574 Chapter 6 Differential Equations

98, F) + 17(x) = ~xg(0)1'(x), g(x) 2 0
2/ + 27D (x) = ~258(x) /)]
L6+ 1] = 25 g T
For x < 0,-2x g(x)[ /(] 2 0
For x > 0,~2x g(x)[ /'(x)]" < 0
So, f(x)* + f(x)" is increasing for x < 0and decreasing for x > 0.

f(x)* + /'(x)’ has a maximum at x = 0.So, it is bounded by its value at x = 0, £(0)° + /(0)’. So,/(and /") is bounded,

99. Let the vertical line x =  cut the graph of the solution y = f(x)at (k, ¢). The tangent line at (k,1)is
y=t=Slk)x~k)
Because y' + p(x)y = g(x), you have

y =t = [q(k) - plk)](x - &)

k
For any value of ¢, this line passes through the point [k + L a(k) ]

(k)" p(k)

To see this, note that

ak) ! L
4 Lo - p(k),][k - k]

(k)k pk)tk + 2 ; - kg(k) + p(k)he = qgk; L

Section 6.2 Differential Equations: Growth and Decay

e 4. Y5,
dx >
)C2 dy s
y=j(x+3)dx=?+3x+c 2 -
-1
__d= _dx
2.%:5—8): jé_yy |
y=[(6-8)dx=5x-4dx*+C 1“|6*)’|dy=—x+~C,
6-y=e™ = Ce
3 AR y=6-Ce”"
il
LA 5. y=2
y+3 3
»w' = 5x
y+3 J‘W'dx=-‘-5,ldx
AT .[Ydy= I5de
y+3=e‘+cl=ce-’f | s
- x —}’2=—x2+C,
y =Ce* -3 > >
Y -5 =C
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574 Chapter 6 Differential Equations

98, F() + 77(x) = —xg(x)7'(x). g(x) 2 0
2/ () (5) + 2 ()f"(x) = ~2xg(x) S (5)]'
L6 + 76 = 2x 2T
For x < 0,-2x g(x)[ /()] 2 0
For x > 0,-2x g(x)[ /'(x)]" < 0
So, /(x)° + f'(x)" is increasing for x < Oand decreasing for x > 0.

S(x)° + f(x)" has a maximum at x = 0.So, it is bounded by its value at x = 0, 7(0)* + /(0)*. So, f(and f") is bounded.

99. Let the vertical line x = k cut the graph of the solution y = f(x)at (k, t). The tangent line at (k, 1) is

= FE- 4

Because y' + p(x)y = g(x), you have
y =t =[q(k) - p(k)](x - k)

q(k
For any value of ¢, this line passes through the point {k + 1 —(—)]

p(k) p(k)

To see this, note that

‘1—(1’% ¢ = [q(k) - p(k)t][k P k]

A p(k)
O a(k)
= a(k)k - plkyk ~ kg(k) + plie = 820 _
( Ty p(k)
Section 6.2 Differential Equations: Growth and Decay
1'Q=X+3 4. fil:é_y
& dx
x2 dy
= = — —_ =dX .
y=[(x+3)ar St C e
-1
——dy = [-dx
2.%:5—& Is_yy J
] 6— d = e C
=I(5—8x)dv=5x—4x2+C n| yldy x+‘ !
6-v=e'“(‘ Ce™*
3. Q=y+3 y=6-Ce
dx
, 5
afy =dx 5. y =_X
y+3 y
1 w = 5x
. dv = dx
J’y+3y -“ J.yy'dx=.f5.1dx
ln|y+3|=x+cl jydy= J‘Sde
y+3=e*q = Ce* | S
2 _ 22
y=Ce -3 E)’—zx + C
¥ - 5x2 = C
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Section 6.2 Differential Equations: Growth and Decay 575

6. Vo £ 9. {I - ?.'Z)y" - 2xp =0
. 4y L -
ayy = —VJx YRS
[4y dy = [~/x ax Lzlzxz
y +x
2y2 - _Ex32 + C J.idl i I ~ N
2 32 y 1+ x?
6y +2x¥2 = C
. ji}i _ J' 2x
7. y = \/;y y 1+ x?
b Jx lnly[ = ln(l + xz) +C
-_= X
g In|y|= ln(l X )+ InC
yl
;dXLI\/;dx lnly[—ln[Cl—x :l
LR NP = 1+ )
y
10. ; + 3 = 100
n|y|= 257 + weyin
> Y = 100x + xy = x(100 - y)
L3y v )
= o 100 - y
Y s
= Ce(z*}/z)ﬁ -“100 - dx = J'.A dx
1
8. y = x(1+y) -[IOO—ydy: J.xclx
Yoo, A
T+ oy ~In(100 - yj = 5 -6
Yoo 2
~[1+y Jra (100 - y) = ”%—Cn
dy e
_[]+y=jxdx 100—y:€{- /)i
2 _ —.\'2/2
In(l + y) = >t G -y = e e '/100
- _ -x4[2
x2/2)+('| y =100 - Ce
l+y=e
y = el 11 ‘;_? tiz
- el f Q. ik,
dt £2
[do = —é + C
Q= —% +C
2. Lo
dt
dpP
[yt = [kas - o)a

[aP = —2(25 - +C

P= -%(25 e
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576 Chapter 6 Differential Equations

B.@ _ 5 2-L (010
i g : at 2
[dy = j%t dt
-lesc
!
10=20f+c=c=10
dy
(b) == x(6 - y), (0,0) y = %,z +10
b i 16
y - 6 2 \N"'«-.__‘___ﬂ >
—X {0, 10y
]I’lly - 6| = —‘2——' + C
y - 6 = e~x2/2+C - Cle—x2/2 - 3 ¢
y=6+Cerl )
fy
(0,0:0=6+C = C =6 6. — = -9\5’ (0,10)
y=6-6h [ay = [-ov/i ar
i - y=-6"*+ C
™\ s
L/ 10=0+C=C=10
\x e'f y = =672 + 10
6 [
- 12
%0)
14. (a ¥ N, :
(@ | N ) .
; -1 C 3 :
-2
1 "
17. % = (0,10) .
.dl = I_ldt . o
y 2 :
1
®) In|y|= -t G
y = e WG = (g2 = Ceil?
: 10=Ce® = C =10
: y = 10e™?
16
3 l \Q‘l(),\
2
1 \\“*—— 16
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dy 3

18. — I — y 0, 10
at 4y ( )
_d;})_ = '[_3.. dt
y 4
ln y = %t + Cl
y = JET e
= ecle(m)’ = C83’/4
10=Ce® = C=10
y = 10631/4
40
f’
J
A1
_5 el 5
19. Y _
dt
N = Ce  (Theorem 6.1)
(0,250): C = 250
(17 400). 400 = 250e" = k —_ hl ﬂ — ll’l
250
N = 2509'"(8/5)’ r 250047001
When ¢ = 4:N = 250241n(8/5) = 25031n(8/5)4
4
= 250[§) - 8192
5 5
20. @ kP
dt
P =Ce" (Theorem 6.1)

(0, 5000): C = 5000

5000¢* = k = ln(B)
20

]

(1, 4750): 4750

P = 500009720y SOOOe;°'°513’
When ¢t = 5, P = 50008!n(19/20)(5)

19y
= 5000(_) ~ 3868.905.
20

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

8

5

Section 6.2 Differential Equations: Growth and Decay

21,

22.

23.

1
Ck’: O,'—: 5’5
(0369

y =
c=1
2
— 1 kit
Y 23
5= les"
2
k= In10
5
y _l_e[(ln 05y _ _1_(1 O’/S) ory~ _1_60.4605:
2 2 2
kt 1
y=Ce, (0,4), (5, 5)
C=4
y = 4"
L 4%
2
In(1/8
k = —ris-/——) ~ —0.4159
y = 47041
y=Ce, (1,5),(52)
5= Ce* = 10 = 2Ce*
2 = Ce™ = 10 = 5C
2Ce* = 5Ce™*
2¢F = 5¢%
2z = gl
5

I
n

k

14
1 m(ij m(i ,
4 5 5

—i/4 1/4
C = 5e™ = 5e7MmCH) - 5(3) = 5(3)
5 2

5 \a
y = 5(5) e[1/4|"(2/5)]' ~ 6.2872 g~02291

577




578 Chapter 6 Differential Equations

. i 30. Because the half-life 15 1599 years,
24. y = Ce", |3,— ,(4,5)
2 _;_ = 1e4(15%9)
1 e =1 = 20 k= —l—ln(l)
) T 1599 W2/ '
5= Cett = 1 = lCe‘"‘ Because there are 1.5 g after 1000 years,
5 15 = Ce[ln(l/Z)/lS‘)()](lOOO)
206 = Lot C ~ 2314,
" 5“ So, the initial quantity is approximately 2.314 g.
10e* = ek When 1 = 10,000,y = 2.31 4Ln(/2)1599)10.000)
10 = e
= 0.03 g
k=110 ~ 2.3026
v = (o232 31. Because the half-life is 1599 years,
5 = (Ce23026(4) % = 1059
~ = 1 qpfL
C ~ 0.0005 k= hs (1)
_ 2.3026¢
y = 0.0005 Because there are 0.1 gram after 10,000 years,
In(1/2)/t599 |(10.000
25. Inthe model y = Ce", C represents the initial value of 0.1 = Cel"VI* Jro00)
C =~ 7.63.

y (when ¢ = 0). kis the proportionality constant.
So, the initial quantity is approximately 7.63 g.

26. v = % = ky _ When 1 = 1000, y = 7.63¢["(/2/152J0%0)
~ 495g.
dy 1
27. =27 32. Because the half-life is 5715 years,
1. k(5715)
% > Owhen xy > 0. Quadrants I and III. 2 = ¢
= 1 |
k = g5 In(3)
28. Y _ lx2 y Because there are 3 grams after 10,000 years,
dx 2 3= Ce[ln(l/z)/snsj(lo.ooo)
% > Owhen y > 0.Quadrants I and II. C = 10.089.
So, the initial quantity is approximately 10.09 g.
29. Because the initial quantity is 20 grams, When ¢ = 1000, y = 1 OOge[m(llz)/ms](moo)

v = 20e", ~ 8.94 g
Because the half-life is 1599 years,

10 = 2024159 33. Because the initial quantity is 5 grams, ¢’ = 5. o
: Because the half-life is 5715 years,
b = s n(d) ,,
2.5 = 5679

=2 [xn(l/z)/1599]1_ L
S0y = 20e k=55 ]"(2)'
3 - - [in(/2)/1599](1000)
When ¢ = 1000, y = 20e ~ 12.96g. When # = 1000 years, y = 5 Ln/2/5TISYI000) g 430 .

When ¢ = 10,000, y = 0.26g.

I

10,000 years, y = 5e[ln(l/?.)/ﬂ|5](m.ooo)
~ 1.49g

When ¢

]
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Section 6.2

34, Because the half-life is 5715 years,
= 1e46™)
1 1
= 575 n(3)
Because there are 1.6 grams when ¢ = 1000 years,
16 = Ce[ln(l/z)/ms](moo)

& N|—
|

C ~ 1.806.
So, the initial quantity is approximately 1.806 g.
When ¢ = 10,000, » = 1.806¢l"VA/571211000
~ 0.54 g

35. Because the half-life is 24,100 years,
L 1pk(24100)

2

= —L __n(L
k= 5w l"(z)‘
Because there are 2.1 grams after 1000 years,
21 = Ce[ln(x/‘z)/z4,xoo](|000)

C =~ 2.161.
So, the initial quantity is approximately 2.161 g.
When ¢ = 10,000, y = 2.161e["/2/24100J10.000)

=~ 1.62 g

36. Because the half-life is 24,100 years,
= 1gk(24100)

N|—

= i
k = 24,100 m(i)'
Because there are 0.4 grams after 10,000 years,
04 = Ce[ln(x/z)/z4,100](10,000)
C ~ 0.533.
So, the initial quantity is approximately 0.533 g.

When ¢ = 1000, y = 0.533¢l"(/2/24100](1000)

~0.52g.
37. y = Ce
Lo = Cekis)
Lc
= L 1n{dL
k= 1555 1“(2)

When ¢ = 100, y = Ce['"(‘ﬁ)/””](‘oo)
= 0.9576 C

Therefore, 95.76% remains after 100 years.

Differential Equutions: Growth and Decay 579

38,y =Cet
lC = Cet19)
2
k = ! ln[l)
5715 \2

0.15C = Col2/s715y

In(ljt
A2

5715
= 15,641.8 years

1n(0.15)

39. Because 4 = 4000e%™  the time to double is given by

8000 = 4000e%%

2 = e0.0(JI
In2 = 0.06¢

t = M ~ 11.55 years.
0.06

Amount after 10 years: 4 = 4000e°%N'% ~ §7288.48

40. Because 4 = 18,000e%%% the time to double is given
by
36,000 = 18,0002%%5

2 = 20.0551
In2 = 0.055¢

t = In 2 ~ 12.6 years.
0.055

Amount after 10 years:
A = 18,000e05M0 ~ $31,198.55

41. Because 4 = 750¢” and 4 = 1500 when
t = 7.75, you have the following.
1500 = 750e™7"
2 = 1T
In2 = 7.75¢r

= In2 ~ 0.0894 = 8.94%
7.75

1

Amount after 10 years: 4 = 750e"%%0% ~ $1833.67

42. Because 4 = 12,500e" and 4 = 25,000 when
¢ = 20, you have the following.

25,000 = 12,500e%"

. eZO/'
In2 = 20r

2

oo

= 0.03466 = 3.47%

Amount after 10 years:
A4 = 12,500e"%44%) ~ §17,678.14
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580 Chapter 6 Differential Equations

43. Because 4 = 500e" and 4 = 1292.85 when
¢ = 10, you have the following.

1292.85 = 500¢'%"

2.5857 = el
In(2.5857) = 10
In(2.5857
;- il%g_) ~ 0.0950 = 9.50%

The time to double is given by
1000 = 500005

2 = 009501
In 2 = 0.0950¢
In2

! =

= 7.30 years.
0.095

44. Because 4 = 6000¢" and 4 = 8950.95 when
¢t = 10, you have the following.

8950.95 = 6000e'%"

895095 _ 1o,
6000
1nf8950.95) _ |
6000
re L8509 600 gy
10 6000

The time to double is given by
12,000 = 6000e%%

2 = e0.0M
In2 = 0.04¢

= In2 ~ 17.33 years.
0.04

(12)(20)
45. 1,000,000 = P[l + M)

240
P = 1,000,000(1 + %J

~ $224,174.18

(12)(40)
46. 1,000,000 = P(l + 0—06-)

P = 1,000,000(1.005) ™" ~ $91,262.08

(12)39)
47. 1,000,000 = P(l+'99§J

0.08 -420

P 1,000,000(1 + —)
12

$61,377.75
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48. 1,000,000 = P(l + —
12

P

49. (2) 2000

2
In2

t

(b) 2000

In2

(c) 2000

In2

(d) 2000
2
In2

0.09 )(] 2)(25)

-300
= 1,000,000[1 + %%2)

~ $106,287.83

= 1000(1 + 0.07)
= 1.07"
= tIn1.07

In2
In1.07

=~ 10.24 years

121
1000/ 1 + wj
12

( 0.007)”'
=1+ —
12

12¢ ln(] + O—(EJ
12

In2
= ~ 993
121n(1 + (0.07/12)) your

3651
1000(1 + -wj
365
0 07 365¢
1+ ——
( 365 )
365¢ m(l + 95’1)
365
In2

= =~ 9.90
365 In(1 + (0.07/365)) yeur

1

1000(%97

= 00

0.07t
In 2

—— ~ 9.90 years
0.07

in whole or in part.




50. (a) 2000 = 1000(1 + 0.055)’

2 = 1.055
In2 =tInl.055
t = In 2 ~ 12.95 years
In 1.055
12¢
(b) 2000 = 1000(1 + 0'055]
121
. (1 L 0.055
12
In2 =12 ]n(l + 0'055)
12
1 In 2
t = ———o——————— ~ 12.63 years
1211{l 0.055)
365t
(c) 2000 = 1000(1 + -(ES—SJ
365

3651
5= (1 + 0.055)

365
In2 = 365¢ lr{l + 0'055)
365
1 In2
t = —————— ~ 12.60 years
365 ln(l . 0.055]
365
(d) 2000 = 10002%955
2 o Q0085
In2 = 0.055¢
t = n 2 ~ 12.60 years

0.055

51. (a) P = CeM = Ce™®0™
P(1) = 22 = Ce0) = C ~ 221
P = 2.21e700

(b) For 2020, ¢t = 10and
P = 2217909 208 million.

(c) Because k£ < 0, the population is decreasing.

52. (a) P = Cela = CeO.OZOI
P(1) = 82.1 = C®0) = C ~ 80.47
P = 80.47%020

(b) For 2020, ¢+ = 10and
P = 80.47¢%%) 98 29 million.

(c) Because k& > 0, the population is increasing.

Section 6.2 Differential Equations: Growth and Decay 581

53. (@) P = CeV" = Ce®%%
P(1) = 346 = Ce""0) = C ~ 33.38
P = 33.38¢%0%

(b) For 2020, ¢t = 10and
P = 33.38¢"9%9 ~ 47.84 million.

(c) Because k > 0, the population is increasing,

54. (a) P = Ce" = Ce™
P(1) = 10.0 = Ce™™0) = € ~ 10.02
P = 10.02¢000
(b) For 2020, = 10and
P =10.02¢790% ~ 982 million.

(c) Because k < 0, the population is decreasing.

55. (a) N = 100.1596(1.2455)’

(b) N = 400 when ¢ = 6.3 hours (graphing utility)

Analytically,

400 = 100.1596(1.2455)
12455 = —290__ 39036
100.1596

t1n1.2455 = In 3.9936
= In 3.9936 ~ 6.3 hours
In 1.2455

56. (a) Let y = Ce¥.

Attime 2: 125 = Ce"® = C = 125¢72%
At time 4.
350 = Ce® = 350 = (1258"2")(424")

14 _

?—e

2%k = 1n%

k= %ln 14~ 0.5148

C = 125¢7%
- 1258—2(1/2)1:.(14/5)

5) - 625
125(5) = & ~ 44.64
Approximately 45 bacteria at time 0.
= 625 ,(1/2)in(14/s) 0.5148
b) y=Fe n 44.64¢0514
(c) When ¢ = 8,

— 625 (2)m1458 _ 625(14)" _
y = SZMAPE - G514V < 9744,

(d) 25,000 = S22 = 4 ~ 1229 hoprs
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582 Chapter 6 Differential Equations

57. (@) B = Ce* =181e"

1
10k = o In{205)
205 = 181" = k = — 1n(m) ~ 0.01245
B ~ 181e%9%% ~ 181(1.01253)
(b) Using a graphing utility, £ ~ 182.3248(1.01091)’

(C) 300

0 . . . . .} 50

The model P, fits the data better.
Using the model B,

320 = 182.3248(1.01091)

320

——— = (1.01091)’
182.3248

_ In(320/182.3248)
© In(1.01091)

~ 51.8 years, or 2011.

20 = 30(1 - e3°")
30°% =10

30(1 _ e—o.oscse)

25 30(1 _ e—0.03661)

oosesr _ L
6
L LT days

—0.0366

e

Because the population increases by a constant each
month, the rate of change from month to month will
always be the same. So, the slope is constant, and the
model is linear.

(b) Although the percentage increase is constant each
month, the rate of growth is not constant. The rate of
change of y is given by

dy

"

which is an exponential model.

60. (a) Both functions represent exponential growth because
the graphs are increasing.

(b) g has a greater £ value because its graph is increasing
at a greater rate than the graph of .

= Cel = 106e" (t = 0 « 1920)

= 106 (%) = == = ook
1

n 133] ~ 0.01487
106

Lln(—IE
B =106 = 106e" L‘“J' = 106(1.01499)’

Using a graphing utility, 2 ~ 107.2727(1.01215)'".

350

ofl . oo v o o o o 100

The model A, fits the data better.

P = 400 = 107.2727(1.01215)

400

—— = (1.01215)
107.2727 :

in(400/107.2727)
In(1.01215)

=~ 109, or 2029,

P
{ =

62. A(t) = V()"
. 100,000¢%87 =019 = 100,000 ~010!

dA 0.4
2 - 100,000] == — 0.10 [08V1-010r
d [\/? ]e

a Owhen% = 0.10 = ¢ = 16.

dt Ng
The timber should be harvested in the year 2026
(2010 + 16).

Note: You could also use a graphing utility to graph
A(t) and find the maximum value. Use a viewing

window of 0 < x < 30,0 < y < 600,000.

63. A(I) = 101og,01i, Iy = 107
0 .

~14
@ B(107) = lOlog,o-——ig_w = 20 decibels
) 10°° ~ decibel

(b) Pﬁ(lo ) = ]Olog")lo—-‘é = 70 decibels

65 10705 )
(©) B(107%) = 10 logyg 7 = 95 decibels
“) = 10 logig L = 120 decibels
@ p(o*) =1 o170 = 120 decibels
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Section 6.3 Separation of Variables and the Logistic Equation

10(log,o / + 16)

64. 93 =10 10g1010—-—16— = 66.
6.7 = log;y [ = [ = 107%7
80 = 10 logyg oy = 10(logyo / + 16)
-8 =logg{ = i =107
67 _10-¢
Percentage decrease: (ﬁl—o_ﬁﬁj(loo) & 95%
65. Because @ _ k(y - 80)
at
| L - [k ar
y - 80
In(y -~ 80) = k&t + C.
When ¢ = 0, y = 1500.S0, C = In 1420.
When ¢ = 1, y = 1120. So,
k(1) -+ In 1420 = In(1126 - 80)
k =1In1040 — In1420 = In M
142
So, y = 14206709} go 67.
When ¢ = 5, y ~ 379.2°F.
68.
69.
70.

583

= = f({y - 20
o =y -20)
y =20+ Ce"  (See Example 6.)
160 = 20 + Ce*® = € = 140
60 = 20 + 140"
2 _ s
7 :
k= l ln(z) ~ —0.25055
5 \7
30 = 20 + 140/
5
1 e _ (Z)'/
14 7
In -]_ = .f. In z
14 5 7
1
S5h—
L R, dn 14 = 10.53 minutes
1 2 1 7
In = In —
7 2
It will take 10.53 ~ 5 = 5.53 minutes longer.
False. If y = Ce¥, v' = Cke" # constant.
True
False. The prices are rising at a rate of 6.2% per year.
True

Section 6.3 Separation of Variables and the Logistic Equation

1 Q-i 3.
d y
Iydy= jxdx
2 2
L:%-}-CI
y2_x2=c
dy_?:x2
2- 2;‘—72’“
Iyzdy—_{3x2dx 4
3
-);—: x o+

dy
“+S5y—==0
x ya!x
dy 2
Sy— = -x
Y
ijdy:f—xzdx
2 .3
WX ¢
2 3
159 + 2x° = C
ﬂ_é-—xz
dx 2y}
[25% ay j(é - %)
4 3
y——f:x-—-——-fCI
2
3+ 230 - 36x = C
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