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12. 3

13.

14.

i7 = 7(12) = 84

i=l

i(—iS).= (-18)(30) = -540

6 6 [
S B+ =3+ D2 =31 +2+3444546)+12 =
=] i=] i=]

+(92+1)=287

158
85

75

16.

17.

18.

19.

20.

206

- -
g
N E
S -2)

4{@] = 1200

521 5{192—7)] - 64 = 61

Z 2 P-@ém] = 2470

i=1

. .w e [19_(_1_1)(_212] - 101

6

i
xS

|
N
g
N

+
¢

_ 19206 - 1506)31) _ 15(16):
T4 6 2.
14,400 - 2480 + 120 = 12,040

= Z -1—2211

_ (25726 ,25(26)
4 2
= 105,625 - 650
= 104,975 .
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2 o 2 N n
12
== =12
S(10) 0
(100) = 1.02
1000) = 1.002

Jj
_12_[7 n(n + 1) 4 :]
n 2
MM +7n 4n  Tn+15
= —_—= = S
2n? n? 2n ()
5(10) = & = 4.25

" 5(100) = 3.575
5(1000) = 3.5075
5(10,000) = 3.50075

6k(k 2(](2 Y- _6_[n(n +)@2n+ 1) n(n+ 1)} |

n 6 2

n n

5(10) = 1.98

S5(100) = 1.9998
S5(1000) = 1.999998
5(10,000) = 1.99999998

D23 -3 1

; n4 =-';—~|(2l "31)

14 2nz(n+l) _Bn(n-f-l)
n 4 2

(r+)’ 3n+l) R+ -2m-3
T T 24 = 5()
S5(10) = 0.5885
S(lOO) = (.5098985
S(lOOO) = (.5009989985

5(10,000) = 0.50009999

6| 2n® +3n+l—-3n— 1 2
;_2[ ]:-;[2n2-2]=.2-—2=s(n)
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© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessiblé website, in whole or in part.

367




368

26.

27,

Chapter 4 Integration

=201
4 2

Left endpoints: Area » 4[5 + 6+ 7 + 8] = 2 =13
Right endpoints: Area ~ 1f6 + 7 + 8 + 9] = 3 = 15
13 < Area < 15

Left endpoints: Area ~ Wy 20,0 6, 7 16037 15333
3 3 3 3 3 3
Right endpoints: Area .~ 120 + 9 + 6+ 17 + 16 + 15 -3 ~ 11.667
3L3 3 3 3 3 3
3 < Area < 37
3 3
50 4 504
404 40 4
34 304
A~ 20 4
10 4 1114
Ax

Left endpoints: Area ~ 4[5 + 9 + 14 + 20 + 27 + 35] = 55
Right endpoints: Area ~ {9 + 14 + 20 + 27 + 35 + 44] = 122 = 745
55 < Area < 74.5




Section 4.2 Area 369

sht endpoint: Arca » %[% + 8+ 85, 0,2, 10] = 11.6875

\ Left endpoints: Area » %[sin 0+sin Z +sin Z + sin = + sin 2;— + sin 5?”] ~ 1.9541

- Right endpoints; Area Zlsin Z + sin Z + sin Z + sin 2z + sin ks +sin 7| ~ 1.9541
6 6 3 2 3 6 _
By symmetry, the answers are the same. The exact area (2) is larger.

31-S=[3+4+-g-+5:|(1)==121=16,5
s=|:1+3+4+%](1)=2_25-_-12_5 i
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32.

33.

34,

35.

36.

37.

38.

39.

40.

Chapter 4 Integration

S=[5+5+4+2)1) =
s=[4+4+2+0[1) =10

e
@ =3+ ) A8 o) - el s o
s© (T e2o[JTe oo (o2 o reathe (B oo (JF 2o [T 2fi o
=%(16+—;- —*/2—3+12—3-+1+-§§+i2—§+{1+ﬁJ~6038
s(8)=(0+2)%+{ %+2J%+( -;-+2J%+ ..+[ g+2]%z5685
S(S)=l£§)+%@)+%&)+$&)+—é—l§%}=%+%+7]7-+% —;-z0746
s(5)=%5@+7}5§)+§;§@)+9}5§)+%(%)=%+%+%+é % 0.646
59 =15)+ 1= () -G 6 - BT - (0
=l[1+\/2_4+\/ﬁ+\/ﬁ+—\/——§~:] 0.859
5 5 5 5 s
- -

. 2
1‘img_z;n(n-n) = tim| 12
o g 2 n—w n?

':(n -1\ n)(2n - 1)]

n-yo0 n n—)wn .
_ 2n3 - 3n +n . 2- (3/”) (]/"2) _1
n~)m6 = n-—x)]}? 6 3
21 V(2 | o
"15&;(“ n) (;) = ”11330;—2(;” 2i)°
= lim= [Zn + 4nZz + 421 ] ,
n-—)mn

= lim z[n + (4 )( n+ 1)) 4n)(n +1)(2n + l)}
n—)wn 6

=2limt1+2+g+i+3+i]=2(1+2+.‘}.)=_2E
n~»0| n 3 n 3}12 3 3
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/TN
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S
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N
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It
=
{3
Siw
T >
[ —
[ )
X
S+
@
| SRR

n=e n4 i=1
2, 2
= lim 34 8 + 36 aln + 1) . <4'_‘n(n +1)(2n + 1) 4 27" {(n+1)
n o0 n
— 2
= 1im3(8+18(n+1)+9(n+1)(2n+1)+ 27 (n+1))
noe ~ n? 4 2

i
A .

=3(8+18+18+~2—Z]=@=152.25
4 4

Endpoints: 0 < | E) < 2(-2-) <. <{n- 1)(3J < '{_Z_J =2
n n n n

Because y = xis increasing, f(m;) = f(x.)on [x_;, x].

s(n) = i'g']f(xf-x)& = Zlf (Zl—;z)(g) - . [(" B 1)(3)]@

&) f(M) = £(x)on [x.,x] _
G2

2-0_2
n

S

S(n) =

M:

OIEW EIE

n

!

-
)

1

x 5 |10 |50 | 100
s(ny | 1.6 1.8 | 1.96 | 1.98
S(n) | 24|22 [204 ] 202

() lim g [(i - 1)(%)](%) = Ji_ﬂfz—i(i - 1) = lim ﬁz-[i(f;—]) - n:l = lim [M - i] =2

" n-wn n—w n n
2 2) ] 4 (4Ae(n+ ) 2n+l)
iSOG - ok = (5 - pm et
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372" Chapter 4 Integration

4@
4 .
34
2
o+
: .
® Ax=>-1_2
n n
Endpoints:
1<l+-2—<1+i<---<1+2—n=3
n n n

1 <1+l(—2—)<1+2(2)<--- <1+(n—1)(2] < 1+n(2)
n n n n
(c) Because y = xisincreasing, f(m;) = f(x)on [x.,x]

Y MR C BINNE

(d) f(Mi) = f(x/) on [xf—h -xi]

- g -2 G353

x |5 [10 {50 {100
s(n) |36 |38]396]398
S(n) | 44 | 42| 4.04 | 4.02

X . 2|2 . (2 2 1
@ g 6= )] ) S5

lim[Z L2 i] = lifﬁ[4.~ 3} =4

®

n—ro, n n n—w| n

hmz 1+z( )[—2—) = lim2 n+[ Jn(n+1)
n—)m n n—op n 2

= lim|2 2(n A 1) [4 + Z} =
I!—)w n

n—o0) n

|
5N




—

=~4x + 5on [0, 1]. [Note: Ax = —

0500 - 560

X

it
M=

{

. oY
TN
X | ~.
N——

+

W

n
=—%§i+5
4 n(n+1)
TR 2 +3
=—2(l+lj+5
n
Area = lim s(n) =3 .

»y=3x—20n[2,5]‘ [Note:Ax= 5-2 =%)
5+310)

51 2-12

=18+3(%)2i,-_6

i=1

=12+ 27—(L1)" =12+31(1+l)
2 2

t
.
B
N’
II

I!

YZ n

[\

Area = lim S(n) = —7 =3l
n-s0 2 2
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47. y = x> + 2on |0, 1]. (Note: Ax = l)
n

2400

6n°

2+ =+ =
n n

=M+2={ 3 1)”

Area = lim S(n) =

n—0

u|\)

n3 6

n2

Area = lim S(n) =

4n + 1)(2n + 1) 2
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hapter 4 - Integration

= 4 - x? on [-2, 2] Find area of region over

. 3 .
49. y = 25 x20n[1, 4]. (Note: Ax = ;J 0. y
- ) interval [0, 2]. (Note: Ax = -?1-)
2 3%V |3
0= 522 - El- (143 .
i=1 E i=1 s(n) - Zf[ )[ ]
_3 [24_2;__95 =
nic n n ) - z Z}
3 9 n(n+1)2n+1) 6nn+1) pur [ n
=5 2 6 )
h
9 9 =8- "‘Z‘
= 72— —5(n+ 2n + 1) - 2 + 1) |
2 ; s fsn(n+1)(2n+1)~ 4,3
Area = lim s(n) = 72~ 9 — 9 = 54 R | R
n—w -
y 1 8 16
-— = H =8 ~==—
2Area 3111305(:2) 3=
32
Area = =
ea 3
51 y =27 - x’on[l,3]. (Note: ax =321, 3)
. n n
2 27Y2) & 21V 2
1 27-[1+2] [2
0= 20232 - (-3 3)
= 25l 8127 60
n n2 n
B E 8 nz(n +1°  12n(n+ 1)(2n + 1) _ 6n(n+1)
n c 4 T 6. ‘n 2
=52 - -47(n + 1)z -2 ons ) - S2td
n ‘
Area = lim s(n) = 52~ 4-8-6 =
n~»0

52, y = 2x = x’on [0, 1]. (Note: Ax

Because y both increases and decreases on [0, 1], 7(x) is neither an upper nor lower sum.

il

I(n)

3|2

1-
n

0

?;Tf(-:ﬂ(%) :

Area = lim T(n) =

l
4

i=l

»lw

n(n + 1)

(ﬁ') -

n(n + 1)

nZ

1
ey

n
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x* = x’on [-1,1] |Note: Ax = 1-¢) =2
n n .

i

03020

2\ 2\
1+ 2] a2
n n n n

i=)
n . 22 : ;2 :3
=Z ]...iz._,'.“ﬂ ..[._I.;.é.l..._ 12 ;&.J:l
n
) 4& 08, 323, 16 <5
1 QR IRE IR

n

9

{
-
N

!
E
—_
N
NN

[

_40 20 mn+l) 32 nr+D)2n+1) 16 nP(n+1)
- ;(n) n? 2 5 6 n' 4

4—10(1+1J+19(2+§+L)_4(1+Z+L)
n 3 n ~n2 n n2

rea = IimT(n)=4~lO+—3—;—4¥—§-

n—w

=1

o902 (-2

Area = lim s

ecause p both increases and decreases on [—1, l], T(n) is neither an upper nor a lower sum.

Section 4.2 Area 375
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376 Chapter 4 Integration

n 27 n n

_ E ) n(n + l)(2n + l)

n 6
125(2n% +3n + 1) 125 125
= | = = — 4
n 6 3 2n
Area Tim S(r) = lim [ 22 4 12, 123
n—o n-p0 3 2n 6n
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)=4J"‘y2,15y-<-2.(Note: Ay=2_1=l)
; n n

1 4i 20 i
L h n n
n 2
=_1-Z(3+.2_l_,l_2
nig n n
1 2a(n+1) - 1 n(n+1)2n+1)
=—{3n+ -
n 2 n2 6
_3+n+1_(n+1)(2n+1)‘
n 6

= lmS() =3+1-+ =1
n—o 3 3

' '
13 t
T 2 3 4 3 '

=4y2‘y3,15y53.[N0te:Ay= 3;1 =%J

n : 2 3
=EZ41+.‘}1 4%_] 2 %_ 8’3
Rz n n n
2¢ 100 4 8
=_Z 34 —+—- 3
nig n n n
2
P lOn(n+1)+ 4nn+1)2n+1) 8 rA(n+])
n on 2 n? 6 n? 4

Area = limS(n)=6+1()J,§_4=_i4i
n—w 3 3

1

Section 4.2 Area 377

ible website, in whole orin part.
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-Chapter 4 Integration

60. h(y) = P+l,1<ys< Z(Note: Ay = l)
n
S(n) = ‘Zh[l oL (l)
S n)An,

. 1 £33
== |2+ 5+—5+— s+
iz n n o
' 2 2 sl
=12n Ign(n+1) +32n(n+])(2n+l)+33n(n+l)
n n 4 n 6 n  2n

(r+1)' 1(r+1)2n+1) 3(e+])

=2+
4 2 n* 2n
Area = lim S(n) = —1-+1+—3—=1—9-‘
n-w 4 2 4
6l f(x) =x*+3,0<x<2,n=4
Letcx;—,m‘
2
1 1 3 5 7
Ax=‘2“,c1=z,cz=zaca=z,ca=z
2 4 1) 1(1 )(9 )(25 )(49 )~69
Area ¢ )Ax = 2 43 =] = 43+ =+3|+|[=+3{+|—=+3][= —
"§f“ Z,[c ][2 2|16 16 16 16 8

62. f(x)=x2+4x,0s;xs4,n=4

X + X
Let ¢; = S—1,

bt

y 3 5
Ax=1;01=5,02=",03=§ Cy =

7
2
oo 4
Areas Y fla) Ax = Y [cF +4¢](1) = [ 3 + 6) (245 + 10) (479 + 14)} 53
i=1 i=l1

[\

63. f(x):tanx,OSxS%,n=4

Let ¢ = 22 %t

P T 3r Sz I
Ax = - = — = _— Y == —

6 22Tty Ty

Areaws Zf ¢)Ax = Z(ta.nc)( ) 16( anﬁ + tan:;—;r + tan-g—g— + tan—;—g—) ~ 0.345
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Section 4.2 Area 379

‘e Xt Xy

t 2 ‘
Ax—.zc:.zz._/‘~3_7£c—.5.zc—7_”
T 1t 16 160 16

n 4 .
Area & ;f(c,-)Ax = Zcos(ci)(-;-[—) = %(cos 1—7;~ + cos?—g— + cos% + cos %J ~ 1.006

y 67. You can use the line y = xbounded by -x = gand
x = b. The sum of the areas of these inscribed

7 rectangles is the lower sum.
3] S ¥
iA
|
1 *

~ The sum of the areas of these circumscribed rectangles is
4 the upper sum.

: (@) A = 3 square units

You can see that the rectangles do not contain all of the
area in the first graph and the rectangles in the second
graph cover more than the area of the region. The exact
value of the area lies between these two sums.

68. See the definition of area; page 260.

Lower sum: s(4) = 0+ 4+ 5L+ 6 =15} = 4~ 15333

Upper sum: S(4) = 4 + 55+ 6 + 62 = 21l = 3 ~ 21.733
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418 Chapter 4 Integration

102. & [ 7(x)dx = (1) =
“2a |’ f(s)xds = 2a(a) = -2a?
{ fpdx = @
Adding,
[ [22/(x) - 22 xf(x) + X f(x)]d =
[y 7G)(ar ~ 2" dx =

Because (a - Jc)2 > 0, / = 0. So, there are no such functions.

Section 4.6 Numerical Integration

L Bxact: [} de = [40°]] = & =~ 2.6667

[
Trapezoidal: [ x? d %[o + 23 + 20 + 2(2) + @) ] L = 27500

Simpson’s: j‘: xtdx = %[0 + 4(12.-)2 +20)° + 4(-32—)2 + (2)2] =
2 5 2 T 19
2.Exact:.[ — +1ldx ==+ x| == ~ 1.5833
77 )% 12

2
Trapezoidal: Lz (%— + 1] dx ~

' 5 ‘ ) 2 2
Simpson’s: ;(5— + l)dx ~ [— + 1} +4 —(5/:) +1]+2 ——-——-(3/42)

%(1-2-+1)+2(—5%4—Z+1 +29—/§X—

% w~ 2.6667

+

2—(L4)2+1
4

22
— +
3

4

4£7—/Qi+1 -a»[zi
4

472
3. Exact: IZ X dx = [i-} = 4,0000
0 4|,
Trapezoidal: j: Ldx w i— 0+ 2(2) +201)° + 2( ] +(2) | = — = 42500
Siripson’s: j:x%zx ~ % 0 +,4(1) +201)° + 4( ) +(2) | = = = 4.0000

4, s
4. Exact: J‘j_zz_dx = [_Z]- =_2 +% - _:1;
X

e

xh 3
Trapézoid&l: J';-z—zdx ~ ; 5+ 2 2 5
x 2 (9/4 (1 0/4) (1 1/4)
. 32 1
Simpson’s: | = dx ~
P L x? 12 22 (9/4) } 10/4) 4{(1 1/4)*
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2|5 03352

.52_ ~ 0.3334

il

1 —223-~15859
=128

+ 1] = L s 158
12 :




Section 4.6 -Numerical Integration 419

Trapezoidal: _[J X dx ~ 1 1+ Z(i)s + 2(3]3 + 2(2)3 + Z{ZJS + 2(%3 + 27| ~ 20.2222

A TapesoitEt 6 3 3 3 3 '

simpson’s: | %’ dx » s 4(i]3 + 2(5]3 +4(2) + 2(1)3 + 4(33-)3 +27| = 20.0000
POy 9 3 3 3 3 R

Bxact: [} /7 dr = [3x°T = 120000

0

Trapezoidal: | /% dx ~ 40 + 2+ 22 + 233 + 244 + 235 + 23/6 + 237 + 2] ~ 11.7206
0 2
Simpson’s: j:%/?cdx ~ %[0 + 4+ 232 + 43/3 + 234 + 435 + 236 + 437 + 2] ~ 11.8632

Exact: j fdx [2 3/2] =18~ 16 = B~ 126667

Trapezmda] j Vxdx ~ {2+2\/‘ +2\/‘ \/— 72\/‘ \/,. \/‘ \/‘ +3} 12.6640
Simpson’s: j\/—dm-{z 4\/:4 \[‘ V26 + 4 \/- 1+4\/-+3}~126667

o 1 3\ (sY 7Y
| Trapezoidal: In (4 - xz)dx ~ 2{3 + 2[4_ - (EJ :’ +2(0) + 2[4 - (5) } + 2(-5) + 2[4 ~ (5) - 12} ~ —9.1250
Simpson’s: jd (4 - xz)dx ~ 1{3 + 4(4 - _9_) +0+ 4(4 - Zé—) 10 + 4(4 - ig) 12] =-9
1 6 2 4 4

Exact: 1 2 dx = I~__.+3__
T e (xr 2y x+2)] "3 72

Trapezoidal: I;-—2—2—dx=s%-;—+2 = |+ 2 + 2 2 5 +§
(x +2) ((1/4) +2) (1/2) +2)° ((3/4) + 2)

=ll+2( ) (~§—)+2 ) —| =~ 03352
82 25 121
1

élmpsons I-—-———dxwll-‘-{ } [ }.,.4[ 2 J.,.,z_
: “x+2) 1220 () +2)) (12 + @9+2°) 9

=L, 4(32 + 4[ ) ~ 03334
122 5 12
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. 420. Chapier 4 Integration
2 .
10. Bxact: [ xv/a? +1dx = g[(xz + 1)”2} = 4(5% - 1) ~ 3.393
. 0 ) 0

 Trapezoidal: [ xa/d¥ + 1dx = %[o + 2@ + 1+ 20V 41+ 2B +1+ 22+ 1] ~ 3.457
Simpson’s: J'Oz Nt 1 dx [ % Pl 20WE 1 4 4(3) (3-)2 +14 2427 + 1} ~ 3.392

2
11. Trapezoidal: [T \/1+ % dx = %[ + 2 1+ (§) + 2v2 + 2,14 (2) + J ~ 3.283
Simpson’s: f: NS dx‘% %[l + 4.1+ (%) + 22 + 41+ (281) + 3} z>3.240

Graphing utility: 3.241

: 1 ] 1 1 1o
12. Trapezoidal: | —=====dx ~ —|1 + 2 + 2[ J +2 + =1 ~ 1397
'[" V1+x 4 \/1 + (12) Vi P \/1 +@2y) 3

21 1 1 1 1 ]
Simpson’s: | ———=—=dx ~ —|1+ 4 +2( J+4 + —| ~ 1.405
| .[n 1+ 53 6 \/1 + (1/2)3 Vi+ P \/1 + (3/2)3 3

Graphing utility: 1.402

13. f;\/}\/TTx'dx; [ 5)
Trapezoidal: [\ \/a(1 - ) dx » %{o +2 M- 4) + 241 - ) + 2301 - %)} ~ 0.342
Simpson’s: [ /(1 - x) dx 12[0 ¥ 4\/ 1)+ 23 1-5) + 430 - %)J ~ 0.372

Graphing utility: 0.393

14. Trapezoidal: J. \/J—csm xdx ~ —j: —(1) + 2, /——— sm(j8 j + 2, /3 sm(%{) +2 _8£ (——8—75) + Oji ~ 1 430
Simpson’s: J. Jxsinxdr —{\/7 4, /57[ sm(S”J +2, /3” sin(37zj + 4 _8£ (—éﬁj + 0] ~ 1.458

i Graphing utility: 1.458

l — 2 . 2 2 2 -
15. Trapezoidal: IOJ% sin(xz) dx = —~§—/2 sin 0 + 2 sin[ z/ ZJ +2 sin( _ ”/ZJ +2 sin[3 ”/2] + sin(\/gJ ~ 0.550,

— 2 2 2 2
Simpson’s: J;/m sin(xz) dx ~ 17;/2 sin 0 + 4 sir{ ﬂ/zJ +2 sin[ ”/2] +4 sin(3 ”/2] + sin[\/g] ~ 0.548

Graphing utility: 0.549
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Section 4.6 Numerical Integration 421

. 2 2 2 27
apezoidal: N tan(x?) dx ~ Nz/4 tan 0 + 2 tan /4 + 2 tan N4 + 2 tan é————“”/4 +tan|, [Z | |~ 0271
P 0 8 2 4 4

4

N 2 2 2 2
N N J7/4 N [
mpson’s: jo 8 tan(xz)afx ~ ——gﬁ- tan 0 + 4 tan{ 7/ 4} +2 tan[——;z/—j + 4tan{#] + tan( %] ~ 0.257

aphing utility: 0.256

£

:;r'rapezoidalz J'; cos x2 dx = —[cos(?») + 2 cos(3. 025) + 2 cos(3. 05) + 2 cos(3. 075) + cos(3.1) } ~ —0.098

simpson’s: [ cos 32 dx ~ S cos(3)" + 4 cos(3.025)" + 2 c05(3.05)" + 4cos(3.075)" + cos(3.1)"] ~ -0.098

Graphing utility: ~0.098

Trapezoidal: I:/z 1+ sin? x dx » {fg[l + 2\/1 + sinz(%) + 2\/1 + sinz(Z] \/l + sin ( J + \/—} ~ 1.910

* simpson’s: {7 T+ sintx di m T 14 41+ sin Z) + 2.1+ sin?( Z |+ 4 [1+sin22F] + V2| ~ 1910
0 24 8 4 8

Graphing utility: 1.910

. Trapezoidal: _V/ stanxdr & =0+ 2 = |tan| Z | + 2 tan(znj + 2(3—”j tan éﬁ) +Z1 %0194
0 32 16 16 16 16/ . \16 16 4

simpson’s: [ xtanx dr ~ 0+ 4[1 tan(l + 2(-2-’5)t 2”) + 4( ) (3”) +Z1~0.186
0 48 16) \16) " \16) 16 16) \16) " 4

Graphing utility: 0.186

. Trapezoidal: J sinx o7l 2sm(7r/4) 23m(7z/2) 2 sin(37/4) + 0]~ 1.8%
8 z/4 z/2 3n/4
4 2 4
Simpson’s: [T 0% g » 214 sin(z/4) | 2sin(z/2)  AsinG37/4) o)\ g5
12 #/4 72 3r/4
Graphing utility: 1.852
. Trapezoidal: Linear polynomials 23, f(x) = 2%
Simpson’s: Quadratic polynomials f(x) = 632
. For a linear function, the Trapezoidal Rule is exact. The f(x) = 12x
"(x) = 12
error formula says that £ < (b~ 5 [max 1 S (x)” 1)
, 12n r9x) =0
and f"(x) = O for a linear function. Geometrically, a ;
linear function is approximated ekact]y by trapezoids: (a) Trapezoidal: Error < @T_z)).(%) = 1.5 because
) 12(4 '

‘ lf"(x)l is maximum in [1, 3] when x = 3.
~

Y
(b) Simpson’s: Error < 53 ) (0) = Obecapse

80(#°)
) =0

hiinl AR
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