634 Chapter 7 Applications of Integration

81. Line: y = %-ix 85. False. Let f(x) = xand g(x) = 2x ~ x*, fand g
4 ) z intersect at (1, 1), the midpoint of [0, 2], but

A= Io7nl6 |:sin x + %J dx I: [f(x) _ g(x)]dx - J'OZ[X _ (2x _ xz)]dx _ _g_ £ 0.
3527770
= [—COS{X + ﬁ"]

7|, 86. True. The area under f(x)between 0 and 1 is %. The

_ \/3 + VE 4 ‘1 curves intersect at x = %W, and the area between
2 24 .
~ 27823 y = (] - %Ils)x and fon the interval [0, %]/3] is 3.

a 2 a 87. You want to find ¢ such that:
82 A=afbfi-Z g = 27 )
0 a a-° J.[(Zx—3x3)—c:|dx=0
. 0
r\/az—xzdxistheareaoflofa circle=1q-2-. 2 _ 3.4 ”_0
0 4 4 [x - g% —cx]0 =
b = 2p* —ch =0
But, ¢ = 2b — 3b” because (b, ¢) is on the graph.
2 3,4 EAV
b~ 26* — (26 - 36°)b = 0
4-32-8+1202=0

9? = 4
_ 2
b=3
c=4%

83. True. The region has been shifted C units upward (if
C > 0), or C units downward (if C < 0).

84. True. This is a property of integrals.
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x5 8 2
(x4—8x2+16)dx=7z——-—-+16x -
5 3

2. V=7tj.02(4—x2)2dx=n_[z

0

) 4
3.V = ﬂj':(\/;)zdx: 7rfxdx= ﬂ[fzz-] = IST”
: |
3
4 V=7z'_‘-3( 9—x2)2dx=7rj‘:(9—x2)dx=7r[9x——i:' = 187
0
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Section 7.2 Volume: The Disk Method 635
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5 11) 55 f
Ver J’( 16 - y )dy=7zj0(16—-y2)dy
2
X
6. 2=4—— 34
4 =7{16y_y_:| _ 1287
8 =16~ x 3L 3
2=8
* 9.y=.x2/3=>x=y3/'2
x =22 o
_ o322 _ 1, I A
AL (PR P V_”J“’(y)dy_”j"ydy_”[“}o—“
T A T e

10. V = ﬂ_[: (—y2 + 4y)2 dy = ”.[14(3’4 -8y% + 16y2) dy

s 13T
=”l___2y,4+16y =4597r=1537z
5 3] 15 5

_, [128\/— 22 24\/—]

4482
= 3
15

=~ 132.69

. y=+xy=0x=3
(@ R(x)=~x,r(x)=0

/o[ e o 2] 22

() R(y) =3,r(y) = »*

T P R P

=”[9\/—__z_\/§-]=36\/-3_7t
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636 Chapter 7 Applications of Integration

(©) R(y)=3-)Lr(y)=0 x
) N R N Ry
- 3
= 71'[9)1 -2y + ISiJ = ﬂ'[9\/§ 6/3 + 9\/_J
_ 2432

5
@ R(y)=3+(3~5")=6-y%r(y) =3

V=;zJ' [6 »? -32}dy=7rjf(y4—12y2+27)dy

0

3

5

ﬂl:y? -4y + 27yJ = [9\/_ 1243 + 27\/—}
0

84/37

12, y =2x%, y =

@ R(y) = () R(x) =8 r(x) = 8- 2x?
v=x['[6a~(64-325 + 4x)] dx
V = = 167 (; .
=] (32x* - dx')aix = ar [ (852 - x*) dr

) 2

o = 47r[§x3 - leJ
3 . B 3 5 . N

s _ 8%z SR

) 15 A
e S ol
(b) R(x) = 2x%, r(x) = 0 | R

@ R(y) =2-y/2,1(y) =0

e )
i ﬂf( \/i+5de

It

fl

: 8
| 42 32 167
=gldy - XZy¥2 X | 0T
" %f . [y 37 7| 3




13. y = x%, y = 4x - x*intersect at (0, 0)and (2, 4).
(8 R(x)
vV

4x - x%, r(x) = x*

ﬁj: [(4;{ - xz)z - x“:| dx

= III:(|6X2 - 8x3)dx
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14. y = 4+ 2x - x*, y = 4 — xintersect at

15.

(0,4) and (3, 1).

(@ R(x)=4+2x-x% r(x)=4-x

14

]

ﬂj': 1:(4 +2x - xz)z - (4 - x)zzldx

2 (2 - 42 - 537 + 24x)
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() R(x)=(4+2x-x*) = Lr(x) = (4-x) -1

14

= ”Ij[@ + 2x — x2)2 -(3- x)z] dx
= ﬂj:(x“ - 45 - 3x* + 18x) dx
5 3
=ﬂi:L—x4—x3+9xzj! - 1087
5 . s
) (“\
i
; o
1

[ U W,

}
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t
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R(x) =4-xr(x)=1
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It

7fo[(@ -2 - 0] ax

nj;(xz ~ 8x +15) dx
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638 Chapter 7 Appiications of Integration

16. R(x) = 4 - —, r(x) =0

31 24 9
:][J’ »-—————~2-
o1+ x (]+x)‘
3
24ln'1+x|+ ‘ ? J
L + x],

[(24 In4 + z] 9]

J

20.

v =) - - see )@
= _[:/3 (8 sec x — sec? x) dx

= 7r[8 in,sec X + tan x| - tan x]m

= [(8In}2+\/_1 V/3) - (81n]1 + 0] - )}
=n[81n(2+\/§)—\/§Jz27.66

R =5-vr(») =0

b= Jrf:(S - y) ay
= nv[:(25 - 10y + yz) av

37
[25\/-31} +1v—
3

[100 - 80 + 94
3
1247

3

y=3-xx=3-y

Ry)=5r(y)=5-3-y)=2+y

'=7r_|.[ 2+v]av

.-nJ' v -4y + 2)dy
Y‘g :
=7r;t~2y3+2ly A
3 , 3
)
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21 R(y) =5-y%r(y) =1 23.
V= nj_zz[(s - ) - 1} dy
= 2;zj’02[y4 ~ 10y + 24] dy
5 3 2
P A L)y
5 3 S

22 xy =3,x =

4

n
N

25y —2—301ny]
y |

—[IOO - % - 30‘ In 4) -(25- 9)j|

=7 % -30 ln4] ~ 126.17

N
N

24.

25.

: 26.

R() = = r(x) = 0
=l ()
- ”I:xll

R(x) = x4 - x*,r(x) =0
V= ZWI:(xm)zdx

= 271'_[02(4x2 - x“)dx

3 572
P
3 54,

R(x) = = r(x) =
= 2 P(L) a
! (xJ
]
]
R(x) = —— r(x) =
==l

dx = 7r|:ln|x+ IUZ =

Section 7.2 Volume: The Disk Method 639
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640 Chapter 7 Applications of Integration

27. R(x) = e, Hx) =0

V = ”I; (e—-\')2 dx V = 71'".:(@"./4)2 dx
el | ofona
= [_Ze—z.\}' - ”[22"'/2]2

2 ' = 7(2e* - 2) ~ 119.92
= f(] - e-z) ~ 1.358
2
29, 4l=-xr+2x+5

2x* - 2x -4 =0

X -x=-2=0

(x=2)(x+1)
The curves intersect at (-1, 2) and (2.5).
wf|(5+ 20 2) - (v 4 ) Jar e ]G+ 0 - (50 20 - 5) | s

nj'oz(-4x3 - 8x2 + 20x + 24) dix + n[;(ztx’ + 8x% - 20x - 24)

1]
(=)

14

]

]

3

n

2
ﬂ[—x“ - §x3 + 10x* + 24xJ + n{x“ + -§x3 - 10x% - 24x]
0

152 125 - 277»
3 3

2

[
N
|
+
X
|
n
“

30. Vx = -—x+4

x=1x2 45416
4

= x* - 20x + 64

0 = (x - 4)(x - 16)

The curves intersect at (4, 2). (Note x = 16 is an extraneous root.)

2
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31.

33.

6»3x:~x=%(6—y)

V=ax f: E(ﬁ - y)]2 dy

=z 636—12})+y2 dy
9 Jo

<
t

36
= D36y - 6y7 + L
9 3]

= 1’-[216 ~ 216 + ﬁ}
9 3

= 87 = -;—m'zh, Volume of cone

-
g
-
S
4 -4
ik

3
Vo= ﬂjoﬂ(sin x)2 dx
_ ﬂ-‘-nl —costdx
0 2
L4 2

= Zr—[x - lsin 2Xi| = £[;'r] =2
2 2 2

Numerical épproximation: 4.9348

v
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34.

35.

36.

37.

38.

39.

Section 7.2 Volume: The Disk Method 641

V= ”I:M cos? 2x dx

741 + cos 4x
et

T sin4x”/4
= =X 4 —
2 4 |,

Numerical approximation: 1.2337

v

v = ”Lz(ex_,)z dx
- ”J'lze?..\'—z dX

7 2
- __er—Z}

2 1
(.2
= —le” -1
>t =)
Numerical approximation: 10.0359

14

]

”J-z] [e"/2 + e"/z]z dx

n[_z‘ [e*’ + e+ 2] dx

H]

: 2
72'[:6” —-e™  + 2x] \

ﬁ[(ez -e? + 4) - (e“' -e- 2)]

=7r(ez+e+6—e‘2—e")

]

Numerical approximation: 49.0218

o a7
V= [e] dx ~ 1.9686
Vo= af'na] dx = 32332
Vo= 77!()5 [2 arctan(0.2x):}2 dx

15.4115
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642 Chapter 7 Applications of Integration

40. x2 = /2%

m x*t = 2x
AN X =2

x =2 ~ 12599

Ven [(\fz?)z - (xz)z]dx ~ 2.9922

31
41. V=7rj‘(:y2dy=7;y_J =§

2.V =7z ;[12 -(1- y)z]dy

$B.V=xf(x- *)

2
15

4.V = ::J';[(l -2 -(- x)z]dx
= frﬁ[l—sz + x* -—l+2x—x2]dx

= ﬂj.;[2x —3x2 4 x“]dx

Sl
=7r[x2—x3+£-J
5

W,

4.V =z [ (1~ y)dy

4. V =7 ;(I~\/;)2dy

1.V =z (y- )

48. V= lrﬁ[(] = - (i- \/})2} dy
=ef[i-2 ey -1e 2y -yl

= 7:[0][2\/31_— 3y + y?|dy

ENE

49. » J.:/z sin? x dx represents the volume of the solid

generated by revolving the region bounded by
y=sinx,y = 0,x = 0,x = 7/2about the x-axis.

A
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50. 7 j-: y* dy represents the volume of the solid generated

by revolving the region bounded by

x =y x =0,y =2,y = 4about the y-axis.

51.

The volumes are the same because the solid has been

translated horizontally. (4x -t =4-(x- 2)2)

52. ¢

(a) Around x-axis:
V = nj: [92
(b) Around y-axis:
V= (V3) d = & = 4057
(c) Around x = 3:
V= ”(32)9 - I:”(\/; - 3)2 dy =81z - %n

1357

- (xz)z]dx = Wy = 1944

So, b <c < a

~ 6757

53.

54.

S5

b

56.

57. vV

Section 7.2 Volume: The Disk Method 643

(a) True. Answers will vary.
(b) False. Answers will vary.

(a) Matches (ii) because the axis of rotation is vertical,

and this is the washer method.

(b) Matches (iv) because the axis of rotation is
horizontal, and this is the washer method.

(c) Matches (i) because the axis of rotation is horizontal.

(d) Matches (iii) because the axis of rotation is vertical.

4
oY == |2 - o

0
Let 0 < ¢ < 4and set

. 27 2
ﬂfxdx:ﬂ- =£E—=47r.
0 2 2

¢t =8
c=\/§=2\/§

So, when x = 2+/2, the solid is divided into two parts
of equal volume.

Set ﬂj:x dx = §£(one third of the volume).

2
Then 27 - 37 2L 19 _4 B
2 3 V3 3
To find the other value, set 7 j dx = l—zﬁ—
(two thirds of the volume).
Then Z4° 167 o 32 . N3 46
2 3 3 V3 3

The x-values that divide the solid into three parts of
equal volume are x = (4\/3)/3 and x = (4\/3)/3

= 7[I \/R—Ez——zi{(\/ xz)z _ ;,Zi'dx
NG P
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644  Chapter 7 Applications of Integration

58. Let R = 6in the previous Exercise.

= 3736 - )" = Y(Yatey | v
q (36 _ "2)3/2

I
N
S——
<
o
{
>
~
e

= 108

!
N
N

° <

-

}\2
|
¢

~

N

36 - r? = (108)%
r* =36 - 108¥3

r =36 - 1087 ~ 3.65

59. R(x) = ;—‘x, rx) =0
h

I
N
-

¥
=

!

Wi—
=
v
| S—

= 27r(r3 -

o2 .2 KIS
V=n I’—sz dv= |22 ST Ly
o h 3h* ‘

62. x = \[/r? - 32, R(y) =4/r? - yz,r(y) =0
V =z hr(\/r2 - yz)z dy
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Section 7.2 Volume: The Disk Method 645

63. o
o ____,_—"""".J—_%“‘l i
Vo= ﬂj.z[lxzx/Z - x)z dx = = 2x"(Z - x)dx = LRSS 2 = Z m?
ol8 64 0 64 5 6] 30
64 v = VOouxt = 22x2 +109x+ 222, 0<x<115
: 2.95, 115<x<15
2 .
Vo= nj”'s(\/o. I - 2.2x% + 10.9% + 22.2) det w295 dx
0 iLs
4 3 2 1.5
= [0"" Sz 0o, 22.2x] + n[295%]"
4 3 - s
~ 1031 .901_6 cubic centimeters
65. (a) R(x) = %\/ 25 - x*,r(x) =0
3 5
y =2z 5(25—x2)dx=5’5 5(25~x2)dx=—]—§125x—x—- = 607
25 3= 25 o 25 34,

(b) R(y) = 2\/9 -y r(y)=0x20

3

. 3
2573 2\ . 257 VI«
V—TO(9—y)dy——[9y~— = 507

& © 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




jcations of Integration

*4n(50)’ _ 5000007 ;
e 3 3
Y6lume o‘f water in the tank:

) ,
7 j_y;(\/zsoo - y’)2 dy=n j_ys"o(zsoo - y)dy = ﬂ'[ZSOOy - yﬂ . ,,(2500yo _

-50

When the tank is one-fourth of its capacity:

3
1 [5,00,00%) = o[ 2500y, - 20, 250000
a3 3 3

125,000 = 7500y, — y,* + 250,000
¥o ~ 7500y, — 125,000 = 0
Yo % —17.36
Depth: ~17.36 — (-50) = 32.64 feet

When the tank is three-fourths of its capacity the depth is 100 — 32.64 = 67.36 feet.

67. (a) First find where y = b intersects the parabola:

2

b=4-%

4
X% =16 - 4b = 4(4 - b)
x=2J4-b

1]

4 2
nj“[-x—~zx2+9’2-‘-+bz-8b+16de

o]16
¥* 2 by ¢
= mf— - ==+ — + b% - 8bx + 16x
80 3 6 A
=7[9i—2§+:—;gb+4b2~32b+64)=7!’(4b2——6£b+5—12-)
5 3 -3 3 15

(b) Graph of V(b) = ,,(41,2 _ %b + 2115_2)

Minimum volume is 17.87 for 5 = 2.67.
64 64/3 8 2
V)= n|8b -~ —|=0= b =12 =2 2 2%
© ( ) ”( 3) 8 3 3

V') =87 > 0= b= gis a relative minimum.
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68.(a) V = [ a[f(@)] a&x

Simpson’sRule: 6 —a =10-0 =10,» = 10

Section 7.2 Volume: The Disk Method 647

O

Vo -’35[(2.1)2 +4(19)° + 2(2.1) + 4(2.35) + 2(2.6) + 4(2.85)° + 2(2.9) + 4(2.7)° + 2(2.45)° + 4(2.2)" + (2.3)2}

~ 137_(173,405) ~ 186.83 cm?

(b) f(x) = 0.00249x* - 0.0529x° + 0.3314x> — 0.4999x + 2.112

[

OB
P o

¢ Y

- 10 2 3
() V~ jo 2f(x)’ dx ~ 186.35 cm
69. (@) x[ r*ax (i)
is the volume of a right circular cylinder with radius

+ and height A.

(LN

2
(b) 7 j_"h(a 1-%2-] dx (iv)

© = (VP - xz)zdx (iii)

is the volume of a sphere with radius .

2
nf rx .
(d) 71’_[0 (7} dx (i)
is the volume of a right circular cone with the radius
of the base as r and height 4.

) nj[(R 7o xz)2 - (R - \/7—-72_)2] dx (V)

is the volume of a torus with the radius of its circular
cross section as » and the distance from the axis of
the torus to the center of its cross section as R.

70. Let 4 (x)and A,(x)equal the areas of the cross sections

of the two solids for a < x < b.Because
A(x) = 4y(x), you have

o= [ a(x)de = [ 4(x)dx = Vs

So, the volumes are the same.
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648

71.

Chapter 7 Applications of Integration

Base of cross section = (x + 1) - (xl - ]) =24 x-x2

(2) A(x)=172=(2+x—)c2)2=4+4)r—3x2~2x3+x4

Vo= J‘Z(4+4X—3x2_2x3+x4)dx= 4X+2xz—x3—-l-x"+lx5 _8
-1 2 ;

5

1

L SRR S (L ——

1]
N ©

Base of cross section = 2+/4 — x2
2
(@) A(x)=b* = (2\/4 - xz) T

2y -yt
V= j_‘24(4-x2)dx 1
¥ .
= 44x - — e
=51,
_ 128
3

81
10




Section 7.2 Volume: The Disk Method 649

L 4
2 2
LR T | O)

73. The cross sections are squares. By symmetry, you can set 4. (a) When a = 1: | xl + | y| = | represents a square.
up an integral for an eighth of the volume and multiply
by 8. When a =

2 2 .
2:|x|" +]y|" = 1 represents a circle.

Aly) = b* = ( r? - y2)2

DA N\

©) 2] (1 -1I")" O

a=2f i —|x|")1/" i = af!( - )" ax

]
o.2]

Ly
~n

<

i
W

<

To approximate the volume of the solid, from »
slices, each of whose area is approximated by the
integral above. Then sum the volumes of these

slices.
75. (a) Because the cross sections are isosceles right triangles:
A(x) = %bh = %(\/,.2 _ yz)(\/,.z _ yz) _ %(rz _ yz)
1¢r r y3 ¥ 2
A [ =)= -2] -2

b) Ax)

= %bh = %\/rz - yz(\/r2 - y? tan 0) = %(1‘2 - yz)
V = tagg.f_rr(rz - y2) dy = tan 19'[(:(1*2 - y2) dy = tan 9|:r2y - y?s] = %r’ tan &

" N
As 8 — 90°,V — o, Q)
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