650 Chapter 7 Applications of Integration

/w 76. (@) (x - R’ + y* = r?
N X = R&frt - y?
r2—-

V= 27[":(,:13 + yz]z - [R -t - yz]z)dy = 271.[(:‘4R«/r2 -y dy = SHRJ.(;.\/rZ -y dy

) [ fr2 = y? dy is one-quarter of the area of a circle of radius r, Lar?,
0 4

V= SrrR(%m’z) = 27%?R
Section 7.3 Volume: The Shell Method

L p(x) = x, h(x) = x 5. p(x) = x, hx) = %xz

2 23 16x
V =2rx x(x)dx:{ :l=—— 4 (1
J 3 ], 3 V=2ﬂj0xzx2 dx
N 2. p(x) = x h(x)=1-x _ _{l:f_:r
NG n 204 ],
e V =2rx 'fo x(1 - x)dx _ 3,
R T\ PRSP ESNN o I I
- ”.‘.o(x“x) = ”7_T0=§ 6. p(x):x,h(x)=§x3
. R ¥y
3. p(x) = x h(x) = /x V=2 ox["?de "
4
e o (e [4m o 1282 -
V—2ﬂjox\/;dx—2ﬂjoxzdx—[Tx ZL_T =”[x_}
5 0
4 h 3- (L =2-12 o 237
. ps) = x h(s) = _(5x+)_ L : |
V= 27[[2){2 - lxzjdx 7. p(x) = x, h(x) = (4x - xz) - x? = 4x - 2x*
0 2
AT V= or J’:x(4x - 2x%) &
= 27r[x2 - —8—} =27(4-2) = 4z i
i 0 = 47rj0 (257 — x*) ax
: 2
- 4,,[ N le] o 16z
4" ], 3
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650 Chapter 7 Applications of Integration

76. @) (x - R)® + y? = 2
x =R [rt -y
2 2 ) .
r? —yz] - [R— N yz:] )a’y = 27r.|'(: 4R\[r? - yray = 87(RI0\/r2 - y? dy

(b) J.;\/ r? — y? dy is one-quarter of the area of a circle of radius , %7‘[[‘2.

V= 87!R(%7rr2) = 27%2R
Section 7.3 Volume: The Shell Method

1. p(.x) = X, h(x) =X 5, p(x) = x, h(x) = _;l‘_xz

2 w16z
V = = = —
271'_'.0 x(-x)dx I: 3 ]0 3 V = zﬂj.:x(%xljdx
2. p(x) = x, h(x) =1-x =£_J_c_“_4
1 2 4 0 Kd
V=2ﬂjox(l—x)dx - 327
o 5 9 P o 1
g e e Y 6. ) = 5 ) = 1o
n .
3. p(x) =X, h(x) = \/; V = ZﬁJ.:x(—)-;—]dx ] 15
R N e : ”[x_s ]
0 5 )
4 h(x) = 3 - |22 2 Le -2z
. p(x) =X, (x) =3 - (-z-x + l) =2~ EX 5 |
V = 2,,]:{2 - %xzjdx 7. p(x) =x h(x) = (4x - x2) - x% = 4x - 2x?
)
a2 V =2nr| x(4x - 2x?) dx
= 27[[3:2 - i} =22(4-2) = 4z I"z ( )
o = 47[.[0 (2x2 - x3)dx
- anf20 L M
ERE A R
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Section 7.3 Volume: The Shell Method 651

it p(x) = X, h(x) =Jx -2
Vo= 27rj:x\/x - 2dx

letu =x-2,x=u+2,du= dx

2 4 ] Wheni=2,u=0.
_ o831 _ 81 _ 8lm ! When x = 4,u = 2.
2 4 2 s
» V=27rJ‘0(u+2)u‘/2 du
plx) = x ) . T
. 2 = a7 S
h(x)*4-(4x—x) 27[[514 +3M ]0
=x" —4x+ 4

= 27:[%(2)5’2 + %(2)”2}

- 27[\/5[%(4) + %(2)} Iy : EL

v = 2nj;x(x2 ~ 4x + d) dx

_ 2/ 3 2
V_znjo(x ~ 4x? + 4x) dx 15
=27rx——ix3-x-2x2 .
3 0
—8_7[ RES
3

A
Vo= 27rj;x(l—x2)dx
» = 27r[x—2" - _x_"_}]
p(x) = x, h(x) = 8 - x¥? 2 4
— 4 3/2 =27 l _- -l- = z
V—27r_[0x(8—x )dx 4 2
2 7
= 27r[4x2 - —x”z} ' 13 = % hx) = ——e?2
7 . p(x) = x, h(x) NG
2 384rx
= 27[{64 - —(128)} == 1 ( | z/ZJ
V =2rx ——e % | dx
7 7 » 0¥ o
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5 652 Chapter 7 Applications of Integration
4. p(x) = x, h(x) = S 18. p(y) = », h(y) = 16 - y?
X
4
. Te Vo=2x| y(16 - y*)dy .
V = Z”IO ){sm xJ dx '[0 ( ) y
X = 27tj.:(16y - y3) dy
= 27:!0 sin x dx .
i 4
= 2 _ Y
= [-27 cos x|y = 4n 27r[8y 4 ]0
= 27(128 - 64
15. p(y) = y.h(y) =2~y ( )
5 A = 1287
: Vo=2x| y2-y)dy 2l
k 19. p(y) = ». h(y) = 3y
=27 (2y - ) ay
Jo ) Vo= an:yi/; dy
i 372
; = 2 Y| _ 8 8
5] -5 <l
\"j 3 8
: 16. p(y) = -y (So, p(y) = Oon [-2, 0]) = {2” (7))’7/ 3]
| [1} X
Hy)=3-(1-y)=2+y _67[(27) 7687 A
0 7 7
V=22 (-3)2+y)dy
= 2rrf_02[—2y - yz] dy 20. y = 4x%, x = —\éi
; ;
= 2”[ o T} T p(y) = y. h(y) =
-2

]
N
]
o
|
|
FS
+
w oo
o
:
<
it

27—

8z
3

i

17. p(y) = yand h(y):lif0$y<%. =

| ol
p(¥) = yand h(y)=—=-1if = <y <1. 2L p(y) = y, h(y) = (4-y)-()=4-2y
y 2
2
. V=2 4 -
Vo= 277_[0'/2y dy +A27r_[l;2(l -y)dy ”Io A 2y) dy .
2
yz 2 yz 1 —— z = 27[J’O (4y- 2y2)dy s
=27—| +2my-=—| =242 3
2], 2 /2 4 4 2 2 .
= 2”[2}/2 _Eyl] 2
0 14 g
l = 27[(8 - -13—6) = %Z w

A=

e Y

o/




Section 7.3 Volume.: The Shell Method 653

22. p(y)=y,h(y)=y—(yz—2)=2+y-—y2 25. p(x) = 4 = x, h(x) = 4x = x* - x* = 4x - 2x’

v

2w [ 2+ y - ¥y | v o=2xf (4 - x)4x - 22%) ar Q

22(2) [ (#* - 627 + 8x) dx

2”[0—(2y + % - y3) dy

27| y? +y—3—l-
3 4,

27!‘(4+—8-—4) =16—ﬂ S RS
3 3

23. p(x) = 4 - x, h(x) = 2x - x*

4 2
47{3‘4— -2+ 4x2} = 167

0

it
il

v

27 I:(4 - x)(Zx - xz) dx

27 I;(Sx - 6x% + x3) dx

PR
27{43’2 -2x + 14'} 26. p(x) =3 - x, h(x) = (6x - xz) - %x3
0

27[16 - 16 + 4] = 87

14

]

22 [ (3 - x)(6x - - -’i) dx

3

4
27rj3 X ox? 4+ 18x|dx
o3

3

x5
27| = - 3x® + 9x?
15

[
1627 T

5

77N

.

24. p(x) = 6 - x, h(x) = Jx
27rj —x\/—dx

27 .[o (6)('/2 - x3/2) dx

4
2,{4)(3/2 - —-2—x5/2 o 1927
5 o 5

v

I

i

27. The shell method would be easier:

=2 ['[4- (-2

E Using the disk method:
P v =afl]es VaTs) - (- VAR @
-1 )
) : Note: V = ___12;37:]

28. The shell method is easier; V = 27:] 4 - e*

Using the disk method, x = In(4 — y)and V' = 7 jj (in(4 - )" dv. [Note: V= a8 2 -8I2+ 3]]
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654 Chapter 7 Applications of Integration

29. (a) Disk
R(x) =2, r(x) =0

72
sztj.zx“dx=n-)-c— - 1287
o 7,77
(b) Shell
p(x) = x, h(x) = x*
s
Vo=o2n[xtds = 22| = 87
0 51, s

(c) Shell
p(x) = 4 - x, h(x) = ¥*

4

27 IOZ (4 - x)x* dx

27 I: (4):3 - x") dx

— 27[!}4 _ lxs]z _ %=
5

0 5

30. (a) Disk

R(x) = l—(z), Hx) =0

s(10Y
V=zjl(x—2}dx

= IOOﬂ_flsx"‘ d

57
= 100z Z—
_3 s

(b) Shell
R(x) = x,r(x) = 0
s (10
V =21 .[1 x(—;;)dx
=207 "L
' x
= 20z[In|x[]’ = 207 In 5
(c) Disk
R(x) =10, r(x) =10 ~ &

x2

V= ﬂf[]oz - (16 - -}gﬂ

[100 200]5 1904
= | =—— — —— = ——T
3x° X 4 15

&




Section 7.3 Volume: The Shell Method 655

31. (a) Shell 32. (a) Disk
p) = 3. k() = (@ = Y R(x) = (o™ - xz/s)slz,r(X) =
=2r[ ya - 247" + y)dy V= (¢ -xP) ax

= 27!]: (ay - 242y 4+ yz) dy 2n Io (a2 - 3a¥x%P 4 3275 - xz)dx

4q' di re Qs . 9 s 1T

=2 = 2___._y5/2+i’_ = 2ma’x — =a">x"° + =a®’x"" - —x
2’ T 3, 5 7 37

3

2 J - 2”(‘13 _ 2(13 N 9_03 _ la3) _ 32ma

CREY T 5 7 3 105

(4. 0)

(b) Same as part (a) by symmetry
(c) Shell

p(x) =a- X h(x) = (01/2 _ xl/z)z

V=27 _[:(a - x)(a'/2 - x‘/z)z dx

Il

I

2T I: (a2 — 28252 4 24252 xz) dx

It

27z{a2x _ ia3/2x3/z ial/2x5/2 - lf]
3 5 3 & )
33. (a) 8

dna®

15

A , 5.2

(b) x4/3 + y4/3

I
—
%
[
£
<

i

<=
It
—_—
—
=
o
—
=«
S

4/3 " dx ~ 1.5056

<
it
N
]
S
/—\

La Ot

34. (a)

) V = 2ﬂj;x\/l — X dx ~ 23222
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35.

36.

37.

38.

39.

Chapter 7 Applications of Integration

(a) T

(a)

o

3 2x '
(b) V = 2”L mdx ~ 19.0162

Answers will vary.
(a) The rectangles would be vertical.
(b) The rectangles would be horizontal.

(a) radius
height
(b) radius
height

ﬂf(x ~1)dx = nLS(\/x - l)z dx

This integral represents the volume of the solid generated
by revolving the region bounded by

y=~/x~-1,y=0,and x = 5about the x-axis by
using the disk method.

2
2”.[0 y[S - (yz + l)] dy

represents this same volume by using the shell method.

Disk method

40. 27 | "x(ﬁj dx
012
This integral represents the volume of the solid generated
by revolving the region bounded by y = x/2,y = 0,

and x = 4 about the y-axis by using the shell method.
2 2
ﬁjo [16 - (2y)2] dy = ;zjo [(4)2 - (2y)2] dy

represents this same volume by using the disk method.

Disk method

41.

e

e

4
i Vo= 2025V g |5 s
(a) Around x-axis: V = 71'_“0 (x ) dx = [7[9):
= %7[(4)9/5 ~ 6.73657

(b) Around y-axis: V = 2ﬂ.[:x(x2/5)dx

5 4
[27[——):'2/5:' ~ 2321477
20,
. (c) Around x = 4:

V=224 - x)x% dx ~ 16.58197

So, (a) < () < (®).

42. (a) The figure will be a circle of radius 48 and center A.
{b) The figure will be a circular cylinder of radius 4B.

(¢) Disk method: ¥ = 7 [’[¢(y)] dy

Shell method: ¥ = 27 [~ x /(x) d
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23 5 _ 2 (.2
43, 27 [ x* dx = 27 [ x{(x) dx
(a) Plane region bounded by
y=xLy=0x=0x=2

(b) Revolved about the y-axis

Other answers possible.

44, 271'_“;(}) - y3/2) dy = 2”}.;}’(‘ - \/;) dy

(a) Plane region bounded by x = \/y,x =1,y = 0

{b) Revolved about the x-axis

Other answers possible.

6
45. 2njo (v+2/6 -y ay
(a) Plane region bounded by

x=+6-y,x=0,y=0

(b) Revolved around line y = -2

Other answers possible.

Section 7.3 Volume: The Shell Method 657

46. 27 L; (4 - x)e* dx
(a) Plane region bounded by ' <w
y=e,y=0x=0x=1 -
(b) Revolved about the line x = 4

V= 2n j:x(z - 15

2 J'Z(Zx - —;-x3) dx
= 27:[):2 - %x“]i = 4z (total volume)

Now find x, such that:

r =27 J'o"o (2x - %xJ) dx

2[)(2 - lx"]xo

1 g% |,

l = ZXOZ - :;".XO4 S

TN
\
N’

X -8x2+4=0 7
%2 = 4% 233 (Quadratic Formula)

Takex, = V4 ~ 23 0.73205, because the other

root is too large.

Diameter: 2+/4 — 2/3 =~ 1.464

v
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"ap,,é’,: 7 Applications of Integration

8 Toﬁﬂ volume of the hemisphere is

s 51. (a) —d—[sinx—xcosx+C]=cosx+xsinx—cosx
-l—(i)ﬂr:‘ = 27(3)" = 18x. By the Shell Method, dx

213

p(x) = x, A(x) = /9 ~ x*.Find x, such that:
67 = 2ﬂjox° x\9 - x? dx

-0~ x)"(2x) ax

0

- [_%(9 . x2)3’2]:° = 18~ 2(9 - x2)"

[

xsin x

So, J'xsinxdx =sinx — xcosx + C.

(d) (i) p(x) = x, h(x) = sin x

[=)Y
If

14

2z IO”/Z X sin x dx

7f2
0

22{(1-0)- 0] = 2z

il

27[sin x ~ x cos x]

]

(i) p(x) = x, h(x) = 2sin x - (-sin x) = 3sin x

V =2r J.O” x(3 sin x) dx

49, V=47f_f_ll(2—x)~/l—x2dx =6nfoxsinxdx
= 87r£l\/l - x* dx - 4,,“'_'1,‘,/1 ~ 22 iy = 6a[sin x - x cos x|/

= 67(7) = 6x°

= 87r(§) v 2z [ ot - ) (2) ax

1
47% + [27[(2)(1 - xz)mJ = 47
3 -1

47r_‘-_rr (R=x)Nr - x* ax
47:R_|._rr\/r2 - x% dx ~ 4”.’:)‘\”2 - x% dx

4”R[”T’ZJ . [zﬁ@(rz _ xz)ﬂ;

27%%R

H

50. vV
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Section 7.3 Volume: The Shell Method 659

d . o 2y
52. (a) Zx—[cosx+xsmx+C]=-smx+smx+xcosx 54, ;7+32_ =1
= X COS X y? x2
P
. b2 az
Hence, ".xcosxdx =cosx + xsinx + C.
; =
(b) (i) x* = cosx = x ~ +£0.8241 y =xb (1 - e

0.8241

V =~ 2(27!)_"0 x[cosx - xz]dx r

4 0.8241
= 47t[cosx + xsin x — %—} ~ 2.1205
0

. px) = % h(x) = b1 -5
! a
] Vo= 2027) | xby[1 - = dx
(n)_[ox P
. 2
(i) 4cosx = (x = 2)° = x = 0,1.5110 =4”bf: 2% — 22 x dy

V ~ 27 _’:'Snx[%osx —(x- 2)2]dx
3 1.511 = ] ————
(x-2) a 3
3

1511 .
=27r_‘-0 4cosx + 4xsinx — o

= 62993v = —a° = —na’

If the region is revolved about the x-axis, then by

symmetry the volume would be V' = %nabz.

Note: Ifa = b, then volume is that of a sphere.

53. Disk Method

Rp) =P -y

Hy) =0

Vv

1]
3
—

2
>
—
~
(¥
!
<
o
~—
&

It
3
| —
~
34
<
i
Ll
~
|
|
3
=
N
_——
[¥%)
~
|
>
N—
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660 Chapter 7 Applications of Integration

b ) .
55. (a) Area of region = J.o [ab" - ax"] dx ) 56. (a) 2,,]" hx[l - iJ dx (i)
. . 0 r
net 7P

= lab"x — g~ : is the volume of a right
n+ 1] circular cone with the
B radius of the base as »

=ab™' - g and height A. ,
n+ 1 . .

b,,”[] I ) ) 2 [ (R - x)2/r7 = #)ds (v)

= q - —-r
n+1 is the volume of a torus with the radius of its circular

= gt 1 cross section as 1 and the distance from the axis of

n+1 the torus to the center of its cross section as R.
ab"“[n/(n + l)] n |
R,(ﬂ) = " =
(ab )b n+1 =
(b) lim R(n) = lim —2— = |
nox ! n-xzop 4]
lim (ab")b = o©

(c) Disk Method:
V=22 x(ab” - ax") dx © 27 [ 2/t — <P (iii)

is the volume of a sphere with radius r.

27a I: (xb” - x”*') dx

" n+2 b
2ral b—x2 -z
2 n+2

0

ni2 n+2
e _ 2 = ﬂab”*z[——n )
2 n+2 n+2

ab"[n/(n + 2)] _ ( n )

A =) e el P

Il

@ 27 [ hxar (i)

] =1 is the volume of a right circular cylinder with a

(d} lim Ry(n) = lim(
"o radius of r and a height of h.

" —>0!

n+2
lim, (ﬂbz)(ab”) =

(¢) As n — oo, the graph approaches the line x = b,

© 27[ 2ax fi - (¥/6}) ax  (iv)

is the volume of an ellipsoid with axes 2a and 2b.
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Section 7.3

57.(a) V =27 j: xf (x) dx 2”(40)[0 + 4(10)(45) + 2(20)(40) + 4(30)(20) + 0] =

40 — 50 1 1 K
b} Top line; y - 50 = —0) = ~—x = y = —x + 50
(b) Top ine: y 20—O(x ) X = >
. 0 - 40
Bottom line: y - 40 = m 2O(x - 20) = =2(x ~ 20) = y = -2x + 80

=
n

27zj (—-x+5o)dx+27zj (-2x + 80) dx

= 21 j:"(—-z-xz + 5ox) dx + 27 j::(-zxz + 80x) dx

3

0

(Note that Simpson’s Rule is exact for this problem.)

58. (a) V = 2nf200xf(x)dx

_ 27(200)
ETE))
1,366,593 fi®

Q2

(b) d = -0.000561x* + 0.0189x + 19.39

24

4
’—.—0\._.'.’\
e,

.20 \ 225

“\,

(© V= 27:] xd(x) dx ~ 27(213,800) = 1,343,345 ft’

¥(7.48) = 10,048,221 gal

4]=4c—1”
C

(d) Number of gallons »

59. V,-7r_[ — dx = [—lj] =7[|:—-—I-+
X 1y/4 c

i/

2;7_[ Jcl = 27x =2,7zc—l
/4 /4 4
de - ]7r = 27r(c—l)
c 4
1
4e -1 =ZC(C’—Z)

4 -9c+2=0

(4 =1)(c-2)=0

h=V=

Volume: The Shell Method 661

~2-91(5800) ~ 121,475 ft

o
{
\.

3 20 3 40
27{—% + 25x2} + 2#[—%— + 40x2} = 271'(26’000J + 27[(32’300) ~ 121,475 f¢*
20

S0 + 4(25)(19) + 2(50)(19) + 4(75)(17) + 2(100)15 + 4(125)(14) + 2(150)(10) + 4(175)(6) + 0]

c=2 (cv = %yields no vqume.)
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662 Chapter 7 Applications of Integration

60. (a) p(x) = x, h(x) = r* - x* 61. y* = x(4 - x)z, 0<x<4
x(4 - x)2 =(4- x)\/;
_m = —(4 - xWx

Shell method: »

]

v = 27[J:x(r2 - x*)ax

NS
n

-7 _[kr (r2 ~ xz)(—Zx) dx

{( )

-

It
|
]
(=4
I
N
| I |
I
/-I\
~
N
i
=
XY
N—
N

@ V=nfx4-x a

= HJ.:(xa ~8x% + l6x)dx

4 3 , 3

() V = 4z ["x(4 - x5 ax

= 4z _“04(4x3/2 - x5/2)dx

X = 4/r? - ‘
; =4 8 5/2 2 72 ¢ _ 20487
Disk method: | = 4rx gx - 7x i =5
r2-42 2
V=7r_[o [(,/rz_y’ -kﬂdy © V=4ﬂjo4(4—x)(4—x)\/;dx
22 v
== 7[-‘-0 k [rz -y~ kz]dy = 472'.'.:(16\/; _ 8x3/2 + xS/Z)dx
r2 k2 4
2 32 16 2 8192~
_ y - 2232 052 2 =
= 7[,:(}'2 - kz)y - T:L 472’[ 3 X 5 X1< + 7x :L —__105
2 _ k2 2
= 7 (rz - kz)z - ( 5 ) - _(’,2 _ k2)2

Section 7.4 Arc Length and Surfaces of Revolution

1. (0,0),(8,15)

@ d =807 +(15-0) (b y=1x
= 64 + 225 =l
= /289 =17 3 15\2 8, 17 T8
s=J'0 |+(T) dx = J'O-g-dx:[?x]o:W
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