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Section 5.7 Inverse Trigonometric Functions: Integration

8. Let u = x%, du = 2x dx.
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2. I = —I dx = — arcsin(2x) + C
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4, |——--ro = — =4 . 2
[1 e 4[1 vl arctan(3x) + C _11, (7)o
| 25
1 . . 2
5. = dx = arcsin(x + 1) + C = L arctan] £ ]+ €
T~ (x+1) : 10 5
—2 2dx=-1—arctan(x-3)+c 10, [—te 2a!x=j—1————2—-la'x
4+ (x-3) 2 2 : 21 - (In %) 1-(nx)? *

arcsin(ln x) + C
7. Let u = %, dy = 2t dt. ‘

11. Let u = e**, du = 2e** dx.

t 1 1 1 .
‘[ﬁ dt = EI\/I—-W(ZO dt = -é-arcsm £+C N ]
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= 3x,du = ,a = ) ’ i - :
12. u X, du = 3dx,a =5 14. J smx2 dx = j i 1 (—smx)dx
2 1 7 + cos”x (\/7) + cos?x
!"m /zdx =2 .(_——z—__?’dx
x/9x% - 25 (33;) (3x) — 52 1 cos x
= ———= arctan + C
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15. j—ﬁ—\/ll_—:;;dx,
I\/__~2udu

= 2arcsinu + C = 2arcsm\/_+C
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16. [————dx,u = /x,du = —=dx,dx = 2ud
‘[Zx/;c(1+x) ENRE T e
_J 2u du =3 .f du > = 3arctanu + C = 3arctan /x +
1+u) I+u
17 “'_)‘2;3_ L SR 21 dx=lln(x2+l)—3arctanx+C
Earl 2l PR
x* +3 x?
18. dx = dx + dx
"‘x\/x2 -4 '[x\/xz -4 jx\/x

1 ) -2 1

— -4 dx e
(R NPy S
\/x2—4+~;-arcsecl-;c—l+c

i

(x-3) 8
dx = dx +
I\/9— (x -3 J\/9—-(x——3)2 j\/9—(x - 3)° |
—f9 = (x - 3)2 + 8arcsin(x — 3) +C=—6x—x*+ 8arcsin{§ -1{+C

ZO.I x -2 dx=—l-j( 2x + 2 dx—j' 3

(x+1)2+4 2 x+1)z+4 (x+l)2+4
= -!- ln(x2 + 2x + 5) - —3— arctan(x + 1] + C
2 2
21, Let u = 3x, du = 3 d. b AT
: ———— dx = |arcsin =
1/6 3. /s 1 RV 2
M= [ ) ax ’
o /1. 0.2 o [ 2
1—9x 1- (3x) = arcsin 72 — arcsin O
= |:arcsin(3x):|:)/6 = % 7.
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526 ' -*Chapter 5 ‘Logarithmic, Exponential, and Other Transcendental Functions

23. Letu=2.x,du = 2 dx. J_3 " [] |2xq3
24. —— gx = | —arcsec— |
Iﬁ/z L e lfﬁ/z 2. V3 yJaxt -9 3 315
0 14 4x° 270 1+(2x)2
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26 ['— =
J‘l /1657 = 5 _ L (4x)\/(4x)2 - (\/5)2

o

[t - el

e* dx
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27. Let u = ", du
.r]n5 e
0 14 ¥
28. Let u = e, du = ~e " dx

_‘-:: \/—————~ = [~arcsin(e“)]::: = —arcsin G;) + arcsin(%) = % - arcsin(%) =~ 0.271

29, Let u = cos x, du = —sin x dx.

&
!

[amtan(e*)]:)"5 = arctan 5 — % ~ 0.588

J-’r sin x __f —sin x _ [—arctan(cos x)]n _z
2] + cos®x 721 + cos®x w2 4
30. I ﬂz&dx = [arctan(sin x)]”/z =z
0 1+ sin®x o 4
. ’ 1
31. Let # = arcsin x, du = —=——=d¥x.
1-x%
V2 2
Fl\r arosinx [1 arcsin x] =Z 5 0.308
V1- o 32
32. Let u = arccos x, du = 1 dx.
1-x?
Vi Vi - NI g
fl/ BIOCOSX o -‘-1/ arccos x dx - [‘ 1 arccos? le L 0.925
2 R 32
2 dx 2 1 2 n
33. = dx = |arctan(x — 1){ = —
2—2x+2 .fol+(x_1)2 [ (x )]o 2
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L

2 dx 2 dx 1 x+ 2\ 1 4
J. 5 = I 3 = | — arctan = — arctan] —
“2x% +4x +13 -2(x+2) +9 3 3 L, 3 3,

2x 2x + 6 1
'[x2+6x+]3dx:-‘.x2+6x+}3 x~6jx2+6x+l3
=I22x+6 d)f~6'[

3)«LC

- dx = lnfx2 + 6x + 13|-- 3arctan[x s
3)

+6x + 13
2).'—5 2x + 2 I 2 - _
-[x2+2x+2dx= Ix2+2x+2dx~-v7jmdx:lnlx' +29.72]—7arctan(a+1)+C

dx = —]—dx = arcsin[x + 2) +C

1
Ix/~x2 —4x J-\/4-—(x+2)2
2

2 (x -2
‘(\/—x2+4x j\/4 —4x+4)dk J.\/4 1-2)2dx=2arcsm( 2 )+C.

(-3 2x -3 dx:J 2x -4 [3

"2 J4x - X Ndx ~ x?
3 -172 3 1
~-| (4x - x (4—2). dx+ e
o) b
3
“Jax - x2 + arcsin(“ ; 2) =4-23+ % ~ 1.059
2

It

dx = ! ‘dx=arcsec|x-1]+c

1
'[(x ~ 1)\/)(2 - 2x J(x - I)\[(x -1y -

41. Let u = x* + 1, du = 2x dx.

Jx—‘t‘:‘%‘m ——IX +1 +1dx=—;-arctan(x2+l)+c

42, Let u = x* — 4, du = 2x dx.

X dx=l 2x
"\/9+8x2~x4 ZJ\/25~(x2—4)2

43. Let u = Je' —3.Then u> +3 = &', 2udu = ¢ di, and === 2” g

143
[Ne =3ar = juf—‘idu ='jzdu- I6ﬁa’u

= 2u - 22/3 arctan —= + C = ¢ -3 - 2/3 arctan

\B

44, Let u = Jx - 2,1% + 2 = x,2u du = dx.

J-\/x-— 2 4 [ 2, fzu2 +6~6

1
du = du = 2|du - 6|———d
x+1 “ w +3 . ju '[u2+3u

w+3
6
= 2y ——=arctan —= + C = 2/x - 2 - 2\/5 arctan
V3 J’
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528 - Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

3 dx 2 /
45, Lm 49. (a) j\/x-.ldx=§(x~1)”+c, 4= x

Let u = /x,u? = x,2udu = dx,1 + x = 1+ 1% (b) Let » = ~/x — 1. Then x = u” + land
dx = 2u du.

.r/i 2u du _j\/i 2

1

Wl +22) T [r/x=1ax

j'(u2 + 1)(14)(214) du

2I(u4 + uz) du

5 3
A7 o7 T 2(1‘_+LJ+C
== _Z|=Z .
-3 M
1 & =32 +5) + C
0 -
23 - x/x+1 s 1)[3(x - 1) £ 5]
Letu = x + 1,4 = x + 1,2udu = dx, 15 i

V3% =Ji- = -%(x ~1)?Gx +2) + c

1]
D
(8]
g
)4
=
=

1]

]

46.

I

V2 2udu NA) du
] = — (c) Let u = ~/x — 1.Then x = «* + land
L W4 -y ) Ja-ut dx = 2u du.
u V2 2,1
= in| — x u +
arcsm[zﬂ1 I\E—l = I - (2u) du
- 2
= arcsin| ( ]~ arcsin| — = 2I ut + l) du
3

1l
v
w|®
+
N
~—

+
a

z
4612

1
47. (a) j—_dx=arcsinx+c u=x :
_ 2 2 2\/___
: x-1{x+2)+C
Vi | N
(b) .[ /— ~N1-X+C, u=1-x Note: In (b) and (c), substitution was necessary

before the basic integration rules could be used.

1
(¢) |——===== dx cannot be evaluated using the basic ’ -
'[ 1= x dx cannot be evaluated using the basic -

50. @) | 1 +1 =

integration rules. . .
integration rules.

48. (a) _[ ¢ dx cannot be evalated using the basic ®) J‘ - J‘ —
integration rules. - bt 271+ (xz)

¥
*®

) 1
(b) .[xe"zdx = -;-e"z +C, u=x —2—arctan(x2) +C, u=

1+ x* 1+x

) le—ze”" dx = - +C, u= (© .[

% |-

1

e

zln(1+x")+C, u=1+?c

51. No: This integral does not correspond to any of the basi
differentiation rules.

52. The area is approximately the area of a square of side 1;
So, (c) best approximates the area.
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—4]

2
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56. (a) ¥
Y
v
2
®) y = y S
25 ~ x? (.7)
2 . x\
y = dx = 2arcsin| = | +
J\/25 - x? 5) ¢
7 =2arcsin(l) + C = C =0
N
= 2 arcsin | =
y arcsin s
"6
7
-5 5
'/V’.
5
dy 10
§7. =~ = , (3,0
d  xxt -1 (3.0)
4 .
LB B A
Me-n\)\,!' EWW
NI= .
NI ()
1] \_A
dy 1
58, & . (4,2
dx 12+ x? (4.2)
4
-GE::::::::ES
_..__._:___._:.
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dx /16 - x? ©2)
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&y ' 63. Area = [ —— g - [P
60. dx 1+ 2% ©.4) J".7«‘2—2Jr‘+5 '{I(Jc—l)2 4
j — = P— arctan[x — 1) :
A ettt > )|
o St 1 s
- 4 :::::::: = 5 rctan(l) ~ = arctan
-1 6 )
' _z
8
61. Area = _[]———2—-——-(1,; |
o )

.2
4-x : 64. Area:J.o--—-z———aix=‘,‘0
: 2x? + 4x + 8

] P

2 arcsin(—;-) ~ 2 arcsin(0)

]

1

arctan(i) - arcteﬁ:l_(

= 2(§) =z : ‘ s
6) 3 =7
2 1 7/2 3cos x /2 1
= —— 65. Area = —_—dx =3 —
62. Area = L/ﬁx\/)cz -1 @ . J"’/2I+sinzx j'fﬂ] + sin xE e
= [arcsec x]z/ N = [3 arctan(sinx)l’rlz
) = 3arotan(1) ~ 3 arctan(
= arcsec(2) ~ arcscc(—ﬁj 3 . 3
r 44 2
3T T w3 4eF .
. 66. Area=J'0 l+e2"dx’ (u=e)
/3
4[arctan ] ’
4[arctan - arctan(l):i
4F"Q=£
3 4 3

Shaded area is given by I:arcsin x dx.

() [, arcsin x dx ~ 0.5708

(c) Divide the rectangle into two regions,

4 z
base)(height) = }f — | = =
(basc)(height) (2) 5

1 nf2
Area rectangle = Io arcsin x dx + L]/ sin y dy

It

Area rectangle

I

12’_ _[; arcsin x dx + (~cos y)]:;/2 = L: arcsin x dx + 1

So, [\ arcsin x dx = Z -1, (~ 0:5708),
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. 68. (a) f = [4 arctan x] = 4arctan | - 4arctan 0 = 4(%] - 4{0) =
\
(b) Let n = 6.
Vg (1Y 4 2 4 2 4 1
4 ——dx ~ 4 — |1 +—| ~ 31415918
hive Us][ T30 1+ (%) 1+ (U4) T+ (49) 1+ (253%6) 2]

(c) 3.1415927

1 px+2 2
R = = [T
69 F(x) ZL 1+ 1
.(a) F(x) represents the average value of f(x) over the interval [x, x + 2] Maximum at x = -1, because the graph is greatest
n [-1,1}
(b) F(x) = [arctan t];+2 = arctaﬂ(x + 2) ~ arctan x
T+ x*) - {x* +4x+5
F'(x)= - _— =( x) (x > ) = —4(x+1) = 0 whenx = ~1.

Lo (x4 20 1+ (2 + 1)+ dx+5) (P +1)(x* + 4x + 5)

1
7o I\/ 6x — x*

@ 6x-x=9—(x*—6x+9)=9=-(x-3)

_“ ] dr = j & = arcsin(x - 3J +C
N \/9_(,;_3)2
() u=~x,u® = x 2udu=dx
2 ()
2u du = du = 2 arcsinj —p= = 2aresinl —=| + C
'[\/ 6u? j 6 — u? (\/_ J V6
© \,
-
e
-2
The antiderivatives differ by a constant, /2.
Domain: {0, 6] )
dx 1 |3x] 75.
71. False, |———=—==—= = — arcsec~— + C ) ' ‘
"'Bx\l 9x2 — 16 d arcsm( )+ C ( J d
| a \/ I- 2/a Ja? -

i

72. False, J‘___ﬂ‘“{ dx = Lartan X + € du .
25+ x 3 5 So, j-———————— arc’sin(-i} + C.
73. True
i“—arccos zy CJ = Y2 = !
dx 2 \/1 - (%/2)} N

74, False. Use substitution: u = 9 — ¢**, du = —2¢*dx
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532 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions

76. ii—[l arctanZ + C] = 1 —-—1{-/—(1-—2
dx|a a a1+ (u/a)
1 u u'

a (az + 142)/r12 a* + u?

du u 1 u
So, Iaz T = J dx = -;arctan; + C.

77. Assume u > 0.

i[—l—arcsec£+c:]=-l— u/a -1 Y = d

é a (z‘lv/a)\/(u/a)2 -1 @ u\/(u2 - az)/a2 uu? - @

The case # < 0is handled in a similar manner.

du v’ 1 u]
So, = dx = — arcsec— + C. .
ju\/uz - a? J‘ux/u2 -a a a .
78. Let = -
et f(x) = arctan x et .
1 1- xz 2x2 . 5.4
f P — = 0 f 0. ’ Y2
7e) L+ st (1+ xz)z. (1+2) TR T "

Because f(0) = 0 andfis increasing for x > 0,

X .
arctan x — —— > 0 forx > 0. So, arctan x >
1+ x +x 7% % n
Let g(x) = x — arctan x

2
! ¥ s 0forx > 0,

' =l —_ =
£() I+x* 14x

Because g(O) = O and g is increasing for x > 0, x — arctan x > Ofor x > 0.So, x > arctan x. Therefore,

7 < arctan x < x.
1+ x

79. (a) Area = J‘; !

1+ x?
’ (b) TrapezoidalRule: n = 8,b~a =1-0=1
Area ~ (.7847
' (c) Because
t1 1 V4
bz = lerctan ]y =

you can use the Trapezoidal Rule té approximate /4, and therefore, 7. For example, using » = 200, you obtain
7 = 4(0.785397) = 3.141588.
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Section 5.7 Inverse Trigonometric Functions: Integration

v(f) = =32t + 500

s(t) = [v(r)dr = [(-321 + 500) a
~16r% + 500¢ + C
5(0) = ~16(0) + 50000) + C = 0= C = 0

s(t) = ~16¢% + 500¢

When the object reaches its maximum height, vf) = 0.

v(t) = =32t + 500 = 0

~32¢ = -500
1 = 15.625
5(15.625) = ~16(15.625)> + 500(15.625)

1]

3906.25 ft (Maximum height)

1
J’m dv = —J.dl

! arctan| —k—v = - -+ G
32k V32 ‘
arctan| , /%v = —/32kt + C

3—k2—v = tan(C - 32kt)
v = \/%—C-%tan(c - \/ﬁt)

When ¢ = 0,v = 500,C = arctan(SOO k/32), and you have

v =, fﬁtan arctan| 500, /—k—- - 32kt ).
k 32

When k& = 0.001
(t) = /32,000 tan] aretan(500~/0.00003125) - ~/0.032¢]

v(f) = 0 whent, ~ 6.86 sec.

b= j:‘“,/n,ooo tan[arctan(SOO\/0.0000B125) ~ J0.032 t:l dt

Simpson’s Rule: »n = 10; 4 ~ 1088 feet

(f) Air resistance lowers the maximum height.
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