510 "Chapter 5 Logarithmic, Exponential, and Other Transcendental Fiinctions

123, loge(l + l) = ln(l + l)
x X

dt
"=

S J-m dt becausel + x > ¢
* 1+x onx <t <l+x

__[ ¢ ]“x I+x x 1
I+ x], 1+x l4x 14x

Note: You can confirm this result by graphing y, = ln[l + l) and y, =
x

o

1
1+x

Section 5.6 Inverse Trigonometric Functions: Differentiation

1. y = arccos x X 12. arcsin(~0.39) .~ -0.40
V2 3r), (3 J V2
——=—, = | because cos e — l
274 4 2 13. arcsec(1.269) = arccos(l 269) ~ 0.66

(33 e 3)
~,— | because cos| — | =
2°3 3

["—3,‘76{ because cos(%) = _2\/_5_

8| =

14. arctan(-5) » ~1.37

In Exercises 15-20, use the triangle.

2. y = arctan x . —
(1,z because tan(zz— =1
4 4 : *
(_ﬁ ~Z | because tan( ”) = N3 15.  y = arccos x
3 ‘ 6 6 3 cos y = x
—\/E l) because tan( ﬂ) = -—\/§
( 3 3 16. siny = /1 — x?
3 arcsml-:-’-r- ‘ 1 - x?
) 2 6 17. tany =
x
4. arcsin 0 = 0 X
18. cot y =
1 P 1-x?
5. arccos — = —
2 3 1
19. secy = =
6. arccos] = 0 : x
1
. 20. cs =
7. arctan-—:i\/—é—' = % . Cpf)) 1- x2

8. arccot(—\fg) = 5—67£
9. arccsc(—\/-z-) Z

10. afcseq(—x/f) = 3%

11. arccos(-0.8) ~ 2.50
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Section 5.6 Inverse Trigonometric Functions: Differentiation 511

24. (a) sec{arcta (—%) = -\/53j4~

N

25, y = cos(arcsin 2x)
8 = arcsin 2x
22, (a) tan arccos—\/—i =tan| 2] =1
. o e VY y=cosf =~J1 - 4x?

‘h
2

7

| ‘ o

vz 26. » = sec(arctan 4x)
®) ( ) 5) 12 ¢ = arctan 4x
cos| arcsin — | = —
13 13 y =secd = 1+ 16x*-

13

(

12

1]

sin(arcsec x)

) = cot(—%) = -3 27. y

V3 6

23. (a) cot] arcsin(——

]

7z
arcsec x,0 £ 8 < 71,0 # By

/|

o

(b) esc arctan[——-s—} 13 The absolute value bars on x are necessary because of the
restriction 0 < 0 < 7,0 # 7/2, and sin @ for this

12 domain must always be nonnegative.

6

13




512 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

28. y = cos(arccot x)

32, y= cos(arcsin i hJ

@ = arccot x r
Y =080 = —eer ' 6 = arcsin >—"
% +1 r
_ 2 (y _ pV
Vit y=cosf = rokoh
1 r
X ’ " r—h
29, y = tan(arcsec g) . m
6=arcsec—{, - .
3 33. arcsin(3x - 7) = 3
2
y=tng=* =9 3x—7z=sin(%)
x = é[sm(—é—) + ﬂ] ~ 1.207
A 34. arctan(2x ~ 5) = -1
? ' 2x -5 = tan(-—l)
30. y = sec[arcsin(x - 1)] x = %(tan(—l) + 5) = 1.721
6 = arcsin(x - 1)

1 35, arcsinn/2x = arccos\/)-c
= secl =
Y V2x - x2 V2x = sin(arccos x)
V2x =Al-x, 0<x<1

x=1i 2x =1-x
e
—— Ix=1
Vo S
3

X .
31. y = cscl arctan —
d [ JE) ‘

x 2
& = arctan —
V2 w
3 .
X+ 2
y=cscl = — 36. arccos x = arcsec x
x x _—
x = cos(arcsec x) Kt
| Lol —
x
=1
x = %l
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Section 5.6 Inverse Trigonometric Functions: Differentiation 513

o1
37. () arccsc x = arcsin—, |x|z 1
X

Let y = arccsc x. Then for

T n
-—— < y<0and0 < y £ —,
2 =7 =3

cscy = x = siny = I/x.So, y = arcsin(l/x).

Therefore, arccsc x = arcsin(l/x).
1 T
(b) arctan x + arctan — = E’ x>0
X

Let y = arctan x -+ arctan(l/x). Then,

tan(arctan x) + tan| arctan(l/x)]

tany = 1 ~ tan(arctan x) tan[arctan(l/ X)]
MELAUL]
1~ x(1/x)

= —x—:—(gyf-)— (which is undefined).

So, y = /2. Therefore,

arctan x + arctan(l/x) = x/2.

38. (a) arcsin(-x) = —arcsin x, |x|<1
Let y = arcsin(~x). Then,
-x =siny = x = —siny = x = sin(—y).

So, —y = arcsin x = y = —arcsin x. Therefore,

arcsin{—x) = —arcsin x.

(b) arccos(-x) = x — arccos x, ]x[s 1

~

Let y = arccos(-x). Then,
~X =08y = x = —C0s y = x = cos(7 - y).
So, £ — y = arccos x => y = m — Arccos x.

Therefore, arccos(~x) = x — arccos x.

il

2 arcsin(x - 1)

39. f{x)

1) 2

2 =
Vi--1)f -

40. f(¢) = arcsin ¢*

o
4 1-¢
41, g(x)=3 arccos%
g-/(x) = _3(1/ 2) - -3

Ji-(24)  Na- i

42. (=) = arcsec 2x

vy 2 ]
A PR e SN e

43. f(x) = arctan (e’)

X

716) = e =
1

+ (ex)z R

'44. J(x) = arctan x

S = (1 i x)(Z\l/;J ) 57;21177)

45. g(x) = arcsin 3x
x(S/\/l - 9x2) — arcsin 3x
g'(x) = 2
_3x -1 - 9x? arcsin 3x
B N

46, h(x) = x* arctan (5x)

1
H(x) = 2x arctan(5x) + x*———(5
() = 2xsan(s) « #—(9)
2
= 2x arctan(Sx) + I—jZ—SxZ-

47. h(r) = sin(arccos 1) = V1 - £

#(r) = %(1 - )2

48. f(x) = arcsin x + arccos x =
fl(x) = 0 . .
49. y = 2xarccos x — 24/1 - x?
, 1 1 2\ V2
¥y = 2arccos x — 2x T 2(5)(1 - x ) (-2x)

2x

2x
+
Ni-xt J1-2?

[RE]

li

2 arccos x — = 2 arccos x

fl

1
50. y= ln(t2 + 4) - Earctané
. SR (l}
P4 2 14 (y2)\2
2 1 2u-]
Ped P44 a4
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514 . Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

51. 2=%(-%1niti+afctanx)=%[ln(x-fl)—ln(x—1)]+—;-arctanx
dy 1( 1 1 ) 1/2 1
@ _ 2 - + -
e Ax+1 x-1) 1+x 1-x

it

52, y %':x\M - x*+4 arcsin(g)]

- —x? —
y'=lxl(4—x2)]/2(—2x)+\/4—x2+2 ! - I 2+\/4—x2+—4—7 =d4-x
2172 : Ji-G2P | AVa-x 4-x ,
53. y = xarcsinx + V1 — x?
£y—=x——l— +arcsin'.7‘c—;=arcsinx
dx V1= 1-x?

1
54. = xarctan 2x — — In(1 + 4x?
y=x x -7 ( x)

ady 2x | If 8
o + a;ctan(Zx) - Z(1+_4x2.) = arctan(2x)

16 - x?

2

: . [ — 2 N .
Y L K-> _ '—:—(16 - xz) l/2(—2x) .

55, y= 8arcs'in§ -

Vi@ 2
8 . \/.16-x2’ Cx? 16—(16—):2)+x2 X2
— + = -

V6 2 216 - 2 Wie-» 16~ £
56. y =25 arcsin-;f N

y =5 = - /25 - x* — xl(zs - xz)_m(—Zx)
1~ (x/2) 2 _
__s (-4 2 a2
V25— 5ot s-x Jas- 2

§7. y = arctan x + N +xx2 58. y = arctgn% - m
1 (1 +‘x2) - x(2x) ' 1 1 N
T (1+2) TR 27 2"+ 4 )
1+x2)+ (1 - 52 -2 *
3 (l)wg)2 | T @ g
2 _ 2x* + 8+ x
s | (= + 4
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Section 5.6 Inverse Trigonometric Functions: Differentiation 515

2
3
NE)
3 3
| N
60. y = —arccosx, |-——— =
2 . 2 8
. -1
21 - %!
\/5 3” N —1 \/5
At “—_—, — s y = — R e e,
28 212 2
) kY s V2 J2)
Tangent line: y — —— = —— x + ———
8 2 2
\/5 3z 1
y=——x+ - =
2 8 2
6l. y = arctan(i), 12, 1]
2 4
J = 1 (lj 2
1+ (x2/4)k2 4+ x?
At (2, E), Y = 2 _1
4 4+4 4
. V4 1
Tangentline: y — — = —(x - 2
g ine: y 7 4(x )
YETTE T3
NI
62. = sec(4 X _— -
y = arcsec(4x) T
4 1
"= = forx >0
lax16x -1 x/1652 =1
V2 oz 1
Y LA SV S N}
44 (V2/aV2 -1
Tangent line: y — % =2/2lx - :{1—5
y=2J2x + %’- -1

63. y = dxarccos(x — 1), (1, 27)
Yy = 4x - + 4 arccos(x - 1)
1= (x-1)
At (1,27), Y = -4 + 2x.
Tangent line: y ~ 27 = (27 — 4)(x ~ 1)
y=02r-4)x+4
64. y = 3xarcsin x, (—1—, f—)
24
y = 3x-——1———— + 3 arcsin x
[i — 2
At(li’-) 3] +3(—’5)—\E+1’-
2a)Y T2z ) T 2
. 1
Tangent line: 3 — % = (\/5 + %)(x - _Z_J
y={vi- zjx el
: 2 2
65. f(x) =arctanx, a =0
/() =0
1
’ = e "(0) = |
@)= O
1" ~2x "
') = —=5/"(0) =0
(1 + xz)
RE) = 7(0) + £ = »

R(x) = £(0) + £/(0)x + % FO) =

e 4 !

+—t— t
-10 K

0.5 10 l:.\

-1

~154
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‘__516‘5'.'",C'hapt‘evr,~5‘ Logarithmic, Exponential, and Other Transcendental Functions

66: S(x) =arccosx, ~  a=0 68. f(x) = arctanx, a =1

0= 16 =

"(x) = -1 ! = — "x) = ___‘it__

f® == r0=- | /() 2T |
”@=5jfﬁw 70 =0 BE) = 70+ 706 -1) = T+ e - 1)
Ruy=ﬂ®+f@p=§_x ﬂ@)%ﬂ0+f®&—0+%ﬂw@-n"
B = 10+ FO + Lo < 2 - =frse-n-teoy

¥ : . ¥ ”19')
s 3T ) )

! \\P'/: " o T P
~4 -2 2
N . Fo(x)
i I \

67. f(x)=arcsinx, a= % 69. f(x) = arcsecx — x
) = 1 f'(x)=——~12———1=0when[x|\/x2—l =
) r= ENCEE o
2( 2
) X xX4xc -1) = 1
T o .
A x4—x2—1=0whenx2=l+250r
1 1 Ny 7z 23 1
- )58
2 A2 603 2 x =t 1—*—-‘/—5=i1.272
- i 1 1 1,1 1Y 2
B(x) = f (5) + f{i][x - 5) *3 "(5](:: - EJ Relative maximum: (1.272, -0.606)
2 Relative minimum: (~1.272, 3.747)
gy ,
: 70.  f(x) = arcsin'x ~ 2x
, .
. x) = — L
3 | () = = 2 4 A
ot . - =0when1-x2 = —l-orx = :l:——\/—_3-
0S 10 1S : . . 2 2
x
f”(x) -
(- )"
”H%>°

V3

Relative minimum: (T, —0.68]

9
V3 @

Relative maximum: (——2-—, 0.6
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Section 5.6 Inverse Trigonometric Functions: Differentiation 517

71. f(x) = arctan x — arctan(x — 4)

1 1
"(x) = - =0
f(> 1+ x? 14»():-4)2 i
]+x2=1+(x——4)2
0=-8x+16
x =2

By the First Derivative Test, (2, 2.214) is a relative

maximum,

72. f(x) = arcsin x - 2 arctan x

14227 + 5% = 4(1 - x?)
x4 6x*~-3=0
x = +0.681
By the First Derivative Test, {~0.681, 0.447) is a relative

maximum and (0.681, —0.447) is a relative minimum.

73.  f(x) = arcsin(x - 1)
M = 1 _ 1
o= e = b
v\ x -1
f(x) = (2x - xz)s/z

Maximum: (2, %]

Minimum: (O, -%]

Point of inflection: (1, 0)

Domain: [0, 2]

74, f(x) = arctan x + %
ey - ]
! (x) 1+ x?
-2x
fn x) = —
) (1 + xz)2

Increasing on (-0, )
No relative extrema

. . . 7
Point of inflection: (0, ~2—]
Horizontal asymptotes: y = Oand y = 7
Domain: (-, ©)
Range: (0, 7)
/ is arctan x shifted -;Eunits upward.

R

e o e

1]
=
[B2k]
padios

>
Lk
el
.
>

75. f(x) = arcsec 2x
-
1) = ——pes
) x|V4xt — 1
. 1 1
Domain: | ~0, ~— | [=, ©
SIS
Range: [O, E) U (z, ﬂ}
‘ 2 2
. 1 - 1
Maximum: (—E’ ﬂ') Minimum: (5, 0)

Horizontal asymptote: y =

NN

ot
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518 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

X
76.  f(x) = arccos 2 79. arcsin x + arcsin y

-1

7160 = s < 0 D
16 ~ x* ) \/1,.1;2 +,\/I 2y —0

]
ISR

7 —X
f (x) = _“(16 '2)3/2 1 y’ -1
- x -
N Ji-
Domain: [-4, 4] ' .
At _{-2_’ I%. :y' = __1
Range: [0, 7] . D)
Maximum: (-4, 7) NG V2
) ’ Tangent line: y - — = -} x - —=
Minimum: (4, 0) . . 2 2
Point of Inflection: (0, zf2) y=—x+~2
) .
3] 80. arctan(x + y) = y* + T (1,0)

1 (1 7
— {1+ ] =2

(0’12") . 1+ (x + y)
’.\3(4'?) At (I, 0): %[1 + y'] =0= y = -l
6

ey
+—t——rt
6 ~4 -2 2 4

Tangent line: y — 0 = -1(x - 1)

77. x +xarctany = y - 1, (—-}, l) y=-x+l
x 81. The trigonometric functions are not one-to-one on
! - ! - . . .
2x + arctan y + 1+ yzy =Yy (o0, ), s0 their domains must be restricted to interv;
- ' on which they are one-to-one.
[l—— zjy' = 2x + arctan y .
T+y 82. arctan 0 = 0.7 is not in the range of vy = arctan x.-

, _ 2x + arctan y

YETT S 83. (a) arcsin(arcsin(0.5)) ~ 0.551
1+ y*
arcsin(arcsin(1.0)) does not exist
r.r  _r : '
At (_ z l)' =2 4 _ 2 _ 27 (b) In order for f(x) = arcsin(arcsin x) to be real, yi
1_:%/_4_ 2+% 8+ 7 must have -1 < arcsin x < 1. ;
g . Because arcsin x = 1 = sin(l) = xand
Tangent llng: y-l=c= ”(" * ZJ arcsin x = —1 = sin(-1) = —sin 1 = x, you hav
) . . . A
y = -2z el % . -sin(l) < x < sin(1)
8+7 16 + 27 -0.84147 < x < 0.84147
78. arctan(xy) = arcsin(x + y), (0,0)

1

— Iy + 0l = ..___._1.__.__. + v
1+(xy)2[y i NE -(x+y)2[l 1
At (0,0:0=1+) = y = -1

Tangent line: y = -x
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Section 5.6 Inverse Trigonometric Functions: Differentiation 519

L, X
84. (a) (——\{’—5—, —%} and (0, 0) lie on the graph of 91.(a) cotd = 3
. y o /‘ ‘)
. X
. g = arccot] = |
v = arcsin x because sinL-%j = ? and areeo LS ) K .
sin(0) = 0, and 0 and -2 lie in the internal [»E—, ZI—J. (b) a9 _ _ s & .o
4 22 dt 1+ (x5 At X+ 254
—\/—E, 27 | does not lie on the graph of B _400ands = 10 22 - 16 raam.
273 dt T adt
; y = arcsin x because 2% not in the interval % _400mdx = 3 49 sea0a rad/h
3 at T at
55
| 22 92. (a) cotd = %
1 27 .. . .
(b) (~—, —) and (O, ——} lie on the graph of .
273 2 g = arccot(ij
y = arccos x because both 2z and Z lie in the }
: dt x*+9d
. 1 7z . x“ + t
interval [0, 7] (5, ——3—) does not lie on the graph 0
If x = 10,7 ~ 11.001 rad/h.
of y = arccos x because -——g—is not in the interval . Lo
If x = 3,51—0~.z 66.667 rad/h.
[0, 7[}. dt
A lower altitude results in a greater rate of change of 6.
! 85, False
ArcCos % - % 93. (a) ht) = —16£* + 256

~16¢* + 256 = O when = 4 sec

because the range is [0, 7}, C )

86. False h
. (7:) ND) (N2) =z 500
sin| — | = —=, 50 aresinf —— | = —.
4 2 2 4 h 16#% + 256
: -16¢% +
b) tan g = — = J1OL_F 230
87. True (b) tan 500 500
d 1 16
E[arctan x] = ks Oforallx. § = arctan 7556(42 + 16) )
8. False | 4 8125
. A1 [(4h25)(~ + 16)]
The range of y = arcsin xis [~—, —}
22 ) ~1000¢
89. True 15,625 + 16(16 — 12)’
2 L arctan(tan 5)] = S F_ _ Xy When ¢ = 1, d6/ds ~ ~0.0520 rad/sec.
dx - 1+ tan®x  sec? x .
When ¢ = 2, d6/dt ~ —0.1116 rad/sec.
90. False
arcsin® 0 + arccos? 0 = 0 + (—2—) # 1
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520! Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

94. cos @ = @ T
s A
800
g = arccos(TJ o
46 _df ds _ -1 (-800)@ N U
dt ds dt \/1 _ (SOO/S)ZK st )dt s [s? — 800 dt’
95; tana = _‘}2 ’ )
X

40 85
tan(a + 6) = 20+ 85 _ 125 :”
X X X
P

tan(a + 0) tan @ + tan @
. 1~tanetan @

_1_25 _40/x +tanf 40+ xtan 6

x g _A0 9 x-40tmd

125(x ~ 40 tan )
85x

it

x(40 + x tan 9)
(x2 + sooo)tan 9

85x )
arctan| —————
x% + 5000

do 85(5000 ~ %)
& (2 1600)(x? + 15625

i

0

W

)=0=>x=\/5.000==50\/5

By the First Derivative Test, this is a maximum x = 50/2 ~ 70.71 ft.

96. i‘ig = 30(27) = 60z rad/min
tan @ = =
50
G = arctan(i)
50 _
dé  db dx 50 dx

dt  dr dt %+ 2500 dr
dx _ %+ 2500 df
dt S0 - ar

When 6 = 45° = Z—,x = 50;

.
& @5_225&(60”) = 60007 ft/min

97. (a) tan(arctan x + arctan ) = tan(arctan x) + tanarctan y). =2ty
) V=T tan(arctan x) tan(arctan y) 1 — xp’

xy #1

Therefore, arctan x + arctan y = arctan[lf——t}-)-} xy # 1.

(b) Let x = —and y =

=
W i—

1 1 B y2)+ @3 5/6 5/6 7
a.rctan(E) + arctan(g) = arctan IT[(W]- = arctanmia = arctan 5/_6 = arctan] = 2
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Section 5.6 [Inverse Trigonometric Functions: Differentiation 521

98, (8) Let y = arctan u.Then

U

’ r

¥ u
sec’y 1+ u?

(b) Let y = arccot u. Then

coty =u . R
4 .
—csct y P ooy
dx
ul _ ul
—csc? y 1+ u?

(c) Let y = arcsec u. Then

secy =u
 _
secytan y— = u
YR
b v

dx  sec ytan y =|u|\/u2 _1

Vi~

1

Note: The absolute value notation in the formula for the derivative of arcsec  is necessary
because the inverse secant function has a positive slope at every value in its domain.

(d) Let y = arcesc u. Then

csCy =u
—cscycotyg-'}i =y

dx

i‘}:‘ _ ul r

u
dr  —cscycoty |u‘!\/u2 -1

Note: The absolute value notation in the formula for the derivative of arccsc u is necessary
because the inverse cosecant function has a negative slope at every value in its domain.
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