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Horizontal Qrientation; (horizontal rectangles between graphs)

Upper bound
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Example 4: Find area of the region bounded by the equations on right: " “

‘) Find bounds: Find the point of intarsection between the 2 grapP’s
{by setfing equations equal, & solving for y).

1i) Identify the right and feft function

iii) Apply the Integral Area Formula
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" Non-AP Calculus Chapter 7.1: Area between Curves Classwork Worksheet

X2

Area = f (Top graph — Bottom graph),dx
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Writing a Definite Integral In Dxercises 1-6, set up the
definite integral that gives the area of the region.

>1.y1==x2—-6x )(()(-é)":, o | 2oy =+ 2+ 1 {f"‘(x{ éa“’wps:
=0 | Yoz Bk 5. C xHax+| = dx45
. .
X-4=0 .
(x«-z)(xn)to X=) wz |
w

4
2 o sl o 2
‘)(/ .»x+2x+3 = X 4)('{’3 4y, = [)ouuigw" X =X

O =% g
O=Ix(x-3\
X=0,3

Loy =ar—-4x+3
Vo=~ 2+ 3

o

‘2 : 7 '
A= j‘-—x2+2x+ 3~($<2*4>'<+3> 5Q><' _ Azj )(2" Xsoex

¢
.
3 ‘2" 3 ‘-
T e o [ e “’O
3 4 3 4 ( )
o]
) <11 [T
- S 4 ~|]a




X2

Area = f (Top graph — Bottom graph) dx

ety sty

hd

s

| /ICJSKX{X) '~Oc)q>< +\g\

"‘: . :f(xe"x)

[ x(x*-)=o
X () (K1)

Xzo ()

A, '
0~ 3(¢-x) dx

(4

-j:-i.‘ ;

|

%’lvww?.‘s?

L]

== (1)
X~l~(¥~l)330 |

ity

|

[)f“l )(‘f*x"+2y..13: A
(x~1) x)(2-x Y=o
X=],0,2Z -

Aren = S‘(xﬂg‘”(%'-»l) Ax + j‘x.,,..(x,,ﬁ&
O ' | |

e i

.....

o

7 N, !
/ G
i )
N




Area = f:lz(Top,graph —~ Bottom graph) dx

(,3 17. y = a* — 1, ymmx—%z

x=0, x=1
ﬂr&w ~*X+£Z (x —«I)ﬁ
‘0
y»x kQ."X +!oQ)X
al
J»x2;x+'3jx‘ft
¢ |
2
%+35<]0
';“ra)w (o~0+0D
— |13 |
e

Finding the Area of a Region In Exercises 17-30, sketchg
“the region bounded by the graphs of the equahons and find the)
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Finding the Area of a Region In Esercises 17-30, sketcl
the region bounded by the graphs of the equsttions and find ther1
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A.P. Calculus AB

Write an integral that can be used to find the area of the shaded regions.

7.1 Worksheet

No Calculators!
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Ch. 7.1b Area between Curves Area FRQ Graphing Calculator Practice Problems

I. Let K and § be the regions in the first quadrant shown in the figure above. The region R is bounded by the

t-axis and the graphs of y =2 — x and y = tan x. The region S is bounded by the y-axis and the vmphso

\r:”’~\ and y = tan x. %
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2) Let R be the region bounded by the graph of y = ™ 255 and the horizontal line y =2, and let § be the region

bounded by the graph of y = ” 25 and the horizontal lines y = 1 and y = 2, as shown above.
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Non-AP Caleulus Ch, 7.2a Volume: Disc Method Notes and Classwork problems Z" 3/‘
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Radius [R(x)] = distance from the AOR (Axis of Revolution) to the graph curve .
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7.2a Disc Method Practice Problems Worksheet ki? j

Disc Method: {Top ~ Bottom) Disc Method: (Right ~ Lefi)
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(expression(s) used above has form; “y = ¥ ) (expresslon(s) used abave has farm; “x= ¥ )

1. Let the region R be the area enclosed the function S () = 2x* the horizontal line y=8, and the y-
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2) Let the region R be the area enclosed the function f(x) = e* + 2, the horizontal line y=7, and the y-
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" Disc Method: (Top - Bottom)
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3) Let the region R be the area enclosed by the function f (x) = x5 12, the horizontal line y=2, and
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. 3{3‘%9__ K

i i ,

i 4

wrese§0 22 b | g
.

Gk g AT

e
- j*’:“’}L

R(x)= 2~ (2) =5

2
|  \/:.: WL[XBT;Qx

i 5
‘ \/“:a ‘ig% ‘*‘”"*iﬁtgg ]

- 5 b) rotated abomix:Z F(}c) pov ngﬁ_{-zl

4. Let the region R be the area enclosed the function f(x) = 2x3 , the horizontal line y=2, and the y-
axis. Find the volume of the solid generated when shaded region is

a) rotated about the line y = 2

4

Ve 0.39% wik’ [

o

b) rotated about y-axis
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Reviewing gic Method . Tustration of(Washer Method

;
i i 4, g 108 o i

| cente,
; " Radius [R(x)] = distance fraom the AOR (Axis of Revolution) to the further graph curve

radius [r(x)] = distance from the AOR (Axis of Revalutzon) to the closer graph curve V

' Washer Method:Volume = rrf[R(x}]z [r())2dx C?:?f SC’ %Om

| z
1% 2 it
e .
f [ﬁ@jﬁ[g@”;
Example 1: Fmd the volume ofthe solid created enclosed region of y=x? and y =[x revolvmg about
the x-axis {i}ﬁj i
AR 9= R6)= J"‘” -(0) - J‘”‘
[ 57 ((x)= x -(0) =

V=n [f] [jo@:f

V*‘* 037* o ol z,m?{:ﬁ
“"’% !
Example 2: Flnd the volume of the solid created by revolving the function y=x*+ 1 bounded by the line

y= Zre’\iolveiii;boutthexaxm M%fﬁéﬁj 5 ’R(X ) (Q (O) . ‘2
) ((x)=xt(-(0 )= x|
. ’{“r“é fmlm«cﬁ»n(éawaox) A ,




Radius [R(x)] = distance from the AOR (Axis of Revolution) to the further graph curve .

radius [r(x)] = distance from the AOR (Axis of Revolution) to the closer graph curve

Washer Method:Volume = 1 f [RG)]? ~ [r(x))?dx
% '
Example 3: Find the volume of the solid created by revolving the function'y = %% + 1 hounded by the line
Q y =2 and the y-axis about the liney =4

T heeds g Lowy,

d, . i
Xz

Wgﬁ Ve /wé’#%‘*?
( Rig . [é#ﬁ) y

i Change

Example 4: Find the volume of the solid created anclosed region of y =x% and y = Vx revolvmg about
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7.2b Volume - Washer Method Practice

e

Problems Worksheet

Washer Method: (Top — Bottom) -~ Vertical Radius

Vo= n_fxz[zecxﬂ ~ GO dx

(expression(s) used above has form: “y = N )

Washer Method: (Right ~ Left ) — Horizontal Radius
Y2
Ve [ TROIE ~ 1Oy
vy

1) Let the region R be the area enclosed the the function f(x) = +x — 1, the horizontal
line y=1, and the y-axis. Find the volume of the solid generated when the region is

a) revolved about the line y = -3

M Wlsher Methed
2t e

K-z |

3

HAOR -
=3 (5

RG= 1~ (-3) = 14
)= % = (- (9) =R 42

< jm [Fea] i
(\/ 196677 units’ {

st e s s g

TREY

1 )
(expression(s) used above has form: “x = * )

b} revolved about the line x = - 1
i

R(j) (jﬂ) (,)
rly)=0-(C)) =

jw)g—r 1

2) Let the region R be the area enclosed the the function f(x) = 3 ~ x? the line y = -2. Find

the volume of the solid generated when the region is:

a) revolved about the liney = 3

¥ V\/Qb ({2 M«?#)ﬁrf

b) revolved about the liney = -2 o
| ¥ Disc Methoo] =3
Aok " o g ,.
U3 (3 o ol R(x)= 3-x"-(-2)
R)= 3-(-2) =5 =57 \
rix)= 3*(3%) = x° \/awf afé"wx_j R S -

%“F} w? fﬂ"‘?u’é’c"‘f%’t (Zb‘*"’“iﬁ) " Vzﬁ i%i}f ’ / \ e
3%%%@} Wmi:ww &6 A
FE (vl (] T

*JE=x — = X=4)5

V=3 /

gt
Ly K Washer Ma’?% ool '

;o et =g

y‘(ﬁ W/l 7 :&1 p 5"'(5“1L ‘B :(J;)

%“‘““‘M«WX:: R Z

xi”"\g () X=o (j "



WasherMethod (Top Bottom) VertlcaIRadlus

WasherMethod (nght—Left) Horizontal Radius '

Vo= ﬁ] TRCOV — [r()]? dx

wnf[mw

r('y)lzdy -
] (expression(s) used above has form: “y=__ ") | (expression(s) used above has form: * Y 1}
3) Let the region R be the area enclosed the function Flx) =Inx -2 and g(x) = x — 4. Fmd the
volume of the solid generated when the region is:
¢ Hia ge?r , #Wﬁb A
a) revolved about the line y =2 PMaeth qge b) revolvedi about the linex = —1 Meh «f mj
p Aol
Ny « ~ :
] ,(\ f{)@) 13 Aok yzo %ﬁs?g oy o
v«wr’ﬁ.‘a i ) & W«W s . St ’a j wé;», ‘ ,‘1 - F
A M F},,,,,{? m’)‘?rsec‘hbny

ﬁ(x} d- (X 4) A~xth=
r(x)= d-(hx-2) =2 ,gax'#ﬂ 4 /gm

3044 Y
%{‘,Nj é uun/,s J (6*) - [ 4%%_) afg)( e
: set fx-2= X~ | o8 N
%= 0U59E, X354 T 1 i
; a) revolved about the line x = 5 w=h |
Wivesher Me ﬁw«/{ y ‘ JL»
A I
~g = ;{ﬁ“‘ b
heas x‘*’f -

Let the region R be the area enclosed by the functlon f (x) = x% + 2, the honzontal ’
line y=2, & the vertical lines x=0 & x=4. Find volume of the solid generated when reglonib :

k"’"““ J '

%p nJ m‘fwm’ﬁwv R(‘S 5 J -k

(‘fﬂ) 5‘»(4)4
~ ng“’:“"%-w 209
V{1

ey 4t
4= »0353 NG ~5.941
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b) revolved about the line x = 4 g
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AP Calculus Ch. 7.2¢ Volumes with Known Cross Section

Cross-section is the shape that results if we cut the object in half and look at the resulting shape

sideways:

Disc Method Washer Method

Ix),

V= nj[Area of cross section] dx

The volume problems we have covered so far(Disc, Washer) have involved taking the shaded region and rotate it
about a center, (AOR), resulting in circular Area, either Area = n[R(x)]? or Area = m[R(x)]* — [r(x)]?

Now, we still have a shaded region, but now it will act as the base of the 3D object. We will now build the cross-

section area on top of this base. (no longer rotating around an axs)

Starts
Hage Is a quarter
of a elrole of tadlus 1.

<

Top-Bottom Vertical base
Xz
V= | [Areaofcross section]dx V=
Xq, '
*Note: All values In Integral are in terms of x

V1

Right-Left Horizountal base
Ya

[Area of cross section]dy

{In the form of “y = ") (Intheformsof “x = "

*Note: All values In integral are in terms of y

Areas formulas for for Cross- sections;

1. Square: A = (base)* | 2. Isosceles Right Triangle (leg on base)

3. Isosceles Right Triangle (hypotenuse on

A= ~(base)z base): 4 = % (base)?
4, Rectangle: . . L 2 & Semicircle: A = = (base)?
, s i ' = f L MM
A = (base)(height) 5 Equilateral Triangle: 4 5 (base) g

Example 1: Find the volume of the solid if the base is bounded by curve y =

quadrant) and the cross sections are squares parallel to the y-axis.

M"g“'r“ base = JTex? -0 = JTox*

( Top~ Bthon)

Hrea = (Mf;g) (J/ xz)

V1 —x2,y=0,x=0 (inthe first

\/=

\/ “Jz«z]oﬁx

VX,

M o Mx

|- £

.
.

“‘5; (jrﬂl”ﬁ{




o A Top-Bottom Vertical base
V= f [Area of cross section]dx

*Note: All values in Integral are in terms of x

Right-Left Horizontal base
¥
V = | [Area of cross section]dy
LY.
*Note: All values in integral are in terms of y

(equations in the form of “y =) (equations in the formof “x=___ "}

Areas formulas for for Cross- se(,:,tigns;

| 3. Isosceles Right Triangle

2. Isosceles Right Triangle (leg on base): ]
(hypotenuse on base): A = ;15 (base)?

A= 5 (base)’

" 4, Rectangle: '
A = (base)(height) g Haquilateral Trian, 1

. Square; 4 = (base)? |

= (base)Z ' ,§§"HL19,LL<21§ A= ;%:(’ba'sé)z

Example 2: Find the volume of the solid if the base is bounded by the curve y = x* and the line y = 4 and
the cross sections are isosceles right triangles whose hypotenuse lie on the base and are parallel to the x~ax1&.

[y!&(,(hjf'\{ e’Pf;) \/E (‘[5) «Qr] 4‘j j

, f}‘”““’ V f 4y “’“f $0s8
{\/ EVUW& }

Examgle 3: Find the volume of the solid if the base is bounded by the curve y = x* and the line y =4 and the
cross sections are semicircles whose base are perpendicular to the y- —ax1s y
Aré’c\ 9 j

l)dfc’(rv}u ‘Q{\{) J?j (*f) Q\)?[ v \/
. » | i#’
‘%@ 3 j

| i {S/) = 1’{'71“ W’;@{gi’g“

Examg le 4: Let the region R be the area enclosed by the function f(x) = Inx and g(x) = %x =1, If the
region R is the base of a solid such that each cross section perpendicular to the x-axis is an isosceles right
triangle with a leg in the region R, find the volume of the solid. ‘ o

lmse(ﬁ[\ Lo\t‘(’avr\) /g’l)k ( )

A dse = /) X - &x + | Y [

r"d; 9\(545;) ~ z(fhx X*‘)
-k 5.35%
Ve | Dhtbe = V= b

j V=043
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XY= o4y

x= 5357
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Right Triangle with hypotenuse on the base

Right Triangle with leg on the base







