, All Rights Reserved, May not be d, copied or duplicated, or posted to a publicly accessible website, in whole or in part,




) ’P}@x Length & Width | Volume
T- 24 -2(1) 1[24 — 2(1)]* = 484
2 24 -2(2) 2[24 - 2(2))* = 800
3 24-2(3) 3[24 - 2(3)]* =972
4 24 - 2(4) 4[24 - 24P = 1024
5 24-2(5) 5[24 — 2(5)F = 980
6 24 - 2(6) 6[24 — 2(6))* = 864

The maximum is attained near x = 4.
() V = *(24 - 22)",0 < x <12

© % = 2x(24 - 2x)(-2) + (24 - 2x)" =
=12(12 ~ x)(4 ~ x) = O when x =
2L - 12fox - 16
% < 0 when x = 4,
When x = 4,V = 1024 is maximum.
(d) 0

12

~

The maximum volume seems to be 1024.

. 3. Let x and y be two positive numbers such that
x+y=2=5.

P=uxy=x(S-x)=28-x

i}:=S—2x=()whenx=—.
dx 2
2

¥=—2<0whenx=§-.

dx 2

P is a maximum when x = y = §/2.

4. Let x and y be two positive numbers such that
xy = 1885.

S:x+y=y.,+E
X
s 1.'—-EE=:=0whenx = /185.

dx x2
2
% = 3%0 > 0 when x = /185

S is a minimum when x = y = /185,

Section 3.7 Optimization Problems

(24 - 2x)(24 - 6x)

12, 4 (12 is not in the domain).

5. Letx and y be two positive numbers such that
xy = 147.

S=x+3y=1—ﬂ+3'y
y
51‘2-_-3—1—421=Owheny=7.
dy y
2
5__‘25:29_;1>0wheny=7.
dy y

S is minimum when y = 7andx = 21.

6. Let x be a positive number,

S = x i
45 =1 - —-17 = 0 when x = L.
dx x
2
Zx—f=%—>0whenx= 1.
X

The sum is a minimum when x = land 1/x =

1.
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300 Chapter 3 Applications of Differentiation

7. Let x and y be two positive numbers such that
x+ 2y = 108.

P =y = y(108 - 2y) = 108y — 2)?
f’-’i= 108 — 4y = 0 when y = 27.

dy

2
-jy—f:—4< 0 when y = 27.

P is a maximum when x = 54 and y =217

8. Letx and y be two positive numbers such that
X+ y =54,

P

ar

dx

a*P

=

xy = x(54 - xz) = 54x — x*

54 — 3x% = 0 when x = 3/2.

—6x < 0 when x = 3/2.

The product is a maximum when x = 3</2 and y = 36.

9. Let x be the length and y the width of the rectangle.

2x + 2y = 80
y =40~ x
4 = xp = x(40 - x) = 40x — x?
ﬁ=40—2x=0whenx=20.
dx
2
1—';:—2<0whenx=20.

A is maximum whenx = y = 20m,

10. Letx Be the length and y the width of the rectangle.
2x+2y =P

_P-2x
2

V=3 2

—21-)-—2x = O when x =

=

P
=—-x
2

%’;‘5 Y I
I~

=—2<Owhenx=§‘

A is maximum whenx = y = P/4 units. (A square!)
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11. Let x be the length and y the width of the rectang]

xy = 32

32
y=—

x
P=2x+2y=2x+2(3—2-)=2x+ﬁ

x x

%:2—%=0whenx=4\/§.
a’P 128

—5 > O when x = 4./2.
x

P is minimum whenx = y = 4/2 ft.

12. Let x be the length and y the width of the rectangle

xy =4
A
y=—
x
P=2x+2y=2x+2(—4]=2x+2~’4
x X
dP 24
— =2 -"> = Owhen x = /4.
dx x2
2
.%f=-‘;—f>0whenx=\/z

P is minimum whenx = y = /4 cm. (A squarel) -

13. d = \[(x - 2 + [ - 2]

Because d is smallest when the expression inside the
radical is smallest, you need only find the critical
numbers of

f(x) =x* —4x+-14l.
S(x)=4x*—4=0

x =1

By the First Derivative Test, the point nearest to (2, l) is

)




=153

\ﬁx w5+ [ -1 - 3]2
=\/()7+]0x+25)+(x2 -2 -2)
JG2+10x+25)+(x4-4x3+8x+4)

Vxt - 4x + 2% + 18x + 29

ecause d is smallest when the expression inside the radical
smallest, you need to find the critical numbers of

I

1]

x* ~4x + x* +18x + 29
=45 - 12x* + 2x + 18

2(x + 1)(2x* - 8x + 9) = 0

= -1

-By the First Derivative Test, x = —1yields a minimum.
So, (-1, 4) is closest to (-5, 3).

Because d is smallest when the expression inside the
radical is smallest, you need only find the critical
- numbers of

f(x) = x* = 7x + 16.
f(x)=2x-7=0
7

2

I

X

By the First Derivative Test, the point nearest to (4, 0) is

(112.\712)

o, v¥)

e - \4
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Vx -8,(12,0)
\/(x ~12) + (Vx -8 - o)

x? - 24x + 144 + x - 8

Vx? - 23x + 136

Because d is smallest when the expression inside the radical
is smallest, you need to find the critical numbers of '

g(x) = x* - 23x + 136
g'(x)
gu(x)

The point nearest to (12, 0) is

zz,f(z%) _[(B 14

16. f(x)

d

]

It

2x——23=0whenx=-2-§

2>0atx=—2—3—
2

>

2 2 22
17. xy =30 = y = 30
x
30
A=(x+ 2)(—-— + 2) (see figure)
x
“ (x+2)(:§29)+(—3£+2)
dx x X
2(x* - 30)
= ————= = 0 when x = +/30.
X
30

It

—— =30
T

By the First Derivative Test, the dimensions (x + 2) by
(y + 2)are (2 + 30) by (2 + \/30) (approximately

7.477 by 7.477). These dimensions yield a minimum
area.

b\ + 2 e}

1=t

X comnen o]

e e
:
v
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fD’szerentiation

X

(x+3)(y+3) = (x+3)(£+3)

X

I

36+E+3x+9
X

“ L?8+3=-o=>3x2=108=>,x=6,y=6
dx x

Dimensions: 9 x 9

o R R——

fte— X ey

20. S =2x2 + 4xy = 3375

19. Xy = 245,000 (see figure)

S=x+2y
= (Jé + &0;099) where S is the length
4 of fence needed.
% -1- 4_93’2000 = 0 when x = 700,
%i:f_ - 98(;’:)00 > 0 when x = 700,

§'is a minimum when x = 700 mand y = 350 m,

!

y

I

R —

_ 337.5 — 2x2 : y
7 4x PR B
_ 2 L v
V=x%y = x? 3375 = 2x = 84.375x - lx3 X
4x 2
& _ 84375 — 252 = 0= =5625= x=75and v = 7.5.
dx 2 '
2
fidx—lz/ =-3x < Oforx = 75..
The maximum value occurs when x = y = 715cm.
2. 16=2y+x+ z@)
32 =4y + 2x + 7x
32 -2x—-7x
Y 2
2
x( x 32-2x - 7x x? 1, =«
A= + 2 = | ==&t AR +____8__.».___2+__2
Ay2(2j (.4 Jx g Tt Tty
T
= Owhen x =
\ 4) TN e
d*4 7 32
— = -1+ = < 0Owh = .
& ( 4) g
32-32/(4+ x)] - a[32)(4+ x)] 16
y = =
4 4+
The area is maximum when y = 16 ftand x = 32 ft.
T 4+
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Section 3.7 Optimization Problems

6 — x
7ou can see from the figure that 4 = xyand y = ——2—)'
1
= —{6x - x?).
S(6x - )
—;—(6 - 2x) = O when x = 3.
2
ﬁ"_ﬁ = ~1 <« O when x = 3.
;dxl
A is a maximum when x = 3and y = 3/2.
: y-2 _ 0-2
@ T T YT
y = 2+___2~__
x —1
L=< yx*+3y* = = [ east g 42, x> 1
x = (x - 1)
® 1w
—
L
(3.58;:; 162
[4] 10
o]
L is minimum when x = 2.587 and L =~ 4.162.
1 1 2 X
c) Area = A(x) = —xy = =x{2 + — | = x + ——
© () = 3w =5 X -1 x -1
._1 —
A'(x):l.{.u_x:l,____l___

2 2_0
(x-1 (x=1)

i

(x - 1)

-1
x = 0,2 (selectx = 2)

They y = 4and 4 = 4.

Vertices: (0, 0), (2, 0), (0, 4)
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(®)

25.

24,

Chapter 3 Applications of Differentiation

®) 4 = 3 base x height = (236 =R )6 + #) = /36— (6 + h)
dA 1 -1/2 12
= 5(36 = B) (=26 + k) + (36 - #?)
- =2(h* + 3h - 18) _ -
= (36 = 1) "[h(s + h) + (36 - )] = ( ) 2 o)n-3)
. 36 - 12 36 - n?
% = Owhen % = 3, which is a maximum by the First Derivative Test. So, the sides are 2+/36 — 42 = 6\/5, an ’

equilateral triangle. Area = 27+/3 sq. units.

cos & = 6+ h _\/6+h
23/3V6 + h 23
36 - 12

tang = ——

6+ h
Area = 2(—;—}(\/ 56 - hz)(é +h)=(6+ h)2 tan o

A(@) = 144[:cos4 a sec’ & + 4 cos’(—sin a) tan a]

144 cos* o tan &

0

= cos* e sec’ @ = 4 cos® @ sin & tan &
1

4 cos « sin & tan o

sin? o

1
4

sin & =%=> a =30°and 4 = 27-/3.

(c) Equilateral triangle
A = 2xp = 2x/25 - x* (see figure)

dA (1) ~2x 25 — 2x 5V2 .
— = 2x| - + 225 - x% = 2 =0whenx = y = === » 3.54,
dx 2AJ25 - %2 V25 - x? 2 :
By the First Detivative Test, the inscribed rectangle of maximum area has vertices
isﬁ’o’ iss/i,sx/i. v
2 2 2

Width: %; Length: 5+/2

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




Section 3.7 Optimization Problems 305

i}

2xy = 2x/r? — x* (see figure)

2 2_2x2
_—_—-(-r-————)=0whenx=£r-.
r? - x? 2

First Derivative Test, 4 is maximum when the rectangle has dimensions N by (\/5;) / 2.

= 2x + 2ar
= 2x + 27| 2
2
= 2x + 7y = 200
:>y=_2_()2:_2)i=_2_(100_x)
T T
Length, x | Width, y Area, xy
10 3(160 - 10) (10)—2-(1 00 - 10) ~ 573
T T
2 2
20 —(100 ~ 20) | (20)=(100 - 20) ~ 1019
T /2
2 2
30 —(100 - 30) | (30)=(100 - 30) ~ 1337
4 n
2 2
40 =(100 - 40) | (40)=(100 ~ 40) ~ 1528
V4 w
2 2
1.50 =(100 - 50) | (50)=(100 ~ 50) ~ 1592
T 2
-2, 2
60 =(100 - 60) | (60)=(100 ~ 60) ~ 1528
2 ¥4

The maximum area of the rectangle is approximately 1592 m

2 2
A4 = = x—(100 - x) = =(100x — x?
©) xy x”( x) ”( X — X )

Td) 4= E(100 - 2x). A" = 0 when x = 50.
T
Maximum value is approximately 1592 when length = 50 m and width = 1—02
T
(e) @00
7N

/N

Maximum area is approximately
1591.55 m* (x = 50 m).

0

100

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




306

Chapter 3 Applications of Differentiation

28. V = zr’h = 22 cubic inches or # = %
@ Radius, » | Height Surface Area
22 2
0.2 —= | 27(0.2)[0.2 + ————| ~ 220.3
7(0.2)* ©2) 71'(0.2)2J
22 22
04 ——= | 27(04)04 + ———| » 111.0
sy | 9 ﬂ(o.4)2}
22 2 ]
0.6 ——= | 27(0.6)/0.6 + ——— | ~ 75.6
S i Ry
22 22
0.8 3 27(0.8) 0.8 + ————| ~ 59.0
Ao | %) 7:(0.8)2}
(b)
Radius, » | Height Surface Area
2 [ 2
0.2 V7 27(0.2)[ 0.2 + —— | ~ 220.3
A ﬂ(0.2).2 ( ) i ”(0‘2)2J
22
0.4 —— 27[(0.4)(0.4 + ——22—2 ~ 111.0
7(04) (0.4)
22 22
0.6 7 27(0.6)[ 0.6 + ———{ ~ 75.6
7(0.6)° ( )_ 7t(0.6)2}
r
22 22
0.8 -V 27(0.8)[ 0.8 + ——=— 1 ~ 59.0
7(0.8)’ ( )_ n(O.S)ZJ
22 22
1.0 3 27(1.0)]1.0 + ~ 50.3
oy | 0 7:(1.0)2}
22 22 1
1.2 = 27(1.2)1.2 + ~ 45,7
A7 | 07 (1.2)" |
22 . [ 22 ]
1.4 - 27(1.4)1.4 + ~ 43,7
7(1.4)° ( )_ 7(1.4)" |
22 i 22 |
1.6 3 27(1.6) 1.6 + ~ 43.6
a(1.6)" (o) | (e)
22 [ 22
1.8 - 27(1.8) 1.8 + ~ 448
sy | )_ T A(18y
22 22
2.0 7 27(2.0)2.0 + ——— | » 47.1
(20" 9 (2.0)°
The minimum seems to the about 43.6 for r = 1.6,
(c) S =22 + 27rh
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<d) 100

(1.52, 43.46)

~10

The minimum seems to be 43.46 for » ~ 1.52.
’(é) a 4ar — a4 = Owhenr = 31l/z ~ 1.52in.

i

dr r?
h = —2—22~ ~ 3.04 in.
nr
/3
Note: Notice that 4 = -%-22— = _22_2/_3 =2 ”T = 2r.
art 2(1Y=)" (e
Let x be the sides of the square ends and y the length of 30. V = nrix
thegacka;{ge. 108 108 — 4 x + 27r = 108 = x = 108 - 27r (see figure)
P=4x+y= = y= - 4x
V = x2y = x}(108 - 4x) = 108x? ~ 4x’ V= ar?(108 - 2ar) = #(108/° - 27
I/
A ol6x - 1222 c:;,r = 71(2161' - 6m~2) = 67r(36 — 7r)
dx
= 12x(18 - x) = 0 when x = 18. = 0 when r = 3-6—andx = 36.
dz_V= 216 — 24x = -216 < O when x = 18 d* ) 36
dx? . ) T = 7[(216 - 1272r) < 0 when r = —,
r . V4

The volume is maximum when x = 18in. and
y =108 — 4(18) = 36in.

Volume is maximum when x = 36 in. and
r =36/ ~ 11.459 in.

31. No. The volume will change because the shape of the container changes when squeezed.

32. No, there is no minimum area. If the sides are x and y, then 2x + 2y = 20 = y = 10 — x. The area is

A(x) = x(10 - x) = 10x ~ x*. This can be made arbitrarily small by selecting x = 0.

V =14 = g—mJ + arth

14 - (4/3)xr' 14 4
h= ———r— = —7 3"
zr wr 3
S = 4ar’ + 22rh = 47r* + 2m‘(—l£{ - f,) = 47r? + 28 -iim‘2 = i7rr2 + 28
‘ zr 3 r 3 3 r

—cﬁ = -8—7rr - ﬁ = O when r = 43’-—2—-1- ~ 1.495cm.
dr 3 »? 2
d2
a3 = §7r -+ 36 > Owhensr = 3 A
a3 I 27

. 21
The surface area is minimum when r = {/2—- cmand 4 = 0.
V3

The resulting solid is a sphere of radius » ~ 1.495 cm.
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