CHAPTER 7
j Applications of Integration

Section 7.1 Area of a Region Between Two Curves

4= o= (2 - o = - [ - o) o, P[£-5)- 2]
2. 4= j_zz[(Zx +5) = (x* + 2x + 1)] dx \
= .[_22(—)62 + 4)dx :‘_

304 = [+ 20 +3) - (2 - 4x+3)]ax !

J.: (—2x2 + 6x) dx e
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© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




622 Chapter 7 Applications of Integration

23. The points of intersection are given by: 25. The points of intersection are given by:
Ny : 2 _
Vx +3="2x+3 yvio=y+2
12 (y-2)(»+1)=0 wheny = —1.2
Vx = —x
2
X = % when x = 0, 4

26. The points of intersection are given by:
24. The points of intersection are given by: 2y -y = -y
Yro1 = x -1 Wy =3)=0 wheny = 0.3
.\'—l=()(—l)3 =x ~3x + 3x - |
¥ =3x*+2x=0

x(xZ - 3x + 2)

]
<

x(x = 2)(x - 1)

1l
<

when x = (0.1, 2
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4= [10) - )] @
f; [(2" - v~ (—.V)] dv
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27.

A= [ [r) - a)]av
- [ (v +1) - 0] dy
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Section 7.1 Area of a Region Between Two Curves 623

28.
i 29, y = 10 = x = -]—Q
x y
' a= 10
y
= [10mn y,
= 10(In 10 — In 2)

N

10In5 ~ 16.0944

4= [[/0) - g0 @

_ JS[ y ~0|ay 30. The point of intersection is given by:
o116 -
’ / | | 2 it
_ 13 ) -1/2 - X
B _5»“0 (]6 B ) (—Zy) b 4 - 4=90 when x =

3
=[—4/]6—y2] =4-J7 ~ 1354 .

0

A= I;(4~2ijdx

=[4x+ 4m|2 - x[l:)

=4-4In2
~ 1.227
31. (a) 1t
\
. ”Lls, (.1
~6 = - 12
(b) The points of intersection are given by:
X = 3x% + 3x = x?
x(x-1)(x-3)=0 whenx=0,1,3
1 3
A= [ [/(x)-g®)]dx+ [ [alx) - f(x)] s
= J: l:(x3 -3x% + l3x) - xz] dx + Ls[xz - (x3 -3x + 3x):| dx
. 4 ) . 3
= Il(f ~ 4x? +3x)dx+ r(—f +4x2—3x)dx= N R 2 N G S S B ) [ N LA
0 1 4 3 2 4 3 2 4 12 3 12
(c) Numerical approximation‘: 0.417 + 2.667 ~ 3.083
32. (a) (b) The points of intersection are given by:
x* = 2x% = 2x°
xz(x2 - 4) =0 whenx =0,+2
4
2
2 o T . ) N A N k- o e
4= 2]0[2): ~(x —2x)]dx-— 2 (452 - x%) ax = 2[7-—5—0 ==

(c) Numerical approximation: 8.533
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624 Chapter 7 Applications of Integration

33. () f(x) = x*

-4x% g(x) = x* -4

(b) The points of intersection are given by:

¥ —4x? = x* -4
¥ =5xT+4 =0

(xz - 4)(xZ - 1) =0 when x = +2, +1

By symmetry:

A

i

1

5
2{"—
5

5x°

2 [(x* - 4x?) - (2 - ] ax+ 2[7[(x* - 4) - (x* - 4x?)] dx

2 (x - 532+ 4)ax + 2[}2(-.’(4 +5x? - 4)dx

3 1 5 2
~5i+4x +2—X—+~——4x
3 o 5 3 .

|
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(¢) Numerical approximation:
5.067 + 2.933 = 8.0

34. (a) (-3, 0)

18

(b) The points of intersection are given by:

xt -

2
x* - 9x? = x3 - oy

-9 +9x =0

x(x = 3)(x = (x + 3)=0 whenx =-3,0,1,3
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LB, 6861
20 5 10

(¢) Numerical approximation: 67.7

]
1
w
—
=
[y
|
o
for
~—
|
=
S
|
el
=
[S)
| S—|
+
L=
—
=
EN
i
Nel
¢
[
~—
I
—_—
=
[
I
Nel
L
+
[Ie—
—_—
=
§
Nel
\k/
!
—_—
1%
EN
1
el
=
(%)
—

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

)

//—“\
N

C




Section 7.1 Area of a Region Between Two Curves 625

38. 4

3. @ 5 — I_’Z:Z (cos 2x - sin x) dx

#[6

yun2ns o]
—sin 2x + cos x
2 -nf2

2

T = [% +\/§J - (()) = -?# ~ 1.299

(b) The points of intersection are given by:

1 x*

1+ x2 2

X +x2-2=0

(x2 + 2)(x2 - 1) =0 whenx = %I
] .
= 2fo[f(x) - g(x)] dx
1 l xz
- 2I°[l + 7:|dx
#/3
. . 4= 2[[f(:) - o)
= Z[arctan x - i—:! A
6], =2J.0 (2sin x - tan x) dx
= 2(% - %) = 12['— % ~ 1.237 = 2[—2 cos x + In|cos x[l;r/3 =2(1-in2)~ 0614
(c) Numerical approximation: 1.237 1 .
ad
36. (a) - 3 " (£.v3)
1+ 4 U
Z;I / (0,0 {.‘-
1 \\
6 - A.;p.(._.%-_ ")
3 X .
b) 4 = - 0{dx 4
(®) I" lixz + 1 ] !
= [3 In(x2 + l)]z _
! X X
=3In10 40. 4 = IOI:(\/E—4)x+-4—secTtan—4—:|dx
~ 6.908 1
-4 2 4 X
(c) Numerical approximation: 6.908 = x4 + 4x - Py sec T:;
0

37. A

I:" [(2 ~ cos x) ~ cos x| dx

ZJ':”(I - cos x) dx

It

2x —sin x|}" = 47 ~ 12,566
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626 Chapter 7 Applications of Integration

o, 0y

A

(b)y 4

J'”(2 sin x + sin 2x) dx
0

n
[—2 cos x — % cos 2):]0

=(2-9)-(2-9-

(¢) Numerical approximation: 4.0

44. (a) e

(b) 4

Io” (2 sin x + cos 2x) dx

~2cosx + Lsin2x]| = 4
2 o

(c) Numerical approximation: 4

)

' (b) 4= j‘f}‘?e:/xdx

-]
=e - e

(¢) Numerical approximation: 1.323

46. (a) =

!54111)(
]

(b) 4= dx

X

[2(In x)z]:

= 2(In 5)°

(c) Numerical approximation: 5.181

47. (a)

(b) The integral

3 X 4
4= dx
ON4-x
does not have an elementary antiderivative.

(€) 4~ 47721

48. (a)

(b) The integral
4= J: \/;e’ dx

does not have an elementary antiderivative.
(c) 1.2556
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Section 7.1 Area of a Region Between Two Curves 627

49. (a)

()

(b) The intersection points are difficult to determine by hand.

(c) Area = J:[4 cos x — xz] dx ~ 6.3043 where ¢ ~ 1.201538.

50. (a)

(b) The intersection points are difficult to determine.
(c) Intersection points: (~1.164035, 1.3549778) and (1.4526269, 2.1101248)

4= 1 4526269 [V3+ 5 - x*]ds = 3.0578

—1.164035

x 2 N 2
S1. F(x)= Io[%t"'ljdt =|:%+t} .—_.J.;_.,.x

[+]

(@ F(0) =0

15
a

(®) F(4) = =+ 24) = 2
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628 Chapter 7 Applications of Integration

4 . ¥ N
53. Fla) = | icos-@—gde = [—z—sin ”7‘9] = 2gpm@ 2 4. F(y) = [ 4" dx = [8e7?] R
- L7 -

55.

56.

@ F(-1)=0

N
i

N
il
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V8
@ F(-1)=0

v

(b) F(0) =8 -8e"? ~ 3.1478

Ll =19 - -9 ar v (15410 - - 9]

[[(@x-7)ax + [(-2x + 21) e = (35 = 7]+ [-2a2 4 25 =747 =14

6+(54—27)-(36—12)
6+3=9
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59.

Section 7.1 Area of a Region Between Two Curves 629

" Left boundary line: y = x +2 & x'= y -2

i Rightboundary line: y = x -2 & x =y + 2
2

4= [ [6+2-(-2)]a

= [ad =[], =8-(-8 =16

4 = j; [2x - (-3x)] dx + j:[(—zx +4)- Gx - %ﬂ dx

5 45 45 5 15
= |-t =+ - =

2 4 2 4 2
_1s

2

Answers will vary. Sample answer: If youlet Ax = 6and n = 10,b — a = 10(6) = 60.

(a) Area =~ 5(9190—)[0 +2(14) + 2(14) + 2(12) + 2(12) + 2(15) + 2(20) + 2(23) + 2(25) + 2(26) + 0] = 3[322] = 966 ft*

(b) Area = —T0 + 4(14) + 2(14) + 4(12) + 2(12) + 4(15) + 2(20) + 4(23) + 2(25) + 4(26) + 0] = 2[502] = 1004 £

3(10)

60. Answers will vary. Sample answer: Ax = 4,n = 8,b — a = (8)(4) = 32

61.

(a) Area » 53(%)[0 + 2(11) + 2(13.5) + 2(14.2) + 2(14) + 2(14.2) + 2(15) + 2(13.5) + 0]

= 2[190.§]
= 381.6 mi’
(b) Area ~ %[0 + 4(11) + 2(13.5) + 4(14.2) + 2(14) + 4(14.2) + 2(15) + 4(13.5) + 0]
4
= 3[296.6]
= 395.5 mi’
/() =%
I(x) = 32

At (L 1), f'(1) = 3.
Tangent line: y =1 =3(x - 1)or y = 3x - 2

The tangent line intersects f(x) = x’at x = -2.

A= J‘_Izl:x3—(3x—2)]dx=[§f-§+2x]l_2 - =
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630 Chapter 7 Applications of Integration

62. y=x -2 (-1
¥y =3x2-2
Y =3-2=1

Tangentline: y -1 =1(x +1) = y = x + 2

Intersection points: (-1, 1) and (2, 4)

a=[lx+2)- (@ - 2]ar = [2(x 4 35+ 2)an
4. 2.2 2
= _x_+_§L+2x =[(—4+6+4)—[—-‘—+3—2) =27
4 2 " 4 2 4
63. f(x)= !
241
2x
e — :
(x2+1)2
1 1
A 15_5 ,] = o——
(13 0=
Tangentline:y—l=—-]-(x—l)orv=-lx+1
2 2 . 2

The tangent line intersects f(x) = at x = 0.

x% 41

2 1 _
A= I] -—l——— —lx+l) dx = arctanx+f—-—x =z 3z0.0354
ol x? +1 2 4 o 4

o —-16x
h 2
(] + 4x2)
1 -8
Y -] = = —-2
1)-7
. 1
Tangent line: y -1 = -2} x - 5
y=-2x+2

Intersection points: (%, 1), (0,2)

2 2 12 1 T 3
A= IO [] 7 (-2x + 2)} dx = [arctan(Zx) +x? - Zx]o = arctan(1) + i 1= T 1" 0.0354
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Section 7.1 Area of a Region Between Two Curves 631

65. x* —2x* + 1 <1~ x?on[-1,1]

You can use a single integral because x* — 2x* + 1 < 1 - x%on [-1,1].

66. x> > xon [~1,0], x* < xon [0,1]

Both functions symmetric to origin.
J02 - 5) e = = [y - )

Thus, | (x* - x)dx = 0.

2 4 |,
67. (a) J: [v,(t) - v2(t):| dt = 10 means that Car | traveled 69. A= J‘: (9 - xz) dx = 36
10 more meters than Car 2 on the interval 9-b _2) =
) more me |0 - ) - blax =18
NCa
j:o[v,(t) - vz(t)] dt = 30 means that Car 1 .[o [(9 - )~ xz] dr =9
K) traveled 30 more meters than Car 2 on the interval PN N
0<t<I0. O-bx-=| =9
0
30
-‘zo [v, (- vz(t)] dt = —5 means that Car 2 2 (- b)3/2 -9
traveled 5 more meters than Car 1 on the interval 3 :
20 < ¢ < 30 (9_1_,)3/2=2
(b) No, it is not possible because you do not know the 29
initial distance between the cars. 9_ph =01
4
(c) At ¢t = 10, Car 1 is ahead by 30 meters. 9
(d) At ¢ = 20, Car 1 is ahead of Car 2 by 13 meters. b=9- ‘;’Z ~ 3.330

From part (a), at ¢ = 30, Car 1 is ahead by
13 — 5 = 8 meters. 4

68. (a) The area between the two curves represents the
difference between the accumulated deficit under
the two plans.

(b) Proposal 2 is better because the cumulative deficit WA = ;
. =6/ -2 2 A
(the area under the curve) is less. NETE B (NTTE B
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632 Chapter 7 Applications of Integration

i
70. o =2 f: (9= x)dv = 2{9\‘ - ‘7} = 81
2,
0h 81
ZJ.“ [(9 - x)- b:] dy = Bl
o-h 81
20 H- = &
T g
O by -12| =&
h!:(() o 2 Jo 2
©-b)9-p) =2
2
9
T
9
b=9-—— ~ 2636

NG

71. Arca of triangle O-15 is 71(4)(4) = 8.

It

2
- o

4= [ - ) = {4.\- - L} da-L
a* -8u+8=0

a=4+2V2

Because 0 < a < 4.select a = 4 - 2\/5 1.172.

&

e 1

72. Total arca

J:ﬁ (4-27)dv = 2'[”:‘(4 ~ )

fogl-493 O

I
I

. 33
16 = 2".4 VA - xdx = ~i(4 - .\')]/2:|J = i(ti - a)R/:
3 u 3 .3
d=(4- a)i‘/: |
4P gy
a=4-4" 148

”

73. "Al'ilx_]]n z (.\-‘ _ X;) Av

1= 1

()
Ny
M Ii"moz (4 - 57} ax
RYEFY i1
] 4.
‘where x, = =2 + iizmd Ax = —is the same as
n n
3172
: 2 32
_[ (4 - .\") dy =y - | =22
2 34, 3
75. R, projects the greater revenue because the area under
the curve is greater.
20
2 581) - (7.2 5
[ (7214 0580) - (7.21 + 0.450)] i
5720
2 0.13¢° - )
= J._”().BI dr = [————J = $11.375 billion / \
15 2 {
< s N
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Section 7.1 Area of a Region Between Two Curves 633

76. R, projects the greater revenue because the area under the curve is greater,

) [I25°[(7.2| +10.261 + 0.026%) = (7.21 + 0.1¢ + 0.01¢2)] ar

- f;’(o.on2 + 0.16¢) di

~ $29.417 billion

{0.01:3 0.16:2]”
= 3 +

15

77. (a) y = 0.0124x* - 0.385x + 7.85

(b) ¥ ' (c) ¥ (d) Income inequality = J.oloo[x ~ ] dx = 2006.7

Percents of @t income
Percents of total income

M40 6 80 R
Percents of Tamilics Percents of famifies

78. 5%: P = 15.9¢%% (in millions)
3.5%: P = 15.9¢°%%  (in millions)

Difference in profits over 5 years:

5 s ) 200sI 003 5
o (R = Pyde = [[159(e - &™) dr = 159 T ~ $3.44 million
’ ° 0.05  0.035),
e [¢s 1 5.5
> 79-(3)A=2Io(l—gx/S—x)dx+L'(l—O)dx]
-2 [x v s - x)3/2]5 . [x]S'SJ
9 5
0
=25~ IO;E +55- 5] ~ 6.031 m2

(b) V =24 ~ 2(6.031) » 12.062 m’
(c) 50007 ~ 5000(12.062) = 60,310 pounds

80. The curves intersect at the point where the siope of y, equals that of y,, 1. -
1

yz=0.08x2+k:>y'2=0.16x=1=>x=(—)—lg=6.25

(a) The value of & is given by

h =X
6.25 = (0.08)(6.25)" + k
k = 3.125.
6.25
(b) Area = 2“'0 (32 = »)dx

2 j:‘” (0.08x* +3.125 — x) dx

3 2 6.25
2 Q08X | 325y - X
3 2

0

(
N
]

2(6.510417) ~ 13.02083
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634 Chapter 7 Applications of Integration

81. Line: y = ;—3x
z

4= J.Wé sinx+£ dx
0 Tz

3x2 Trf6
= I:—COS X + I——:l

a 2 a
82. 4 =4["p l—x-zdx=ib—_[0\/az—x2dx
a a

2

_f: Va? - x? dx is the area of%ofa circle = EZ—.

83. True. The region has been shifted C units upward (if
C > 0), or C units downward (if C < 0 ).

84. True. This is a property of integrals.

Section 7.2 Volume: The Disk Method

3

LV =af(x+1)]a

W
<
i
8N
m—
IS
—
S
%
B
It
3
e
=
&
I
| ——
i
o
]
>
N

1
ﬂjg(x2~2x+l)dx=ﬂ[-J;——x2+x:! =§

85. False. Let f(x) = xand g(x) = 2x — x%, fand g
intersect at (1, 1), the midpoint of [0, 2], but

L1760 -g(]ax = [2[x-(2x-5)]tx =2 2 0.

86. True. The area under f(x) between 0 and 1 is + The

/

. /3
curves intersect at x = 7 and the area between

y = (] - %Vj)x and fon the interval [0, -;-]/3] is 5.
87. You want to find ¢ such that:
J'ob [(Zx - 3x3) - c] dx =0

[xz - %x“ - cx:l

b* = 3b* ~ch = 0

b
=0
0
But, ¢ = 2b - 3b* because (b, ¢) is on the graph.
3 -
b* ~ 2b* — (26 - 36°) = 0
4-3p2 -8+ 1202 =0
9%? =
b =

C =

ol vk
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