Section 5.5 Bases Other than ¢ and Applicatip

. i - . N
43, y:—l—-—:—;:x—/"—, a>0,b>0L>0

- L(_ﬁe-»\'/b) aL g
' b - b
P

'(1 + ae"/”) (‘1 + ae"’/")2

(1 + ae"“/”) ( baL x/"j - (,_a_b_ée—x/b)z(l + ae—x/h)( ; —,\/b)

a (1 + ae"/b)4
(] + aefx/b)(‘bz _A/b) (aL —X/b](_ _A/hj Lae“"/”[:ae"‘/b - 1]
B (l + ae"/b)‘ ) (l + ae"'/b>3b2
Y= 0if e = 1 = = = ln(l) = x=blna
b a
ybna) = L L L

1+ ae'(“"n)/b - 1+ a(l/a) - E

Therefore, the y-coordinate of the inflection point is L/2.

1. log; § = log; 27 = -3 8. (a) logy§ = -2
32 =4
2. logy 9 = logy 274 = 2
(b) 49"
3. ‘0g7 =90 10g49 7 = :l’_
1 .
4. log, — = log, 1 - log, a = -] 9. y =2
a
5. 2°=8 x{-=2)-1]0)1]2
log, 8 =3 ylis 13124
)y 3'=45
log3—;- =~ A

6. () 27 =9

logy; 9 = %
(b) . 16¥* =8 [
logs 8 = %

7. (a) logy 0.01 = -2
102 = 0.01
(b) logos 8= -3
053 =38

W | - _

1]

I
oo
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496 ~Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

10, y = 4+ 13 h(x) = 52
x |-l 0 1 ' 213 x | ~1 0 1 213
] i ]
y Tlg % 1 ’4 16 Y {1 | 255 (1|5

i pa o SR
2 3 4

x| 01 £1 | +2
x| =2 (=1{01{1 {2
2 | AN E;
AENENREERE

-1

15. f (x) =3
Increasing function that passes through (0, 1) and
(1, 3). Matches (d).

yi6)2 |1]2]16 16. f(x) = 3

Decreasing function that passes through (0,1) and
(1, 1) Matches (c).
17. f(x) = 3 -1

Increasing function that passes through (0, 0) and
(1, 2). Matches (b).

18. f(x) = 3*!

Increasing function that passes through (1, 1) and
(2, 3). Matches (a).
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9. (a) log;; 1000
10*

x =3

1]

(b) loglo 0.1 X
© 107 = 0.1

x = -1

20. (2) log; 3; = x

(b) logg 36 = x
6 = 36

x =2

21. (a) logs x = -1
37 =

x =

(b) log, x = -4

274 = x

X =

22. (a) log, 27 =3

» =27

b=3

(b) log, 125 =3
B =125

b=5

23. () X -x=
xt—x=
¥N-x-2=
(x+ 1)(x - 2)
x
(b) 3x + 5 = log, 64
3x + 5 = log, 26

3x =1

[}

X =

G [

1000

logs 25

logs 52 = 2

0

0

-1 OR x=2

=6
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24. (a) logy x + logs(x - 2) =1
logsl:x(x - 2)] =1

x(x~2)=13
X -2x-3=0
(x+)(x=-3y=0

x=~1 OR x =3
x = 3is the only solution because the domain of the
logarithmic function is the set of all positive real

numbers. i
() logy(x + 3) — logye x =1
logw x+3 =1
x
x+3 - 10
X
x+3=10x
3 =9x
1
X = =
3
25. 3% = 75
2xIn3 =m75
x = (1)‘“ 75 o 1.965
2)In3
26. 5%% = 8320
6x1In5 = In 8320
- In 8320 ~ 0.935
6lns
27. 237 = 625
(3 - z)1n2 = In 625
3,2 In 625
n2
2 =318 | (ass
In2
8. 3(57') =386
Sx—l = &
3
(x-Dmhs= ln(—8—6—)
3
. In(86/3)
In5
x=1+ l_n_(_8_6_/i) ~ 3.085
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3. f(x) = 4%

498 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

3. f(x) =4
F(x) = (n 4)47

8. f(z) = 3%
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39, y=5%
Y = —4(In 5)57
= Llns,
625*

12¢
29. (1 + @2) =3
12 g{x) = log, x
12¢ 1n(1,+ &) =3
12 x -2 |-l %
p= (L3 0ss S &1+ 2
12 0.09
Inf1+ —1—5— . " l
x 6 | 3 2
3651 glx) | =2 | -1 4
30. (1 + 2&) 2 2
365
,
365t1(1+-0—'1—0 =2 g
365 ) "1
. 24
t= (EEEJ*I_HET)” ~ 6932 .
In|l + —
( 365) A
-1 2 3
31 logy(x —1) = 5 '/
x-1=2"=32 .
X =133 36. flx) =3
g(x) = log; x
32. 10gl°(f - 3) = 26
t—3=10% x 2| -1 1
= 2.6
t=3+10% ~ 401.107 L] 3
33. log; x* = 45 1|
’ 2 4 x -9— ? 3
x? = 348 *)
g(x -2 | -1 1
x = £/3% »~ +11.845
. 34. logs/x — 4 = 32 J
% /x‘_"“4' = 532 ' Al f
'ﬁﬁ x -4 = (53.2)2 = 56A
: x = 4 + 554
=~ 29,748.593

S(x) = 4(in 3)3% = 4(In 3)81*
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= 63x—4

y' = 3(in 6)63

]

. f(x) = x9*
7(x) = x(In 9)9* + 9~
9(1 + xIn 9)

il

y _ x(6—-2x)

A -2(n 6)6] + 6

i

67 [-2x(In 6) + 1]
= 6(1 - 2xIn 6)

. g(t) = 122 :
g(t) = #(In 2)2" + (26)2"
2'(tn 2 + 2)
212 + ¢1n 2)

il

32/

t
{2 In 3)3¥ - 3
=
(2t In3 - 1)
—3 ——'—t—z——
. h(6) = 27° cos 8
K(8) = 27%(~z sin 76) ~ (In 2)27% cos 70
= -2 [(ln 2) cos 6 + x sin n@]

. g(a) = 5=l2gin 20
g'(@) = 5%*2 cos 20:‘—'%(ln 5)5-/ sin 20

.y = ]og4(-5x + l)
I
R ST
Y= Ermad)
-3
In 4(5x + 1)

y= log3(x2 - 3x)
U S
r= (x2 ~ 3x) In 3(2x )
. 2x-3
~ x(x - 3)In3
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49,

50.

51,

52.

53.

54.

5S.

Hr) = logs(4 — 1)’ = 2logs(4 - 1)
-1 2
WE)E -1  (-4)ms

H(t) = 2

g(1) = loga(#* + 7)3 = 3logy(* + 7)

" 2 _ 6t
gle) - 31n AP +7) (P + 7)n 2

y = logs/x? -1 = %logs(x2 - 1)
a 1 2x N x

dt 2 (¥ -1)m5 (¥*-1)hs
F(x) = logyd/2x +1 = %logz(Zx +1)

o 2

! = 2 -
() 3(2x+])1n2\) 3(2x+ 1)In2
f(x) = log; xr] = 2log, x - logy(x ~ 1)
R 1- _ x -2
Ay x-Dm2  (n2)x(x-1)
o o
y = logo = 10gm(x —l)—logmx
& _ w1
d  (x*=1)in10  xIni0
1 2x _l:l
nlo[x* -1 x
_ 1 [ 41
In 10| x(xz—l)
xNx -1
h(x) = log;
2
=log3x+%log3(x—l)—log32
1 1 1
H(x) = - -
O = 33 G w3

1]

1|1 1
Tﬁ[? * 2(x - l)]

L 3x-2
In3 2x(x - 1)

I
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500 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

4
56. g(x) = 10g5(';2—_—{':J
= logs 4 - logs x* ~ logs </1 — x

= logs 4 — 2 logsx — -;—logs(l - x)

g'x) =~

111 1)
x5 2(1-x)ln 5
-2 1
= -+ a
x5 2(1-x)n5

_10log,t _ _10_(@__:)
t In 4
. 10 ] (1/t) Int
t)} =
¢() n4 2

10
m[} - In Z]

5
~(l - Int ,
t21n2( ~n)

58. f(f) = t¥log, Vi + 1 t’”é ln(lt ; )
n

) = E:E-[t’/zt—%—l— + —i—t'/zln(t + I):l
5. y=12% (-12)
¥ =-2"(2)
t(~L,2),y = 2 (2).
Tangeﬁt line: y =2 = -2In(2)(x + 1)
y=-2xm2+2-2m2

60. y =52, -(2,1)
Y =575
At (2,1),y =In5.

t

Tangent line: y — 1 = In(5)(x - 2)
=xm5+1-2n5

61. y = logyx, (27,3)
o1
¥ xIn3

W

1
273

At (27,3), ¥ =

1
Tangentline: y - 3 = ———(x
£ ‘ T3

1 1
=y o+ 3 —
27In3 In3

=
i
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62. y =logy (2x), (5.1)
re 1
Y xIn10
i

AGDY =

[
~—
|
2

Tangent line: y - 1

x—1

64. y=x
Iny = (x - 1)(In x)

1) 3o
o fiston)

=xx-1+xhnx)

65. y=(x- 2)”l
Iny = (x+1)In(x - 2)

RAAENE
L y[jj; + In(x - 2)]

- (- 2)x+1[x 1 In(x - 2)]

66. y=0+ x)l/x

1
Iny = —In(l
n y JCn(+x)

)-8

d _y 1 i+

dx  x|x+1 X
1+ Jc)llxl~ 1 In(x + 1)
x I_x+1 x
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= ySinx _7_f_£ 2 e -__x_3_ _:1_. .
'y A (2,.2) 73. [(x+2)dx_3+ln22 +C
Iny=sinxlnx x
D e I
Lo % + cosxln x 3 In2
g 5
sx
' 74, [(x* +5* a2l
Attz’z}—y—':'l_w (3 57) e s ms €
2°2) (=/2)  (=/2)
’ =1
’ 75. o5 dx = % [57 (-2x) ax
. z P
Tangentline: y - — = | x — = 2
2 2 = —(l).s_.._+c
y=x A 2/In5§
' . -1 (_2
. - L ) +C
8. y=(sinx)", [%, 1) ‘ 2Ins
In y = 2x In(sin x) 6. J' x(x + 4) 6 gy = .é. J' 5()‘*_4)2 2x + 4) dy
Y _ 2x .
_ = + 21 eed)?
5 Sinxcosx : n(sin x) ' _ (_‘,)6( &
2) Iné6
At(zl)y’ﬂ) (reap
» o . . +
2 =8 +C
Tangent line: y =1 2In6
2x
6. y=(Inx)™, (e1) 7. .[-]-—_3—3—2-; dr,u = 1+ 3%, du = 2(ln 3)3%* d
Iny = cos x - In(In x) : .
Y 1 1 j(z o 3)2:1 = 1n(1+32”)+c
- = COS X - - sin x - In(In x) 2In37 1+3 2In3
y xlnx

78. j2s‘“"cosxdx,u = sinx, du = cos x dx

At (g,1),y = cos(e)é - 0.
1

i____2‘25inx+c
Tangent line: y - 1 = _co_s_e;(X -e) "
' e
2 .
cos e . 2 2% 1 1 7 7
= x +1~cose 79. Vdy=|—-—] = b - —| = - = —
r -1 [mzL mz[ 2J 22 4
0. y=3x (L] -
80. [* 3% ax =4 3 1a
Iny = lanc - - 4
y x 1 s
Yy 1 Inx =[4-——3”“]
}“=§—? ‘ In3 "
' 4
At (1L1),y =1-0=1. =E—3(3—3—l)
Tangent line: y - 1 = I(x - 1) : 32
y=x ‘ 3In3
. 3 dx = ¥ ic
In3
—x
72. js-*dx='-8 +C
In'8
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502 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

}

1 : 5% 3*
81. S = -
-[0(5 S)dx In5 In3j;
S RIS N O S
In5 In3 In5 In3
-4 2
In5 In3
3 1 ¥ 1
83, Area = | ¥ dx = |[—3F| = —(27 - 1) =
-[0 3 | ln3( )
y
304
204
10
84, Area = I:3°°‘”sinxdx
_ncosx |7 _
) I § S 3] = —— ~ 24273
In3 n3 3ln3

0

85. f(x) = logy x
(a) Domain: x > 0

®) y = logy x
107 = x
i(x) = 107
(C) logm 1000 = logm 1\03 =3
1og1o 10,000 = log;, 10% = 4

 IF1000 < x < 10,000, then 3 < f(x) < 4.

(d) If f(x) < O,then 0 < x < 1.
() f (%) + 1 = log;o x + logyp 10 = log;p(10x)
x must have been increased by a factor of 10.

X,
(D logy x—l = logyo % ~ logjo X,
. 2
=3-n=2n

So, x/x = 10" = 100",
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82. [*(7 - #)ax = I 4 }

7 4
3660
in7 In

— ~ 23.6662

I
xn2

86. ‘f(x) =.1og2 x = fix) =
g(x) =x = g'(x) = x*(1 + Inx)
Note: Let y = g(x). Then:

Iny=lx"=xhx

1., 1
-y =x-—+Inx
X

Vo= y(1+Inx)

Y = x(1+Inx)=g(x)
h(x) = x* = K(x) = 2x
k(x) = 27 = K(x) = (In 2)2*
From greatest to least rate of growth:

g(x), k(x), h(x), f(x)

i
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87. C(r) =AP(1.05)I 88. V(f) = 25’000[%)’

(@ c(1‘0) = 24.95(1.05)"

~ $40.64 @) o
dc ' ‘ (2 46
b) — = P(In 1.05)(1.05 NG #0=
©) S = P(n1.05)1.05) X
When ¢ = l,ic— ~ 0.051P. °5 "
dt 3\2
' V(2) = 25,000 =1 = $14,062.50
. dc 4
When ¢t = 8, -E; ~ 0.072P.
. dv 3Y3Y
b) — = 25,000 In= | =
(© %f- = (In 1.05)[P(1.05}':| = (In 1.05)C(r) ® (%)(4}
' . dv
The constant of proportionality is In 1.05. Whent = 1:; ~ =5394.04.
When ¢ = 4,d—V- ~ —2275.61.
dt
{c) @

-B8000

Horizontal asymptote: V' = 0

As the car ages, it is worth less each year and
depreciates less each year, but the value of the car
will never reach $0.

89. P = $1000, 7 = 31% = 0.035,/ = 10

0.035)"
n

A= 1000(1 +

A4 = 10002

nil 2 4 : 12 365 Continuous

4] $1410.60 | $1414.78 | $1416.91 | $1418.34 $1419.04 | $1419.07

90. P = $2500,r = 6% = 0.06,¢ = 20

20n
4= 2500[1 + -O—QEJ
n

4= 25008(0‘06)(20)

nll 2 4 12 365 Continuous
A | $8017.84 | $8155.09 | $8226.66 | $8275.51 | $8299.47 | $8300.29
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508 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

118, y = 16) = Z—;:
, (a" + 1)(a”1n a) - (a‘ - l}a"ln a
a (@ + 1)
_ 2dIna

For0 < a <1,y < 0 = one-to-one and has an inverse

Fora > 1,y" > 0 = one-to-one and has an inverse
y(a"+l)=a"—l

a(y-1)=-1-y

PR

-y
xlna=1ny+1
-y

Ina \I-x
d 8 (5
119, @ _ 202 0) =1
d 25y(4 vy )
dy 8
= —dt
A4 -y] 25
441 1 8
= = |—dt
5'f y (5/4-» @ ‘{25 N
Iny - In| = - ): -t + C
Y } = -2-t +C
(5/49-y) 5
Y = ¥N+C _ o (s
G-y ° 'e .
Whent=0,y=1=C =4= 4@ - Y __
I (5/4) - ¥
5
48(2/5y Z - yi= y
500 = 4500y 4y = (4e(2/5)’ + l)y
5el/¥ 5 1.25

YT 1T T o T T3 02500
120. /() = o*
@ flu+v)=a" =aa" = f(u)f(v)
®) 1@ = @ = (@) = /@]
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21. (a)

x2

X

ex

X

) =
(%) > 1(»)

hx by
Y

()= > ()

]

(c) y'is undefined for

xyInx
ylnx =Inx"

x?.

- Inx
)

y

Inx’ > Iny*

x> y*

At (e, e), y' is undefined.

122. Let f(x) = 2%, x50,
X

Note: /8 ~ 22.6and N9

Note: This same argument shows e* > 7°,
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yi=x
xny=yhnx
x—}i-+lny=l+y’lnx
x
Jc—lnx}=—z—lny
y x
y,=(y/x)~lny
(x/y) - Inx
oY -oyhy
Y =
x* —xyhnx
. 2 -ctne '
b) () At{c,e): y = =i =1(c =0,
®) O Atfe,c)y = 5——==1(c* 0
" 16 -84 4-4in2
i) At(2,4): y' = = -3.1774
@) (‘ v T e R
4-8In2 1-2In2
iii) At (4,2): y' = = -0.3147
@) At (42 Y = 5 4—4m2

< Oforx > e = f isdecreasing for x > e.So,fore < x < y:

For n > 8,e < Jn<n+ 1,(\/§ ] 2.828)andsoletting X = \/;,y = ~/n + 1, you have

(W)™ s (v )
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