746 Chapter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals
7] . . L o2
97. On[O,E],smxsl:'xsmxSx:IO xsmxdxsjo x dx.

98.(a) 4= !:xsinxdx = [sinx - xcosx]] ==
(b) _[:”'x sin x dx = [sin x ~ x cos x]i" = 27 -7 = <31
A =37
(© j::xsinxdx = [sin x - xcos x]i’; =37+27 =57
A =57
The area between y = xsin xand y = Oon [mt, (n+ 1)7:] is (2n + Nz:
j-::n)” xsinx dx = [;in X ~ X oS x]f::l)ﬂ =t(n+ )7t nr=+2n + )z

A =|£(2n + 1)7r|; (2n+ )z
99. For any integrable function, I S(x)dx = C + I f(x)dx, but this cannot be used to imply that C = 0.

Section 8.3 Trigonometric Integrals

1. Let u = cos x, du = —sin x dx.

cos® x

j'cos5 xsinxdx = —j'coss x(-sin x) dx = — +C

8 a5 27
. . . . . sin®x  sin” x
2. Icos’ xsin® xdx = Icos x(l — sin? x) sin* x dx = I(sm“ x — sin® x) cos x dx = g +C

3. Let u = sin 2x, du = 2 cos 2x dx. 5. Isin’ xcos? xdx = I(l — cos? x) cos® x sin x dx

Isin’ 2xcos2x dx = %J‘sir’ﬂ 2x(2 cos 2x) dx = _[ (cos? x - cos® x) sin x -
_ 1sin® 2x . c } o= —J(cos2 x = cos® x) (—sin x) dx.
20 8 cos’x cos’x
- = =3 + 3 +C
= isin_8 2x + C »
16 i
‘ 6. Let u = sini,du == cos = dx.
4. [sin*3xdr = [sin?3xsin 3x dx 3 33 ,
= I(l — cos? 3x) sin 3x dx Icos3 %dx = I (cos —;ﬁ](l — sin? 33‘-] dx
= [sin3xdx - [cos? 3x(sin3x dx } :
J' : '[ ( S ) = 3J[l ~ sin? 5—](—'— cos —{)dx
1 = cos® 3x 3 3
= —-—¢c0os3x + —— + C 1o )
3 > ‘ = 3(sin£——sin'3 £)+ c
- 37303 |
=3sinZ -sin® 2+ C
3 3
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Section 8.3 Trigonometric Integrals 747

J'sin3 20./cos 20 d6

j(l ~ cos? 26)\/cos 26 sin 26 d6

J[(c0s 26)"* - (cos 26)"*] sin 20 6

-1 [(cos 29)'/‘2 - (cos 20)5/ 2] (-2 sin 26) do

—%B(cos 20)" - 2(cos 20)" 2] +C

~3(cos 26)" + cos 20)” + C

dt = Icos t(l - sin? t)z(sin z‘)b—]/2 dt

I(] - 2sin? ¢ + sin® t) (sin )V*cos t dt
= I [(sin t)_'/2 ~ 2(sin oy + (sin t)7/ 2] cos t dt

= 2/sint - -;i(sin 0" + -z—(sin 0+ c

Icosz 3xdx = j']—+—c2°s—6—{dx = %(x + %sin 6x) +C = %(6:: + sin6x) + C
Isin“ 60 d = I(I - C;SIZHJ(I - 0(2)5120) 40
= l_"(1 ~ 2cos 120 + cos® 120) do
4
= %_"(l - 2cos 120 + M)dé’

lj(i ~ 2cos 126 + 1 cos 246’) do
492 2

=130 lanig+ Lsin240)+c=30-Lsini2o+ L sin2a0+ C
42 6 48 8§ 24 192

tegration by parts:
‘ _ I —cos2x x  sin2x

sinzxdx—————=v=—-————=l(2x—sin2x)
2 2 4 4

X = du = dx

sin x dx = i—x(Zx - sin 2x) - i— I (2x - sin 2x) dx

—l-x(Zx - sin 2x) — l(xz + 1 cos 2x) +C = l(23:’! — 2x sin 2x — cos 2x) +C
2 A 72 8 |
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: Chépter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals

12. Use integration by parts twice.

dv = sin? x de = 12008 2% S>y=X_ SN2 l(2x—sin2x)
2 2 4 4

u=x=du=2dx

3
0

sin2xdx = v= ——;—c052x

= du = dx

u=x
. 1 . 1 .
Ixz sin® xdx = sz(zx - sin 2x) — Ef(sz - xsin 2x) dx

- lxZ sin 2x — —l—x3 + l_[x sin 2x dx
4 3 2

2
= lx3.,— lx2 sin 2x + 1 —lx cos 2x + J—Icos 2x dx
6 . 4 28 2 2

L
6
1

24

EURETCER) !

———]-xzsian-lxc052x+lsin2x+C
4 4 8

(4x3 ~ 6x% sin 2x — 6x cos2x + 3 sin 2x) +C

13. I:/Zcos7 xdx = (

~

72 »
T St A AR
z 3 7
1s. |, P cost s - (%J(z)[%)(g)(%)g) 19. [sec 4x dx = [ sec 4x(4 a)
___%ﬂ, (n=10) =~‘-1'-ln|sec4x+tan4x|+C
20. [sec® 2xdx = f(1 + tan? 2x) sec? 2x dx
2 |
16. J.o zsms xdx = (%)(%) = %’ (" = 5) | 2 tan’ 2x c
=3 tan 2x + +

1
2l. dv =sec’ 7xdx = v = —tan zx.
¥4

U = Sec mx = du = 7 sec zx tan wx dx

1 1
J. sec’ 7x dx = — sec zx tan 7x — I sec zx tan” 7x dx = — sec zx tan 7x — !sec mr(sec2 X - l) dx
T /4

2Isec3 axdx = -l—(secmr tan zx + In|sec zx + tan zx|) + G
T B

I sec® 7x dx = %(sec 7x tan zx + In|sec zx + tan ﬂx,) +C
7

22. Itan" 3xdx = f(secz 3x - l) tan* 3x dx

= ftan“ 3x sec? 3x dx — Itan“- 3xdx

Itan“ 3x sec? 3x dx — _"tanz 3)c(sec2 3x - l) dx

Itan" 3x sec? 3x dx —~ ftan:' 3xsec? 3x dx + j(sc;cz 3x + l) dx

- [ sin® x dx = GJ[%)(%J% = % (n = 6)

(=

_ tan’3x  tan® 3x

15

%

tan 3x
+ +

x+C

© 2014 Cengage Learning, All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website,

in whole or in part.




sX g 2 X 3 X
tan de = j(sec 5 1) tan 5 dx
= Itan3—secz—dx— Itan3£dx
. 2
tan® X X
= 2 _ I(secz—-l)tan—dx
2 2
=ltan"1-tan2£—-21n cos=|+ C
2 2 2
2 X 1 a7 o

ip. 3 X
g ~—sec* — dx = — tan
Jtan® = sec* = 2

Let u = sec2t, du = 2sec 2t tan 2.

V'J‘ tan® 2¢ - sec® 21 dt

Itans 2x sec’ 2x dx

_tan® 2x  tan® 2x

+ +C
16 12

27, _[ sec® 4x tan 4x dx % _[ sec® 4x(4 sec 4x tan 4x) dx

} 6
_ sec 4x +C
24

2
o0
w
@
a

[
I
o
8
5
I
il

ZJsec ( sec— tan )dx
2 2

x
secZE +C or

w
[}
o
)
[N R
-
g
|
&
]

2_[tan ( sec?X | dx = tan? 2 + C
2 2

29. Isecs x tan® x dx J.sec“ x tan? x (sec x tan x) dx

I sec* x(sec? x — 1)(sec x tan x) dx

j (sec® x - sec x)(sec x tan x) dx

7 S
s€C’' x se€C” X
—_ s C

7 5

‘ 30. .ftan3 3xdx = I sec2 3x - l) tan 3x dx

-3 sin 3x

=—jtan3x 33ec 3x dx + — I 3
cos 3x

%tan2 3x + % In|cos 3x|+ C

J‘(sec2 2t — 1) sec® 2¢ - tan 2t dt

I(sec“ 2t — sec? 2t)(sec 2t tan 2t) dt =

_[ tan® 2):('tan2 2x + ]) sec? 2x dx

Section 8.3 Trigonometric Integrals

Itan" 2x sec? 2x dx + jtans 2x sec? 2x dx

1(tan® 2x) - 1{tan® 2x
- + — +C
2 8 2 6

749

5 3
sec” 2t _ sec 2t +C
10 6
2 sec?
3. J'tan .x _ I X = )dx
sec x sec x
= _[(secx - cos x) dx
= In|sec x + tan x| - sinx+ C
tan? x

2 |

33. »

sec’ x

cos® x dx

_ Isinz x
cos? x

= Isinz x - cos® x dx

 fein2 .2

= jsm x(] - sin x) cos x dx

= j(sinz x — sin? x) cos x dx

) ()
sin~ x s~ x
= —— + C
3 5

[sin*(x6) a6 = % f[1 - cos(216)] a6
% J[l - 2 cos(276) + 0082(27[9)] do

1
+ cozs(4m9)] 40

-}II[] ~ 2 cos(276) +
—]-[9 1 sin(278) + 2 + 1 sin(4m9)] +C
4 T 2 8

3—21”-[127:6 ~ 85sin(276) + sin(478)] + C
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750 Chapter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals

34, 5 = Isinzgcoszgda
2 2
- _ 2
;__J-l cosa )1+ cosa da=.|'l cos ada
2 2
1c., 1
= ZISln ada = gj(l ~ cos 2¢) da
- l o - sin 2 +C
8 2
= i(Za - sin 2a) + C
16
35. y=‘.|‘tan33xsec3xdx

]

J (5602 3x - 1) sec 3x tan 3x dx

%J‘sec2 3x(3 sec 3x tan 3x) dx ~ —;-!3sec3xtan 3xdx

]

1sec® 3x-1sec3x+C

36. y = I;/tan x sec* x dx
= ftan‘/z x(tan2 X+ l) sec? x dx
= _"(tans/2 x + tan'? x) sec? x dx

= 2tan"? x + 2tan?? x + C

dx
. 1 - cos2x
= |[sin® xdx dx
y = fsin® xds = -5
_l sm2x+c
2 4

38.

39.

40.

(a) o

(b) Y sec’ xtan®x, |0, A
dx 4

y= J'seczxtanzxdx u = tan x, du = sec?.

tan® x
= +C
3
0,—1'—1=C=>y——tan3x—l
4) 1 4
1.5 “I 1.8
}’.’“‘—-‘J
/
2
d 3sin x
Y _ , ¥(0) = 2
dx y

8
B GRE TLA
'.‘\'\-;-’f""-.\-'v//’\.\.r/»
N, e A o

ﬁ:}ﬁﬁ%«' N2
e ST COhn Cal T 4
% % A ) o 7 M, % - v
PRI SR et I
gt T pelel @
=% e, Y o

-\-/w-\\j—/.—~\\-/-
o S e ot S e e Y ]

]

% = 3./ tan? x, y(0) = 3
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Section 8.3 Trigonometric Integrals 751

08 2 COS 6x dx %I[cos((2 ~ 6)x) + cos((2 + 6)x)]dx

% I [cos(—4x) + cos 8x] dx

—;-I(cos 4x + cos8x)dx

_l_[sm 4x L Sin Sx] ‘c

2L 4 8
sindx  sin8x
+
8 16

+C

%(2 sin 4x + sin 8x) + C

' cos(56) cos(36) db = % I [cos(S - 3)6 + cos(5 + 3)6] d6
- % j(cos 26 + cos 819) de

l[sin 20  sin 86‘]
=——+ +C
2 2 8

sin 26  sin 86
+

4 16

+ C

% J' [sin((Z - 4)x) + sin((2 + 4)x)] dx

%I(sin(—Zx) + sin 6x) dx

jsin 2x cos 4x dx

- % f(-sin 2x + sin 6x)dx

_ _l_ cos 2x _ cos 6x L C
2 6

= —l—c032x - —l—cos6x + C
4 12
= 715(3 cos 2x — cos 6x) + C
' jsin(— 7x) cos(6x) dx = — I sin 7x cos 6x dx
- _% [[sin(7 - 6)x + sin(7 + 6)x] dx
= —-;- I(sin x + sin 13x) dx

= ——]-[—cosx - M] +C
2 13

lc:osx+—]—cosl3x+C
2 26

45. [sin @ sin 36 d6 = 1 [(cos 26 — cos 46) df

2
= %(2 sin 26 — sin 46) + C

= (L sin 26 - 1sin 46) + C
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752 Chapter 8 Integration Techniques, L ‘Hépital's Rule, and Improper Integrals

46. fsin Sxsindx dx = %I(cos x = cos 9x) dx
= l(sin x - 20 9XJ +C
2 9

sin x _ sin 9x
2 18

+C

= I—l§(9 sinx ~ sin 9x) + C

47. J' cot’ 2x dx = f (csc2 2x ~ 1) cot 2x dx

I 1 ¢2cos 2
—Ej-cot 2x(~2 cse? 2x) s — Ej;:hszx" dx

—Lcot2 2 - 1 In|sin 2x|+ C
4 2

= %(ln,csc2 2x,— cot? 2x) +C

49, _f csc? 3x dx .f csc? 3x(l + cot? 3x) dx

1]

J'cscz 3xdx + fcotz 3x csc? 3x dx

d cot 3x — écot3 3x+C

= J.(tan7£+tan5 —)seczﬁdx
4 4
tan® 2 2ans X
= 24+ 3 4+C

50. jcot3 g csc? %dx = fcotz -;ﬁcsc3 %(csc 1;— cot g) dx
= _[(csc2 -2{ - l)csc3 %(csc % cot %) dx
= I[cscs X s X (csc < cot i) dx

2 2 2 2

= —lcsc" Iy lcsc“ ic
2 2 2

3
cot? ¢ csc? ¢ - l cos? X 1 - sin? x
S1. dt = 53. dx = = |—7dx
I csct I csc ¢ sec x tan x I sin x I sin x

I(csc x ~ sin x) dx

In|csc x — cot x|+ cosx + C

I(csc t = sin¢) dt

Infesc £ - cott|+ cost + C

J-l—Zcoszxdx

cot’ ¢ cos® ¢ (l - sinzt)cost 54. sin? x — cos? de -
52. Icsct B J'sinzt @ = -[ sin? ¢ a ". cos x cos x
- ICOSI dr - fcostdt = f(secx—Zcosx)dx
sin’ ¢ = ln]secx+tanxl—25inx+C'

-1 . .
SE——-sint+C=—-csct-sint +C
sin
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(tam4 ¢ — sect t) dt

Section 8.3 Trigonometric Integrals 753

J'(tan2 t + sec? t)(tan2 t ~ sec? t) dt, (tan2 t—sec’t = -—1)

—_f(tan2 ! + sec? t) dt = —I(Z sec® t — ]) dt

2tant+t+C

In’/J
0

af.
2. j/r/:

tan? x dx

63. J‘-”;ijz

64. j”: Z

1-seel gy = I cost -1 4. Isectdt: In|sect + tan¢|+ C
cost — 1 (cost = 1)cos ¢
71~ cos 2x B 3 LY
2 - =
_sin® xdx = 2J‘0-—-———2——dx 60. .[o sec¥” x tan x dx jo sec? x (sec x tan x) dx

T

/3
[Z sec¥? x]
. 3 o

ovi-

[x - l sin 2in
2 o

J:/S (sec2 X = 1) dx

1]

61. Let u

J-n'/z
0

=1+ sint,du = costdt.

[tan x — x]::/3 =V3-Z
3 cos f

_ N L
T_Tmt-dt = [ln|1 + smtl]o =In2

I:/46 tan® x dx = 6‘[0”/4(sec2 x - 1) tan x dx

=6 '[:/4 [tan x sec® x — tan x] dx

tan? x i
= 6[ + In|cos xﬂ
2 ! 0
_61+1n£ =6l—1nﬁ)
2 2
=3(1-1n2)
. 1psl3 . .
sin 6x cos 4x dx = -I (sin 2x + sin 10x) dx
2 da/6
a [_ cos 2x _ cos le]”/3
4 20 /6
el (442
8 40 8 40 10
3 cos’ x dx = 3!_”32 (l — sin? x) cos x dx
|: . sin? x]"ﬂ
= 3|sin x —
3 /2
= 3(1—1)-(-“1) =4
3 3
., 22 {1 — cos 2x 65. (a) Save one sine factor and convert the remaining
(sm x+ ]) dx = I.,,,z 2 + 1) dx factors to cosines. Then expand and integrate.

(b) Save one cosine factor and convert the remaining
factors to sines. Then expand and integrate.

(c) Make repeated use of the power reducing formulas
to convert the integrand to odd powers of the cosine.
Then proceed as in part (b).

It
|
N W
>
|
.[\
@,
S
N
=
| I |
EN
5]
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760 Chapter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals

90. f(x) = g a; sin(ix)
(a) S(x) sin(nx) = g a; sin(ix) | sin(nx)

j_”” /(=) sin(nx) dx = f_’; ,Z:: a; sin(ix) sin(nx) dx

= [ ausin*(m)dr  (by Exercise 89)

! 2 in(2nx)\]"
J.” a,———7) cos(2mr) dx = | 2y “’sm( = = &(zr +7) = ax
- 2 2 2 )| T2

1 o7 .
So, a, = .;J._” f (=) sin(nx) dx.
() f(x) =
a = %_{_’rﬂxsinxdx =

a, = —'j”xsinzxdx = -1
7[ -

w[N

a = lf” xsin3xdx =
To-n

Section 8.4 Trigonometric Substitution

1. Use x = 3tan 6, ” 3. Use x = 5sin 6.

2. Use x = 2sin@. 4. Use x = 5secd.

« S.Let x = 4sin8,dx = 4cosBdb, \/16 — x? = 4cos @,

V16-37
1 4 cos @ 1 x.
—_— sec? 0d0-—tan6+C +C
J.(ls-gﬁ)”' I(4cos€) I 16 16\ /16 - 22

6. Same substitution as in Exercise 5

/16 - x? i

[—— - | L jcsc 6 do = -—cou9+c_-—“’6“" +C=
x2\/16 - x? (4sin ) (4 cos ) 4 4 4x
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Section 8.4 Trigonometric Substitution 761

Same substitution as in Exercise 5

2
V16 = X g - (2959 4 cos 9 a0
4 sin
2
=4[ g
sin 8
— qin?
=4,“] .sm 0d6‘
sin 4

4I(csct9 - sin 6) 46
~41In|csc 6 + cot @]+ 4cos @ + C

C

_ L2 _ 2
-4 ln—‘1+\/16 X +4\/l6 4
x 7 ox 4

|
F-N
E=N
+
o)
|
=
¥
+
)
|
=
o
+
a

&
[

. 3
IM 4 cos @ do
4 cos @

64 [sin’ 0 d6
64_[(1 ~ cos® 0) sin 8 d6

3
64—c059+¥ +C

Jie-2  (16-x)"

VT

16316 - 52 + %(16 - e
1

——5\/16 - X [48 - (16 - xz)] +C

"—%\/16 - x* (32 + xz) +C

64 +C

I

9. Let x = 5secf,dx = SsecOtan 6 dO,

Nx? 25 =5tan 6.

J-S sec @ tan 8 46
5tan @

jsec 8do

In|sec 6 + tan 6]+ C

|n§+—”"5"25+c

Infx + V5T = 25|+ € 3

1
="
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762 Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

10. Same substitution as in Exercise 9

I\/xz - 25 dy = J-Stanﬁ
“_x =

Ssec @
5[tan® 6 do
5[(sec? 0 - 1) do
5(tan @ - 6) + C
V¥ - 25

5

xt-25 - 5arcsec§ +C
. 2 -
Note:arcsec(%) = arctan -‘_.“‘525

5 sec @ tan 6 d@

[l

=35 - arcsec—;ﬁ + C

11. Same substitution as in Exercise 9
J' PN 225 dx = {(5 sec 6)°(5 tan 6)(5 sec 6 tan ) dé
= 3125 [sec*  tan? 6 d6
= 3125 [(1 + tan® §) tan” @ sec? 6 df

3125!(tan2.6’ + tan* 0) sec? @ do

3 5
3125 tan 6?+ tan® @
3 5

(xz - 25)3/2 (xz - 25)5/2
125(3) ¥ 5°(5)

+

[}

3125 +C

flg(x2 - 25)" 2[125 +3(x* - 25)] +C

%(x2 - 25)"(50 + 3% + C

12. Same substitution as in Exercise 9

. 5
_[ z dx = J-(Sseca) 5sec 6 tan 6 d@
\/x2_25 5 tan @

= 125[sec* 6 48

125 j'(tam2 0 + 1) sec? 6 do

3 .
tan‘9+tan¢9 +C

Vxt - 25
5

125

]

125 (2 - 25)”°
3 125

- %(xz 25" 4 25(x - 25)" 4 ¢

LY 25(x* - 25+ 75) + C

+ 125 +C

I

) 3
= %\/xz -25(50 + x?) + C
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Section 8.4 Trigonometric Substitution 763

et x = tan G, dx = sec* 8 dB, 1 + x* = secd.

_"xx/l + x% dx = Itan 6(sec 6) sec® 6 df = sec; o +C= %(l + x2)3/2 +C

Note: This integral could have been evaluated with the Power Rule.

3
5ec a—scce + C

J' 9%’ dx = 9jt:::: sec’ 6 d6 = 9j(sec2 0 - l) sec@tan @ df = 9[

= 3seco9(seczo9—3)+C = 3\/l+x2[(]+x2)—3]+ C =31 +x2(x2 —2)+ C

l 1 1 sec? 0 d@
T o T

j‘cos2 6do = -;—J'(l + cos 26) df

RPN smv20]
2| 2
=%[9+sin000549]+C
1| x 1
= —|arctan x + + C
2| Vi+ 2 1+ 2
=larctanx+——x—— + C
2 1+ x2
Same substitution as in Exercise 13
2 2 2 2
]- X 2d"=J. x 4¢x=j‘a"‘95‘i°0d9=jsin20da
: (1 + xz) ( m) sec’ @
= l‘.'(l - cos 26) d6 = 1 g -0 20] = l[0— sin @ cos 8] + C
2 2 2 2
=1 arctan x — X ! +C = J{arctan x - L) +C
2 NI 2 1+ x?
7. Let u = 4x,a = 3,du = 4 dx.

[Vo + 1627 dr = L[\J(4x) + 3 (4) ax
=L %[4;:\/16;:2 +9+ 9ln'4x + 162 + 9“ +C

= -;-x\/l6x2 +9+ %ln|4x + 1622 + 9|+ C
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764 Chapter .8 - Integiation .TechniqueS, L’Hépital's Rule, and Improper Integrals

18. Letu = x, a0 = 2, du = dx.
NiT7ar e (TP a
= %[x\/xz +4+4 ln‘x +x + 4“ +C

ﬁ+21n,x+x/7?'+c

N

19. I\/25—4xdx IZ ——x dx, a=§

(l) 25 (2x)
= 2| — || == arcsin| == | + x
B 2/l 4 5

= ’zrs‘arcsin(%x-) + 225 - 4x* + C

2

20. Let u = \/Ex,a =L du = /5 d.

(V3 Tl ax = %j,/(\/i)z 15 dx

= %(%)(\/gxm - lnI\/S_x +/5x2 - l‘) +C
=.x\/5xz\]———ln,\/_x+\/5x '+C

2

21. J' ! dx = arcsm( )+ C
V16 - x? 4
22. Let x = 6sin @, dx = 6c0s 8 db,~/36 - x2 = 6cos b

_ J-36sm 0(6 cos 6 db)

J’ X
V36 - x?
= 36 [sin? 6 a6
= ]8_[(1—c0520)d€ 6 .
sm22n9) +C s |
o

= 18[0—

= 18(6 —sin@cos ) + C

X 36 - x?

= 18| arcsin r_x,
6 6 6

/ 2
x\/36 - x +C

2

-+

X
= |8 arcsin = —
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’et x = 2sinf,dx = 2cos 8 db,
m = 2cosd.

[I6 = 4 e = 2[Na 7 d

2_[2 cos (2 cos 6 db)
8 [cos? 6 d6

4j(l + cos 26) dé

4(0 + %sin 267] + C

46 + 4sin@cos @ + C

4 arcsin[—;-.j +xJ4-x2+C

i

Section 8.4 Trigonometric Substitution 765

24. Let x = 2sec8,dx = 2secHtan 6 d6,

Vx? -4 =2tan 6.

.
A o
2

1 2 sec @ tan 0
dx =
I\/x2_4 I 2tan @

= Isec&d@

do

= In|sec & + tan 6|+ C

2—
N E S £ S PG,
2 2

= ln‘x+ x? —4|+ o

25. Let x = sin 8, dx = cos 8 d6, 1 - x* = cosé.

j‘\/ lx—‘; x? dx

J»cos O(cos 8 db)
sin*

J' cot? 6 csc? 6 db

L cot’ 8 + C
3

1 -2
T

26. Let 5x = 2tan 6, 5dx = 2sec 0 dO,\/25x% + 4 = \J4tan> 0 + 4 = 2sec 6.

3 J-\/25x;+4dx=j 2secd (%56020)610
: X

7
(—2- tan 49)
5
125 ¢ cos @
4 Jsin‘e
125 1
4 (-3)sin® 6

—112 esc @ + C

3
125(/25x% + 4

12 5x

do

+C

25x2 + 4)7°
= __(___E}l..'. C
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766 Chapter 8 Integration Techniques, L’Hépital's Rule, and Improper Integrals

27. Let 2x = 3tan @ = x = %tanﬁ,dx = %seczﬁde,\/hz +9 = 3secé.

1 (3/2) sec? 8 do
I @ = I(/Z)tan03sec9

= Ej'cscedﬁ

—?;— In|csc @ + coté|+ C

1, |vV4x2 +9 +3

=1
3 g 2x

1]

+C *

28. Let 3x = tan 6, 3dx = sec? 0 d6,\/9x2 + | = sec 6.

1 1 1
= | +——— | —sec? 8| do
I"Vgxz"‘l Jltané?secﬁ 3
3
_ Iseca
tan @
_fcscé’d&
=lnlcsc0—cot6‘+C

de

V9P +1 1
= Ip|l——— _
3 3x
[o-2
= In 9% +1 -1 +C
3x
/ 2
(Note: This equals — In 9% 3+l+] +C.)
X
29. Let u = x* + 3, du = 2x d. 30. Letx V5 tan 6, dx = /5 sec? 6,
- 2 4+5=5sec?d.
I 3x3/2dx——-—."x +3 (2)dx X sec
2
(x +3)
3(xz+3)—v2
=-=— 1 _,C
2 (-12)
3 +C
= 2
x+3 _ /5sec 03d0
‘.(\/gsecé?)
=lfcost9a'n9
5 :
=—l-sint9+C= d +C
5 535+ 52
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Section 8.4 Trigonometric Substitution 767

sin 8, x = sin® @, dx = 2sin 8 cos 8 d6,

sin @, e* dx = cos @ dO, N1 - e** = cos 6. 32. Let \/;

&% dx = Icosz 6 dé 1 - x = cos .
! JT-x cos §(2 sin & cos 6 db)
=—|(1+ 26) do dx =
2 J.( w05 20) ‘[ NI I sin 8
= 1[0 + sin 29) : = 2_[(:052 6 do
2 2

I(l + cos 26) d6
(@ +sinfcosd) + C
arcsin /x + x/1-x + C

= -;—(9 +sin@cosd) + C

= %(arcsin e + V1 - ez") +C

=J2tan b, dx = [2sec? 0dO, x* + 2 = 2sec? f.
2
.[ 1 dx = I\/Esec 6 do

4sect

1]

u
Sy
<]
Q
0

Y]
>
QL
N

%@ (1 + cos 26) a6

ﬁ(e + 1 sin 29) +C
8 2

V2
8

1

(6 +sin@cos ) + C

X X \/E l(x i _x_)+c

2 :
——| arctan —

+ . 3
8 V2 U r2 a2 4

Let x = tan 0, dx = sec® 8 dO, x* + 1 = sec? 6.

I

24 x+1 1o 4x° +4x 1
4 2 dx=__[4 3 +,[ iad
X7+ 2x* + 1 49x% + 2x* + 1 (x2+|)

ln(x4 + 2x2 + I) + I%gg

1]

In(x + 1) + %I(l + cos 26) d6

Dl = N = =

In(x* + 1) + —;—(0 +sinfcosd) + C

(ln(x2 + l) + arctan x + —2{—) +C
x*+1
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gration Techniques; L'Hopital's Rule, and Improper Integrals

3S. ‘Use'integration by parts. Because x > >

I

di,dv =dx => v=x
xV4x? -1
1 - : ,
farcsec 2x dx = x arcsec 2x — I\/—TT—__I dx 2 ST
2x=secé?,dx=%sect9tan6d9,\/4x2-—l=tan¢9 1

(1/2) sec 6 tan 6 do
tan &

u = arcsec 2x = du =

_f arcsec 2x dx = x arcsec 2x — f = x arcsec 2x — % I sec @ d@

x arcsec 2x —%In[secﬁ + tan @)+ C = x arcsec 2x — %In’Zx + V4x? - I’+ C.

. x2
dx,dv = xdx = v ="=—
l—x2 . 2

36. u = arcsinx = du =

Ix arcsin x dx

x_z arcsin x — ~I—J' X dx
2 251 - x?
cos @ dB,~/1 - x* = cos @

2 in2 2
Ix arcsin x dx = - arcsin x = lj'fu cos 6 df = - arcsin x - lJ‘(l - cos 20) d6
2 27 cos 0 2 4

x = sin 8, dx

2 1 1. xr | .
—-arcsinx - — @ - —sin20 |+ C = —-arcsin x — —(0 — sin 6 cos ) + C
2 4 2 2 4 .

2

x? arcsin x — i(arcsin x - xJ1 - xz) +C = %[(2):2 - l) arcsin x + x\/1 - xz] +C

]

1 1 x -2
37. dx = dx = arcsin + C
".\/4x - x? '[ ( 2 J

Vi (-2
38. Let x— 1 = sinf,dx = cos 8., \[1 - (x — 1} = V2x = 2 = cosé.

= x? dx
I\/I - (x-1)

_ J-(l + sin 6)*(cos 8 db)
- cos 8

dx

2
J‘\/2x - x?

= J’(l + 25in 6 + sin® ) do
= J-(% + 2sin @ - %cos 29) de ' x=1

=20_2c050——l-sin29+c
2 4

l=(x-1)°

N]jw Nw oW

6—2c050—%sinﬁcos«9+C
arcsin(x — 1) - 24/2x - x2 - %(x -IW2x-x*+C
arcsin(x - 1) - %\/Zx— *(x+3)+C
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Section 8.4 Trigonometric Substitution 769

s bx+12=x+6x+9+3=(x+3)+ (\/3)2
etx+3=\/§tan6',dx=\/§sec29d0.

(x +3)° + (\/3)2 = /3 secd

»}2+6x+|2=

dx = J'\/_ tan 6 — 3\/3 sec? 8 df
3 sec &

Iﬁsec@tan6d€~3jsec6d0
\/§sec6'—3ln|sec0+ tan 8|+ C

[.2 [.2
\/5 x* 4+ 6x + 12 x> 4+6x+12 x+3

= =3In + +C
V3 V3 3
=\/x2+6x+12—3]n1\/x2+6x+12+(x+3)|+C
.Letx—3=25t:c€,dx=25ec0tan0d0,\/(x—3)2—4=2tan6.
X X
dx =
‘[\/x2 -6x+5 I\/(x -3y -
2 3
= ji-feié'—*—)(z sec 6 tan 8) d6
2 tan 6
= I(2sec2€+3sec0)d9
= 2tan @ + 3In|sec & + tan 6|+ C,
Jx-3) -4 - -37 -4
oY= TN ELt BN () Ml PP
2 2 2
=\/x2—-6x+5+3ln|(x—-3)+\/x2—6x+5l+C
41. Let { = sin @, dt = cos @ db,1 — * = cos® 6.
£ sin? @ cos 6 d6 2 ) ot .
(a) I —t2)3/2 dt=J' s = Itan 0do = _[(sec 0-—])d€=tan9—t9+C-————l—j72——arcsmt+C
\3/2
2
So, _[Ji/z_'t—ﬁdt = | —=— - arcsin t] = \/3/2 —arcsm-—\c V3 - Z ~ 0.68s.
¢ (-1 -7 A Nz 3

(b) When ¢ = 0,60 = 0.When ¢ = \/3/2,6 = z/3.So,

2
[ L fan 6 - 6" = 3 - Z ~ 0685,

0 (]_tz) 3 ' 1 .
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770 Chapter 8 Integration Technigues, 1 'Hépital’s Rule, and Improper Integrals

42. Same substitution as in Exercise 41

: 1 _ [cos8df 4 _ 2 2
() I(l _t2)5/2 dt = Icosse = Isec 0do = I(tan 6 + 1) sec® 6 do

1 i ¢ Y !

=—tan*@+tand+C = - + +C
3 \NVi-2) icpe
3/2
3
So, jo‘ﬁ/z L =]t t _3V38 32 =V3+3 = 23 ~ 3464,

It =
(1-2)" 30 - )3’2 N - i 3wy e
(b) When ¢ = 0,6 = 0.When = \/3/2,0 = /3. So,
Jn/i/z 1

-

43. (a) Let x = 3 tan 0, dx

7/3 ‘
=B. tan® @ + tan 9] = 31(\/3)3 +4/3 = 2\/3 ~ 3.464.
. 0

]

3sec? @dO,\/x* + 9 = 3secé.

_ (27 tan? 0)(3 sec? @ dB)
&= I 3secd

27 f (sec2 o - 1) sec & tan 8 d

J.\/x2 +9

]

27[% sec® @ — sec 0} +C = 9[sec3 8 - 3sec 6’] +C

3
2 2
=9 “‘“‘3*9 —3“‘“‘3*9 +C=§(x2+9)3/2—9\/x2+9+c

So, f:\/;stgdx [;(x + o) -9\/JT]

- (%(54\/5) - 27\/5) -(9-27)=18-9v2 = 02 -2) ~ 5272,

0.When x = 3,0 = 7/4.So,

(b) When x = 0,4

L=«
"Jx+9
4. (a) Let 5x = 3sin 9, dx = gcosad0xl9 25x% = 3 cos .

_f\/9 - 25x% dx = I(3cos¢9)§cosﬂd0

_ 2II+COS20
5 2

= 2(0 + lsin 20) +C
10 2

osec’ 6 - 35ec 6] = 9(2v/7 - 32) - 901~ 3) = 92 - V2) ~ 5072,

dé

= %(6?+ sin @ cos §) + C

5x  5x f9 - 2542

= qolAreinT S 3
35
Jo _ 2
so, [V’ fo - 252dx— arcsmsx IxV9 - 2547 =3[£ <2z
3 9 T 102] T 20
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Section 8.4 Trigonometric Substitution 771

.0 =

wlw

vhen x = 0,6 = 0. When x =

i

10\ 2

- » 7zf2
o | 9= 25x2 dx = [1(0 + sin 8 cos e)] = 3(5’-) Ly
> Jo 10 5 20

ot x = 3secd, dx = 3secHtan 0 dO,~x* —9 = 3 tan 6.

————3secHtan 6 df
3tand -

= 9.|.sec3 6 deo

_ .[9 sec? @

9[% sec & tan & + %jsec 7 dHJ (8.3 Exercise 102 or Example 5, Section 8.2)

-Z—(sec 6 tan @ + In|sec  + tan 6))

9 x x*-9 x x2 -9
I .l A L . i
213 3 3
6
9l x/x2 -9 x x -9
=222 7 4 In|= 4 ——
2 3 3
4
=2 _6_._'274.]“2.(..__"27 _i\ﬁ+|ni ﬁ
2 9 3 9 3 3

9\/_-2\/7+%]n 6+3"27 -In 4"3\/7

9J‘—2ﬁ+21n913_\/_i ~ 12.644.
2 4+

7

= arcsec(%). When x = 6,0 = arcsec(2) = —g—

9 /3
E[Sec Otan 0 + lnISCC 0 + tan al]arcsed4/3)

]

%(2-\/5+1n|2+\/§|)—%%g +ln%+i3_7—

9\/-—-2\/7+21n6—+—3—£ ~ 12,644
2 | 4+7
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772 Chapter-8 - Integration Techniques, L "Hépital's Rule, and Improper Integrals

46. (a) Let x = 4sec @, dx = 4sec & tan 0 dO,~/x* - 16 = 4 tan @,

2
[ =16 4 j—‘“ﬂ‘%@secmana)de
X~ i

16 sec?

= jsecade- jcoseda

= Infsec & + tan g - sin @ + C

So,

(b) When x = 4,6 = 0, and when x = 8,6 = %.SO,

8/x? - 16
.‘.4 x2 dx

= [ln sec & + tan 6| - sin 6?]:/3
\/-3-
=1 - N3
n 12 + \/5] D)
47. (@) Let u = asin 8, \Ja? - 42

(b) Let u = atan 0, Va? + u? = g sec 0, where ~7/2 < 6 < /2.

() Let u = asecd, Vu? - a® = tan g if u > aand/u? - a* = —tan @ if u < —a,where 0 < @ < zf2 or
7f2<6<n

a cos 6, where -7/2 < 9 < 7/2.

48. (a) Substitution: u = x2 + I, gy = 2x dx

(b) Trigonometric substitution: x

sec @
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X = ljiu’i = l1n|u|+ C = %ln(xz +9)+C

Let x = 3tan 8, x> + 9 = 9sec? 4, dx = 3 sec? § d6.

X _ r3tand 2 B
Imdx— jm3sec 9do = [tan 6 do

= ~In|cos 8|+ C,
_ 3

= —ln|———
Vx2+9

+ G

The answers are equivalent.

¥ +9-9
x2+9

Jo-

: 2
O [Fe= | o (e

Let x = 3tan 6‘,'x2 +9 = 9sec? G, dx = 3sec’ 8 d6.

2 2
.f—x-——dx = J‘?—t—aﬁheczﬁde
x> +9 9sec® 8
= 3ftan” 6 df = 3 [(sec* 6 - 1) a6
=3tan @ - 30 + C,

x -3 arctan(-;f] + G
The answers are equivalent.
50. (a) The graph of f'is increasing when

ff>0:0<x <o

The graph of f'is decreasing when
f<0:-0<x<0.

(b) The graph of fis concave upward when the graph of
/" is increasing. There are no such intervals.

The graph of f'is concave downward when the graph
of fis decreasing:

-0 < x < 0and 0 < x < .

S1. True

dx cos @ df
J.\/l_x2=-[ cosf

[a0

Section 8.4 Trigonometric Substitution 773

— o3+ X+ 94C = %m(x2 +9)+ G

x-3 arctan(—;c-j + C

52. False

(2
I x -1 dx = Itane(secﬁtanﬁda) = Itan29d¢9
x secd

53. False
2 n,
[t = [Pl [Peasoas
(W)
54. True

J'ile\/l - x% dx ZL:xZ\/I - x%dx

2 I :/Z (sin? 6)(cos B)(cos 6 db)

]

2‘["/2 sin? @ cos® 6 d6
0

© 2014 Cengage Learning. All Righté Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




