782 Chapter 8 Integration Techniques, L’Hépital’s Rule,

75. Let 1 = [[BGE*D
0 x%+1
Letx=1—u, = ~22du
I+u (1+4)
2
x+1= 2 i x2+1=2—+2i2
1+u (1+ )
ln( 2)
1=J‘0 1+u( —22 du
"2+ 221+ 4)
(1+u)2
2 2
o"‘"(n j . ,m(H ) _
_ u _ u - (‘\_ln2
_J‘l 1+ 42 du—jo 1+ u? du—fol+u2

=2=I 2(-’5)
4
I= -;5m 2 ~ 0272198

Section 8.5 Partial Fractions

L4 ___4 _4 B
T x? -8y ¥x-8) x x-8
2x% + 1 A B C
2. T = + > + 3
(x—3) x-3 (x-3) (x-3)
2x -3 _ 2x-3 =£+Bx+C
x>+ 10x x(x2+10) x x2+10
2x -1 A Bx+C Dx + E
. =—— A, BrC, 2
x(x2 + 1) x  x+1 (x2 + l)
1 1 A B
5. = = +
x2 -9 (x—3)(x+3) x+3 x-3
1=A(x-3)+B(x+3)
When x = 3, l=6B=>B=%.
Whenx=—3,l=—6A:A=—%.
1 1 1 1 1
Ix2—9 —~g'[x+3dx+~6-jx—3dx

—lln|x+ 3|+ llnlx -3l+cC
6 6

1
—In
6

x =3
x+3

+C

and Improper Integrals

Jq In(1+ 4)

1
0 732 % = (In2)farctan uJo -1

6 2 _ 2 __4_ B
T 9x? Gx-1Bx+1) 3x-1 3x+1
2= A(3x+1)+ B(3x - 1)
Whenx=3l, 2=24= 4=1.
Whenx = -%,2 =-2B= B =],
9x? — 1 Tx -1 3x+1
= %lnl3x -1]- §1n|3x +1[+C
TN Eaall| PP
3 |3x+1
5 5 A B
7. = = -+
x4+ 3x-4 (x+4)_(x—l) x+4 x-1
5=Ax-1)+ B(x + 4)
When x = |, 5=5B=B=1,
When x = -4, 5==54=4=-].
5 -1 1
= dx
"‘x2+3x-—4 '[x+4dx+fx—l

~In|x + 4|+ In|x - 1)+ C
x -1
x+4

In +C
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3-x __3-x __A__ B J
2_2x -1 (Bx+(x-1) 3x+1- x-1
3—x=A(x—1)+B(3x+l)
penx =1, 2=4B=> 3=%.
110 4 5
el O 2 a2
e T N 2

3-x 5 1 1 1
,, dx = -2 dr+ o [—dx
x2 = 2x — 1 2 3x + 1 2% -1

:—s-ln|3x+ 1]+ -l-lnlx—1|+ C
6 2 )

4120412 _ 4B C
x+2)(x-2) x x+2 x-2
24 12x + 12 = A(x + 2)(x - 2) + Bx(x — 2) + Cx(x + 2)
=0,12=-44= A =-3.
-2,-8=8B = B =~

=240 =8C=C=35.

=
(4] (4]
s B
= *®
Il [

=

[

=

®
[

ex? + 12x + 12 1

1 1
: m:ij_zdx-j dx—3j;dx=51n|x-2|—ln|x+2|—3|n|x|+C

x3 - 4x x+ 2

-x+3 2x + 1 A B
— -t =x-14+ —+
24 x=2 (x+2)(x—]) x+2 x-1

N
®
+
]

Alx - 1) + B(x +2)
When x = -2,-3 =-34= 4 =1.
hen x = 1,3 =38 = B =1.

3 _ 2 2
x "+3dx=j[x—1+ . )dx=3‘_-x+m|x+2|+ln|x—1|+c=-’5-—x+lnx2+x—2+C
x+x-2 x+2 x-1 .2 2

X - 4x* - 15x + 5 X+5 A B

N P S SN SN
¥ -2x-8 T T AT AR TY)
x+5=Ax+2)+ B(x-4)
‘.Whenx=4,9=6A=>A=%.
Whenx=—2,3=—6B=>B=—-;-.
3 _ 2 _ . .
2 4 l5x+5dx=_"(Zx+—3-/—2———L/2—)dx=xz+—:‘}—ln|x--4|—lln|x+2|+C
x2-2x-8 x-4 x+2 2 2
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784  Chapter 8 Integration Techniques, L 'Hépital's Rule, and Improper Integrals

12 X+ 2 o x+2 =£+ B i 4x2+2x-l=_/1+£+ C
T x? 5y x(x+5) X x+5 ’ xz(x+1) x  x2 x+1
X+2= A(x +5)+ Bx 4x2+2x—1\=Ax(x+l)+B(.x+l)+Cx2~'
Whenx = -5, -3 =58 = p = 3. When x = 0,8 = 1.
5 When x = -1,C = 1.
Whenx=’0, 2 =354 :)A=§. When x =1, 4 = 3.

2 —
jf”dx=3jldx+§ L4 v J4x3+2x2 'dx:j(z—l,+ 1de.j
x° + 5x 5 ‘x 5% +5 X+ x X x x+1

= Zinfx|+ 2inx + 5]+ € = 3hnlx|+ L mnx 4+ 1]+
5 5 : X
=l+ln,x“+x3,+C
“ . ' X
" 5x—22= 4, B 2
(-2 x-2 (-9
5x=2=A(x-2)+B
Whenx = 2,8 = B,
Whenx = 0, -2 = ~244+ B=-24+8= 4= 5.
st_zzdx=f S g+ [—8 = dx
(x-2) x-2 (x - 2)
= 5In|x - 2|- _.c
x -2
X +3x-4 X2 +3x~4 4 B C
15. = =2, £ ., _C
x - 4x 4+ 4x x(x = 2)° X (x-2  (x-2)
x2+3x—-4=A(x-—2)2+3x(.x—2)+Cx
Whenx=0,—4=4A:>A=—l.
When x = 2,6 =2C = ¢ = 3.
Whenx=l,0=—l—B+3:>B=2.
2 — —
15&4'3“:—44#= —'dx+j 2 dx+j—%dx=—ln|x]+21nlx—2|-— 3¢
X~ 4x% + 4x x (x-2) (x - 2) (x=-2)
16 8x . _ 8x _ 8x
X e x2Zx o] xz(x+l)—(x+l) (.x+])(x—l)(x+l)
A B C
= + + —_—_—
x=1 x+1 (x+|)2
8x = Alx + 1) + B(x — l)(x + 1) + C(x - 1)
Whenx = |, 8=44 = 4 =2
Whenx = -1, -8=-2C= C =4
Whenx = 0, 0=A-B-C=2-B-4=p=_9
f 8x dr= 2 s (22 gou [4
I e x Jx -1 x4+ (x + 1)?
= 2In[x = 1] - 2In|x + 1] - 1 ic
x + 1
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Section 8.5 Partial Fractions 785

A Bx+C
_+_—.—
x  x*+1

Alx* +1) + (Bx + C)x

=
i
|
]

0,4 =-1
=L,0=-2+B+C.
-,0=-2+8B-C

lving these equations youhave 4 = -1, B = 2,C = 0.

x2+1
x

2x

+ C
x2 +1

’xz_ldx=—jidx+j dx = ~In|x|+ In|x* + 1|+ C = In

2+ x

6x A Bx+C
+

-8 (x—_2)(x2+2x+4) x-2 x*+2x+4

1t

Ax® + 2x + 4) + (Bx + C)(x - 2)

[=)
=
1]

2,12 =124= 4 =1
=0,0=4-2C=C=2
L6=T7+(B+2)(-1)= B =-L

6x 1 -x+ 2
i jx—de+!x2+2x+4
1 —-x =1 3
= dx dx e (X
jx—2 +Ix2+2x+4 +‘[(x2+2x+l)+3
= 1n|x—2[—%ln|x2+2x+4|+ —\%arctan(%—}-l)+c
= ln|x—2|—%ln|x2+2x+4|+ \/iarctan—\/—g—(—g—-'-—]—) +C
x2 A B Cx+ D
= +
x=-2 x+2 x*+2

b
S
|
N
~
o
l
o0

o

Alx + 2)(x* + 2) + B(x — 2)(x* + 2) + (Cx + D)(x + 2)(x - 2)

o)
]

When x = 2;4 = 244.

When x = -2,4 = -24B.

When x = 0,0 = 44 — 4B - 4D.
When x = 1,1 =94 - 3B - 3C - 3D.

1 1

Solving these equations you have 4 = & B=-—C=0,D =

x2 1 1 1 1 ) 1, |x-2 x
S S | dx - dx+ 2 [——ax| = 11 X
Ix4—2x2-8 6(Ix—2x Ix+2 jx2+2 6L

+ +/2 arctan + C
X+ 2 ﬁ)
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786" Chapter 8  Integration Technigues, L'Hoépital’s Rule, and Improper Integrals

20. = , +
@x-D2x+D@x* +1)  2x-1" 2x+1 42 +1

X A + B Cx+ D

x = AQ2x + 1)(4x* + 1) + B(2x ~ 1)(4x? + 1) + (Cx + DY2x - 1)(2x + 1)
When x = —l-,l = 44,
2'2

11
When x = ——, -~ = 43,

2 2
When x = 0,0 =4 - B - D,
When x = 1,1 = 154 + 5B + 3C + 3D,

Solving these equations you have 4 = %

x 1 1 1 x 1, |4x? -1
—F =] d o+ [y - 4 [—F ] = LA
-[16x4—1 ssz—l I2x+1 -[4x2+1 ) 16 |42 71

2 X2 +5 -4, _B+cC
.(x+1)(x2—2x+3) x+1 x*-2x+3

x2+5

A(.x2 -2x + 3) + (Bx + C)(x + 1)
(4+B)x* +(24+ B+ C)x + (34 + C)

I}

When x = -1, 4 = 1.
By equating coefficients of like terms, youhave 4 + B=1,-24+ B+ C = 0,34+ C = 5.
Solving these equations you have A4 = LB=0,C =2 '

x2+5 1
= oo
Ix3—x2+x+3dx Ix+1dx+ j(x_])2+2

dx = In|x + 1+ \/Earctan(x\;z_l) +C

2 X2+ 6x+ 4 _x2+6x+4_Ax+B Cx+ D
" 82+ 16 (x2+4)2 x + 4 (x2+4)2

X +6x+4=(r+B)x>+4)+Cx+ D
=Ax3+Bx2+(4A+C)x+4B+D

By equating coefficients of like terms, you have
A=0, B=1 44+C=6 4B+ D = 4
Solving these equations youhave 4 = 0,B=1,C=6,D = 0.

2
J'i‘+6J26+4 =J-21 +J~ 6x ps
x" +8x“ +16 X+ 4 (x2+4

=larctan—— 23 + C
x“+ 4
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_ 3 __4_, B
Tx+D(x+1) dx+l o x+1

A(x + 1) + B(4x + 1)
1,3=-3B= B =l

w
]

3
=24 Ad=4
)3 i
w= [ [
2+ 5x+1 0 4x +1 °x +1
= [in}4x + 1] - In|x + 1[]]
=hn9-In3
=2mIn3-In3=1In3
A B C
x X x+1
= Ax(x + 1) + B(x + 1) + Cx?
=0,B=-1
-1,C = -2.

=1,0=24+2B+C.

1
x+1

dx

- 1 1
A a=2 f;dx— _[:-;dx—Zf

5
= [2 In| x|+ 1 21n|x + 1ﬂ
x 1

l5
=|2mn|Z—|+ -
x+1] x|
=2In-5-—i
3 5
x+1 _ A Bx+C
x(x2+l) x  xr+1
x+1=Ax*+1)+ (Bx + C)x
When x = 0,4 = 1.

When x = 1,2 =24+ B+ C.
“When x = -1,0 =24 + B - C.

Solving these equations we have
A=1L,B=-1,C=1

2 x+1 21 2 X 2 1
v il il S ki

2

1
Injx|- =in(x? + 1) + arctan x
[ 310 ) artan
=l|n§--—£+arctan2
2 5 4
~ 0.557

Section 8.5 Partial Fractions 787

2x + 1

1

6 j-l X - Xx I‘ 1
Tlox? p x4 0 ox2 +x+1

|:x—ln|x2 +x+1|:|
I-In3

1
0

27. Let u = cos x, du = —sin x dx.

U

_1 4, 8B
(@+1) u u+l
1= A(u +1)+ Bu

When u = 0,4 = 1.
When # = -1, B = -1.

,[ sin x dx=—j 1

28 |

—_—d

cos x + cos? x u(u + 1) “

=j ! du—Ildu
u+l u

= In|u + 1| - Inju|+ C

u+1

=In + C
u
cosx + 1

= Inj————|+ C
cos X

= In|1 + sec x|+ C

- 5cos'x di =5 . 1 du
sin“x + 3sinx - 4 u* +3u-4
—m =L c
=ln-l+s.m.x+c
4 +sinx

(From Exercise 7 with u = sin x, du = cos x dx)

29, Let u = tan x, du = sec® x dx.

1 - 1 _ A B
W +Su+6 (u+3)u+2) u+3 u+2
1= A(u + 2) + B(u + 3)
When u = -2,1 = B.
When 4 = =3,1 = -4 = A = -1.
I sec? x = 1 du

W +5u+6

-1 1
Iu+3du+ju+2du

—In|u + 3|+ Inju + 2|+ C

tan?x +Stanx + 6

Il

tan x + 2
tanx + 3

In
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887 C hbpter‘;.&‘;;, jntég){at,,on,~Téchniques, L'Hopital's Rule, and Improper Integrals

30. ! =ﬁ+ 5 ,u = tan x, du = sec® x dx 31 Letu = ', du = " dx.
wlu +1)  u uw+l . I 4 B
= A(u+1) + Bu ‘ (u—])(u+4)=u-—]+u+4
When u = 0,4 = 1. l=A(u+4)+B(u—l)
When « = 1,1 = -B = B = —1. 1
Whenu:l,A:E._
2
I sec® x dx =J~ 1 du ]
tan x(tan x + 1) u(w + 1) When 1 =—4,B=—§.
=Il— ! du
u  u+1 e* 1
T dx = |———
=ln|u,—ln'u+l|+C j(ex_l)(ex+4) . I(u—l)(u+4) “
= In|—=—|+C I 1 !
. = & du —
u+l ‘5 J-u—l " ".le+
tan x
= C 1, Ju—1
rltanx+1+ =§lnu+4+C
=ln————ex_l +C
5 |e*+4

32. Let u = e*, du = e* g,
1 A Bu+C
= +

(112 + l)(u -1 -1 41
A(u2 + l) + (Bu + C)(u - 1)

1

[}

When u

]
N
]

When u
When u = -1, 1 = 24 + 28 - 2C.

It
=
]

Solving these equations you have 4 = —;—, B = —%, and C = ——

N-

o I

I(e.z" + le)(e'*— l)dx - Ill2+])(l~|) e
?'%(Iu—] '—I::Il

= l(ln[u -1]- %ln,u2 + ll— arctan u | + C

(2 Infe* - 1|— ln'ez-" + !I— 2 arctan e"’) +C

2
1
4
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u:\/;,uz=x,2udu=dx.
u(2u)du 2u’ - 8 8 [ 8 )
= = du = ||2 + ———|d
4 -[112—4 J-112—4+uz—4 ! '[ T )™
_ 8 __4 . B
‘(u—2)(u+2) -2 u+2
8 = A(u+2) + Bu - 2)

-2,8§ = 48 = B = -2.
=28=44=> A4 =2

]du=2u+_f(-i—— 2 )du
4 u—-2 u+2

=2u + 2In|u - 2|- 2Inju + 2|+ C

Jx -2

==
S
T °
5.8
= o=
I ]

u -

=2/x +2m|~=2—=|+C
Vx o+ 2
= x6, = xB3,u? = XM ub = x, 6u° du = dx.
1 6u’ du u® du
dx = =6
- 3Yx '[u3 ~u? J.u -1
= 6](:12 futle— lJdu (long division)
u -
u3 u2

6l —+—+u+Inju-1||+C
3 2

2Jx + 323 + 6x6 + 6ln|x'/6 - 1|+ C

A B 1

Section 8.5 Partial Fractions

A

B

1 = -
a+ bx a

a—Xx

+
a+ x

789

.‘ x(a + bx) T ox

1= A(a + bx) + Bx

 Whenx=0,1=ad = 4=la

When x

-afb,1 = —(a/b)B = B = -bja.

g -t - i)

1
= Yinjx|-1

a(ln|x| n|a + bx|) +C
-l-lnk
a

X

— |+ C
a+ bx

1= A(a + x) + B(a - x)
=a,1 =204 = A = 1/2a.
-a,1 = 2aB = B = 1/2a.

I o _1_(1 . l)dx
a® - x* 2a'\a-x a+x

= z—la(—ln|a - x|+ Inja+x])+C

1

= —1

2a

a+x

+ C

a-—x
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0. 'Chapter'8 * Integration echniques, L'Hépital's Rule, and Improper Integrals

X - A + B
(a + bx)2 a+bx (a+ bx)2
x = Ala + bx)+ B

When x = —afb, B = —qa/b.
Whenx=0,0=aA+B$A=l/b.

J' —I 1/b -a/b oy
(a + bx) a+ bx (a + bx)
- _Ia + bx - _J-(a + bx)
— ln|a + bx|+ —(—1—) +C

b b*\a + bx

=i2( a +ln|a+bx|)+C
b*\a + bx

1 4 B C

38.

xz(a+bx) x+‘;c7+a+bx

1= Ax(a + bx) + B(a + bx) + Cx?
‘When x = 0,1 = Ba = B = I/a. When x = —afb,
1= C(a*/6?) = C = b*/a®. When x = 1
(a+b)4+(a+b)B+C = 4=-p/a.

b/ a2 2/ 2
[ a:j( b/a +V_g+£/LJd,,
x*(a + bx) x X a+bx

b 1 b
=-— ln[x|—-;x- = In|a + bx]+ C

]

>

1

a .
=——l—+£2lna+bx+c
ax a L X
SR L e
ax a a+ bx
39. Dividing x*by x - 5
N
40. (a) (x) — Al A2 Am

= + 2+”.+—hm
Dix)  pr+q (px+q) (px + q)

®) N 4 +Bx byt Bx
D(x) (axz +bx + C) (ax2 +bx + c)"

45. Average cost = I _‘. % 124p dp
80 - 7575 (10 + p)(100 - p)
1 ¢80 -124 1240

{10+ p)11 (100 - pyi1) ¥
1

]

4

1
—(24.51) =
S(2451)

Approximately $490,000
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8¢
g[ =124 0 + )_%maoo-p)]

41. (a) Substitution: ¥ = x? + 2x — §
(b) Partial fractions

(¢) Trigonometric substitution (tan) or inverse‘tang
rule

42. (a) Yes. Because /' > 0 on (0,5), fis increésin
J(3) > f(2). Therefore, £(3) - 1(2) > 0.

[t. 4]

1 12
4. 4= J.0<x2 +5x+6

12 2 4
X +5x+6 (x+2)(x+3) x+2

12 = A(x + 3) + B(x + 2)
-3:12=B(-1) = B =-12
Let x = -2:12 = A(l) = A = 12
A= ""’I[.x]-f-z2 B xl+23)dx

= [12In]x + 2|~ 121n|x + 3],

=12(n3 -4 -1In2+n3)

- 12In(2) ~ 14134
8
3 7 3 3
2[0(1-—_]6_xzjdx = 2j0dx—14j'0

14
={2x——In
-

=6—-Z—ln7z2.595

X +3

Let x

]

4. 4

4+ x

4-x

3 ,
} ~ (From Exercise 36) -
0 :




} KON

Che slope is negative because the function is decreasing.
or y > 0, ’limy(t) = 3.

dy A B

— = —
WL-y) » L-vy

h 1 1
1= AL - B A=—B=—
( y)+ v = L L
dy
—— = |kdt
,Iy(L—y) J
1] ¢l 1
~{|=4 —dy| = |kdt
1
—Z[ln|y|— In|L - yl] =k +C
In|—L—| = kLt + LC,
L-y
Cett = Yy
2 L—y
Whe,nt:O,i-—=C2:__}_’_= Yo ks
L~y L-y L~y

Yol

Solving for y, you obtain y = ———————.
Yo + (L - J’o)e e

=1,L=3
15
0 »0)=5 y= =T
(i) y(O) 1 3/2 3

S YT ) (52 T 1+ e

From the first derivative test, this is a maximum.

Section 8.5 Partial Fractions

791
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792 Chapter 8 Integration Techniques, L 'Hopital s Rule, and Improper Integrals

7.V =g j:(xf: Jz dr = 4z j

(x +l
3 | 1 e
AT S - ——— | (partial fractions)
G
i ? :
= 47| arctan x — —-(arctan X + J (trigonomctric substitution)
20 X+ 1/,

3
X

X7+ 1

Zﬂ[arctan X - = Zﬂ(arctan 3- %) ~ 5.963

A= I;%:ﬁ:[l n(x? +1)] In 10

= 13 252 T 2 1 B 2
X = — dx = 2 - dx = 2x — 2 arctan = ——(3 - arctan 3) ~ 1.521]
L lnlo-[( P 1) 1ot L= e )
2 2
A e e
A\2)%0\x2 1 10 (2 )
-2r Zl N 5 | dx (partial fractions)
In1070| x% + | (x2+l)
] 3
= arctan x — -—[arctan X+ == ) (trigonometric substitution)
In10 2 x4+ 1
3 ' 3
2 larctan x - §7x_ = arctan x — ,x J = (arctan 3 - —3—) = 0.412
" n10]2 2(x* + 1) In10 X +1), Inl0 10
(0]

(%, ) = (1.521,0.412)

sy Elz ; :)): . [0.1]
|”(2 - x)z
v= (1+ %)

14 1 4x ot x?
Ui by b

n[Z—(4ln2—2)+%—2ln2]

= n(H—MnZJ =Z(11-12m2)
2 2
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Section 8.5 Partial Fractions 793

1 _ 4 B A=B= 1
(x+N)rn-x) x+1 n-x n+1
L da=k+c

x+1 n-x
LN ES0 JRYRNpS
n+1 n—x
=0,x=0C-= ! lnl
n+l n
Do e i L
n+l n-x n+l n
-2l R POLY PR
n-x n
Innx+n=(n+l)kt
n-x
hx + n =e(n+l)k1
n-x
- n[e(nn)kr _ I:I
X = Note: lim x = n
n+e 1—>x
1 4 B
o =xz20 = %) wo-x z-x
! ,B=———]——, (Assumey, # z,.)
20— Mo 2o — Yo
| LoD lax-w+c ,
Zop = Yo \Vo — X Zp—X
L |2 =] b+ C whent = 0,x = 0
Zo = Yo [Yo— X
C=_I_]nz_o
20— Yo Yo
LI W Rl J /9 | P
Zo = Yo Yo — X Yo
i 220G =X v
Zo()’o"x)
Yo(zo - %) = (LYo
Zo(J’o“I)
s ek — 1]
x =

- 20 - yo )kt '
Zo‘-’( - Yo
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51.

limx = z,.
1o

05

(3)If yo = z,, then the original equation is:

j—l—zdx=jkdt
(0 - x)
(o~ %" =k +C
x=0whent=0=>—]—=C1
Yo
1 =kt+i=kty°+]
Yo~ X Yo Yo
Yo
—x = 20
Yo ktyy + 1
Jo
x = -
7o ktyy + 1
Ast = 0, x > y, = x,.
X _  Ax+B + Cx+D
T+x* e 2x+1 2 -J2x+1

(Ax+13‘)(x2 —\/§x+l)+(Cx+ D)(x2 +2x + l)
(A+C)x3+(B+D—J§A+J§C)x2+(A+c-ﬁ3+ﬁo)x+(3+o)
A+C=C=-4

0=B+D-24+-/2C 2J24=0= 4=0andC =0
1=A+C-+2B+~2D —2ﬁB=l:B=——\£—5andD=i4§-
0=B+D= D=-B
So,
1 x ! —\/5/4 \/5/4
I°]+x4dx— ‘[° X2+ 2% + 1 +x2—\/§x'+l
= —\/—E : nl + ! dx
R @) - (VERT + 1)
~ _\@ 1 _ x>+ (\/5/2) an x - (\/-2_/2)
= n [/—\/—E arctan W + arci 1/\/5
= %[—arctan(\/fx + l) + arctan(\/fx - 1)]:)
= -;- (—arctan(\/i + l) + arctan(\/i - 1)) ~ (~arctan 1 + arctan(—l))]
= -;—:arctan(\/i - l) - arctan(\/-z_ + l) + % + %:l

Because arctan x — arctan y = arctan[(x - y)/(1 + xy)], you have:

[ (VEZ-)-(2+)) L] ar
Ctanl+(\/§—l)(\/5+l) +-2— =Earctan(7j

T
+ —_

I = =
= —] —— —_ | =
2-153)

dx:

z
8

e
g

fir?
01+ x*
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Section 8.6 Integration by Tables and Other Integration Techniques 795

fraction decomposition is:

=x8 - 4x® + 52 - 4x® + 4 - 4 >
1+x
7 6 !
o2 35 4x— darctan x
7 3 b
=l—-2-+1—i+4-4(£
7 3 3 4
22
==-z
7

ou can easily verify this calculation with a graphing utility.

.6 Integration by Tables and Other Integration Techniques
wia6: (a = 5,b = 1)

dx = [—%(lo-x) +25M|5 +x[| +C

«ofmula 13: (a =4,b = 3)

(-—]] 4 + 6x 6 I x I
2 — +—1In
16)| x(4 +3x) 4 |4+ 34

_2+3) 3,0 x
4x(3x +4) 16 |4+ 3x
_ 2
Formula 44: “. 2\/1 - dx = 1-x +C
xfl - x x
= 2x dx.

L )
Im

u

N

du

y Formula 39: (a = 8)

2
—;—\/64-u2—81n8+——— N -w N ¢

u
_ 4
-1 64-x4—41n8+“624 Xl+c
X
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796 Chapter 8 Integration Techniques, L'Hépital’s Rule, and Improper Integrals

5. By Formulas 51 and 49:
_[cos“ 3xdx = %_[cos4 3x (3) dx

3 .
_ 1f cos’ 3x sin 3x + ijcosz 3x dy
3 4 4

= L cos® 3x sin 3x + L lfcosz 3x(3) dx
12 4 3

= Lo 3xsin3x + L. l(3x + sin 3x cos 3x) + C
12 12 2

= L(2 cos® 3x sin 3x + 3x + sin 3x cos 3x) +C
24

6.Letu=\/;, du = ! dx.

‘4
J-sm\/_x dx = 2jsin414 du
X

.03

= g SMucosu —3—fsin2u du (Formula 50, n = 4)

4 4 ]

. 3 g

= 2 _EmuTcos_u + % . -;—(u - sinucosu)| + C (Formula 48)

1., 3 3.
= ——SmMucosu + —u~~sinucosu + C
2 4 4

1., 3 3.
= TSIV X CoOSV X + —A/x — =sina/x cosa/x + C
2 4 4

1 1 1
7. By Formula 57: |———+—gx = 2[— 1 | dx = =2(cot/x + csc/x) + C
J.\/;(] - cos \/;) Il - cos/x\2/x ( )
1
u = \/J—r, du = dx
2/x
8. Let 'u‘ = 4x,du = 4 dx.
By Formula 72:
[—2 =L (e
1 + cot 4x 4°1+ cot 4x
-1 —‘-(4x — In|sin 4x + cos 4x|) +C
4 2
= lx - llnlsin 4x + cos 4x|+ C
2 8
9. By Formula 84:
| ! — dx =,2x—11n(1+e2*‘)+c
1+ e* 2

10. By Formula 85: (a = -4, = 3)

-4y

e~ **sin3x dx = — —4sin3x - 3cos 3x) + C
2
(-4)" + 32
e—4x
= 2—5(—4 sin 3x - 3 cos 3x) + C
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.Section 8.6 Alntegration by Tables and Other Integration Techniques 797

8
= i-[-l+8|nx]+C = —I'XS(Slnx—l)'f'C
64 64

[=]
=
3
=X
)
7]
O
(=]
-3
=
[=%
O
——
g
=
=
S
1]

x(In x)’ - 3I(ln x) dx

x(In x)3 - 3x|:2 ~-2Inx+ (In x)z] +C

()’ - 3(n )" + 610 x - 6]+ C

Lt = 3xx= % du = 3 dx. 15. (a) By Formula 12: (a = b = Lu=x)
; u I-—z——-!-——dx=:1—[-l—+lln X )'FC
J‘zsxdx I[) du——uze"du x2(x + 1) tx 1 j1+x
' 27 -1 X
By Formulas 83 and 82: hra e
Ixze“ dx = 217[uze" - ZJue" du] = :x]_ + In x: ! +C
1 2 u " s H .
= 27[ - 2((u - 1)e )] (b) Partial fractions:
I 1 4, 8,¢C
='2—7‘33x(9xz—6x+2)+c A+l x X x+1 ,
(b) Integration by parts: = Ax(x + 1)+ B(x + 1) + Cx*
u=x%du= 2xdxdv—e3xdxv—l3x =0:1=8B
3 =-lLl=C
Ixzesxdx=xz'ax_jxeaxd,, x=lk1=24+2+1=> A=~
3
: i -1 1 1
—_—dt = || —+ =+ dx
Parts again: u = x,du = dx,dv = ¥*,v = %e”‘ J.xz(x +1) I[x X x+ 1]
1
= —Injx|- -+ In|x + 1|+ C
Ix2e3” dx = lxzesx _ g[{esx _ j‘_]_esx dx] I | X | I
3 313 3 |
) 2 2 =-—-1In +C
= oy - Lxe¥ ¢ ¥ i C X x +1
3 9 27
16. (a) By Formula24: (a = 6
= —e*fox? —6x+ 2]+ C (@) By (a=9)
[——a = LmZ=8, ¢
14. (a) By Formula 89: (1 = 5) x - 36 12 1x+6
P (b) Partial Fractions:
Ixslnxdx=;—6 [-1+6Ix]+C 14 B

= +
x2-36 x-6 x+6

(b) Integration by parts: 1= A(x + 6) + B(x - 6)
u = Inx, du=£dx, dv=x5dx,v='-x£- When x = —6, 1 = —12B =>B=_IIE'
J'xslnxdx=-xg6-lnx— i;—-:c—dx Whenx = 6, =124 =>A=T1§.
6 6 .
= ghrggrC er2136dx= erl/iz wr j;mz

= llnlx—6|——ln|x+6|+C
12 12

= Lln
12

x—6
x+6

+C
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79 f_Chapter 8  Integration Techniques, I ‘Hépital’s Rule, and Improper Integrals

17. By Formula 80:

f x arcesc{x? + 1) dx %_farccsc(x2 + l)(Zx) dx

%[(xz + l)ar«:csc(x2 + l) +In|x* +1+ (x2 + 1)2 -

1]+C

%(Jc2 + l)arccsc(xz + I) + —;-]n (x2 +14+x* + 2x2) +C

18. By Formula 75: u = 4x 22. By Formula 56: u = 6°, du = 4646
_[arcsin 4x dx = -‘li"'arcsin 4x(4 o) J‘ & do = lj L 4°a0
1 + sin 6 4’1 + sin *

]

1 . 2

—~1i 4x arcsin 4 +,/l’— 4 +C
4[:: . x (X)J

x arcsin 4x + %\/l 1622 + C

%(tan 6% - sec 04) +C

23. By Formula 76:

24 fe" arccos ¢* dx = e* arccos e* — /1 - ¢2* 4+ C
19. By Formula 35: j dx = +C - :
x\/x 4x u=e*, du=e"dx
20. By Formula 14: (a =8b=4c=104 < 4ac) 24. By Formula 71:
X l .
1 2x + 4 I i aix=—-(e”—ln,cose*—sine*)+c-
I dx = arctan +C 1 — tan & 2
X2 +4x+ 8 \/ J16 a
u=e, du = e*dx
= %arctan(x + 2) +C
25. By Formula 73:
21. By Formula 4: (a = 2,5 = -5) J' d — dx = _J‘
1 - sec x? 1 - sec x?
4x 1/ 2 ,
I(z PR dx = 4[2_5(2 T T In|2 - 5"0] +C = —;—(x2 + cot x? + csc x?) + C

4( 2 +lnl2—5xD+C
25\2 -

26. By Formula 23:

1 l (l) dt = arctan(In 1) + C

It[l+(lnt)2]dt= I|+(1m) ‘

u=1Int du =—:—dt

cos @ V2 1+sing
27. By Formula 14: d8 = N2 gt +C (BP=4<12=4
y Formula I3+2sin0+sin20 2 am"( N J ( < ac)

= sind,du = cos 8 do

28. By Formula 27: [x2\/2 + (3x)° a

1l

L7I(3x)2 (\/5)2 + (3x)3 o
= 5(—;7)[&:(18::2 + 2240 — 4 ln'3x +/2 + ox U +C

2 2
By Formuia 35: J' ! d"=3j 3 dy = N2+ 9x +C=_\/2+9x +C
~ P2 1 952 (32 \/( \/‘2‘)2 + () 6x 2x

29,
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Section 8.6 Integration by Tables and Other Integration Techniques 799

o;;tnUIa 77: _f Vx arctan(x3/2) dx = % I arctan(x”z)(—;-\/;) dx = %[x”z arctan(x3/2) —In/1+ x3] +C

Inx

1
ormula 3: jmdx = 5(2m]x|- 3m[3 + 2 in|x]) + C

=lnx,'du=ldx
x
er x
m’lula45 C
[¢] I( 2x)3/2 \/l—e
u=e,du=¢edx
Formaulas 1,23, and 35: j__._.__dx=l _2x-6+6 4
2 _ 6x + 10)° 27(x* - 6x +10)
= 1f(x® - 6x + 10) "(2x - ) v + 3 L
? I:(x-3)z+l]
1 3 x-3
Py t -3)j+C
2(x2-—6x+10)+2[x2—6x+10+aman(x )]
3x - 10 3
=t + Zarctan(x - 3) + C
(7 -6x+10) 2 (=3
y Formula 41
5—xdx___I 5—x.\/5—xdx
S+x \/5+x \/S—x
=I S—-x
\/25-x
= dx

2 - =
\Es V25 - ¥
5 arcsin(%) +25-x2+C

By Formula 31: I\/_avc:_ =—I\/___

u=x*>-3,du = 2xdx

6. By Formula 31: j\/_c"s_"_ lnlsinx+\/sin2x+l|+C
sin® x + 1

u = sin x,du = ¢os x dx

=—In +\/x4—6x2+5|+C

3%, By Formula 8:

- 2+ln|l+e"+C

"
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800 ' Chapter 8 Integration Techniques, L’Hépital's Rule, and Improper Integrals

38. By Formulas 64 and 68: | 41. By Formula 89: (n = 4)
3
Icot“ 0do = -2 _ Jcotz 6 de ) 5 2
[[*¥*mxdr = | (=145
cot3 6 I 25 I
= - 3 +8+cotd + C
= 1 +5mh2]-
25[ n 2] [-1+0
39. By Formula 81: :
1 =—-%+3—In2z3l961
Joxe® ax = [Ler ] Le - 1) ~ 0.8591

42. By Formula 52: u = 2x, du = 2dx
40. By Formula 21: (g = 3,b=2
( ) [ xsin 20 dx = L [ (2) sin 2x (24)

) 4o

]

. 4
[ = | 220 =20) e
O3+ 2x 12 )

= —ji[sin 2x — 2x cos 2x]g/ :

i

H(s - mmI = J[o - 2(-1)]

z
- —%(—2)\/'11 + %(6)\/-3- =2
- v +3 43. By Formula 23, and letting u = sin x:
3

Jvr/z cos x

. 7f2
T e [arctan(sm x)[ i

arctan(1) — arctan(~1)

44. By Formula 7: (a = 5,5 = 2)

2 S

I:(—S:Tx)dx [2){—
[O-——lOlnlSJ (—S—IOInS)}

(10)In ('?5)

In3

—1om]5+ 2xﬂ
0

1
3
5
3
5
3

Al o) —

45. By Formulés 54 and 55:
ft3 costdt = sins— 3_[t2 sin ¢ dt
=sins - 3(—t2 cost + 2_[! cos ¢ dt)
=Asint+31 cost — 6(t sin ¢ — jsin t dt)
= £ sint+3t2cost - 6tsint — 6cost + C
So,

72 . . 72
J'o Beostdr = [t3 sint + 3t cost — 6t sint — 6 cos t]:/

3 3
=5 -3 +6= 24637 ~ 04510,
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Section 8.6 Integration by Tables and Other Integration Techniques 801

y Formula 26: (a = 4)

- .
Jx? + 16 dx —;—[x\/xz +16 + léln‘x + A+ 16”

0

l[(g(s) +161n[3 + 3) - (16 In 4)]

=|—25-+81n8 8In4
=E+8ln2
2
-t _ 1 (2a/b)u ‘*‘( z/bz) I B B
(a +bu) b (a +bu)’ b*  a+bu  (a+bu)
2
u—-% A(a + bu) + B = (ad + B) + bAu

Equating the coefficients of like terms you have a4 + B = —a*/b* and bA = —2a/b: Solving these equations you have

A = -2a/b? and B = a*/b%.

: 2 2 2
[—— = [l - -2-9(1)];1; du + "—Hj—l—{b du=—~u 2 1n|a+ bu|- 2 (--'—) +C
(a + bu) 0 T b) v bu \5) (@ + bw) RS b \a + bu

1
!

(bu——L—Zaln!a+buU+C
a+ bu

i du 2
8. Integration by parts: w = 4", dw = nu" ™" du, dv = —=—=——,v = —Ja + bu
& vP a + bu b

fo— du = 2w = 2 fur B
ZZ bu-——j"'\/— \/a+bu

N Va + bu
_ 2u" a+bu—2—n au"'+bu

b Javbn °

2u" 2na

= + bu - — - 2n
b ? I\/a+bu "Va+bu
2[ "Ja du]and

Therefore, 2n + 1 _[

\/c—z+—bu +bu—naj\/_

W2 L /e - e[
'[\/a+bu—(2n+l)b|_u a + bu najl a+budu].
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802 Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

49. When you have %% + a?:

u=aqatan@
du = asec* 8d0
u* + a® = a’sec? @
2
I——l-—372—du=IM~=—]2—Jcosﬂd0=izsin€+C= i +C
(uZ + 02) @’ sec’ 6 a a N
When you have u? — a?;
u = asec .
du = asec tan 6 d6 Vi at
u? - a® = g% tan @ "
I——-—I—-——Bﬁdu= Iasecsﬁtar;b?d0=_lﬂ-<ioszt9 d9=izjcsc0cot0d6=—%csc¢9+c= — +C
(uz_az) a® tan® @ a®’sin2 8 a a a*Nu? - a?
50. ju”(cos u)du = u" sinu - nfu”"(sin u) du ' 2du
1 P
w=u"dv=cosududw=nu""duv = sinu 53. f———,—d9= 1+u , % = tan —
2-3sind 2_3( 2u )
e 22 1+ u?
51. j'(arctan'u) du = u arctan u — —J'—z du ’
21+ u = j du
1 ) 2(1+u2)-6u
=uarctanu—51n(l+u)+C
.
= du
=yarctanu — In~/1+ u® + C Iu2—3u+l
: 1
w=arctanu,dv=du,dw=lfuz,v=u =J‘ du
u

52. [(inu)" du = u(lnu)’ - [n(in u)”—](-:;)u du | ~ . (u _ 2) A5

1
= — + C
= u(lnu)" - nI(ln u)"—I du NG g (u _ i) ﬁ
| . 2 2
w = (Inu)’,dv = du, dw = n(In u)"_l(—-) du, 1 |2u-3-+/5
u s —n— > =4+ C
b 45 2 -3+ NG

I 2 tan(g)v— 3-45
) e

+C

sin @ ~sin @
5, |————df = - do
J‘1 + cos® '[1 + (cos 6)°

~arctan(cos ) + C
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2du

=I' 1+ u?
0 2u 1 - u?
T+ 1+u?

11
0l +u

= [In|1 + uﬂL

=1In2

du

2u
j' 1+ u?
0 2(1—u2)
1 1
= 2'[0%—-;611{
]

= —-j—g—- arctan(\/g M) ,

2
= —— arctan \/3
J5

_[ 2sin @
3-2cosé

-I-ln|u|+C
2

%ln(3—2<:os€)+C

=3~ 2cos0,du = 2sin 8 d6

cos cos 8(1 - cos 6)
2200 |
1+ cosé (1 + cos G)(1 - cos 6)
a2
J-cos 0‘ 2ccas (7 4o
sin‘ @

I (csc é cot @ — cot? 0) do
.[ (csc 6 cot 6 — (csc2 g~ l)) do

—cscl +cotd + 0 +C

sm\/— 1
9 = 2 [sin O —= | d6
fﬁ Jin o375
=—2cos\/5+C
1
=0,du = —=db
“=2Je

Section 8.6 Integration by Tables and Other Integration Techniques

60. | 4 o = | 4 dé
cscd ~ cot @ 1 ) (cos o
sin @ sin 6
-4 ,[ sin @ 46
1-cosd

41n|1 - cos @]+ C
=1-cosd,du = sinf do

I
Road
o
Il
—
~—

61. By Formula 21: (a

6

-2(6 - x)
j\/;+_dx 5 \/x+30

803

= 4/3 ~ 6.928 square units

2 X
62.A=I0]+ex2dx

_1_22xdx
20l+e"2

2

]|:x2 - ln(l + e"z)]

2 o

ﬂ+1m2
2

1
~ 0.337 square unit_s

2[4 - ln(] + et

P

e
SRS SUNSSSS——. SU—
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804 Chapter- 8 .. Iﬁtegratiah Techniques, L'Hépital’s Rule, and Improper Integrals

. . 1 2
63.(a)'n=']:u=ln,x,du=—dx,dv==,\ﬁd,(,v=x7
: X
2 2 2
lenxdx:f_]nx_.[i._l_d_,(:i_
2 2 )x 2
3
n=2:u=Ir1x,du=ldx,dv=x2dx,v=5—
X 3
3 3 3
fx”nxdx:ic-—lnx—_[x—l =X
3 3 )x 3
4
n=3:u=]nx,du=ldx,dv=x3dx,v=x—
x 4
4 4 4
J‘x3lnxdx=£-lnx—fi-l =X
. 4 4 Jx 4
. x"+l x”*'
®) [x"Inxdx = Inx-————4+C
n+ 1 (n+1)

64. A reduction formula reduces an integral to the sum of a
function and a simpler integral. For example, see
Formulas 50, 54.

65. (a) Arctangent Formula, Formula 23,

1
——du,u = e*
qu +1

(b) Log Rule: fl duyu = e + 1
u

(c) Substitution: u = x2, du = 2x dx, then Formula 81
(d) Integration by parts

(e) Cannot be integrated.

(f) Formula 16 with u

~
e..x

66. (2) The slope of fat x = —1is approximately
05(/" > 0atx = ~1).

(b) /" > 0on (-, 0), sofis increasing on (=, 0).

J" < 00n (0, @), so fis decreasing on (0, o).

67. False. You might need to convert your integral using
substitution or algebra.

68. True

69. W

j: 2000xe™* dx

1l

5
-2000 jo —xe™ dx

2000 {7 (=x)e~(~1) dx

5
0

2000[(~x)e™ ~ &™)

= 2000(—£5 + l]
e

~ 1919.145 ft-Ib

500x e
V26 - x?

= =250’ (26 - x?)"*(-2x) ax

7. W = jos

- [—500\/ 2 - xz]z
= 500(~/26 - 1)

~ 2049.51 ft-Ib

27tJ.:x(x\/ 16 - x2) dx
2zj:x2\/]6 - x% dx

By Formula 38: (a = 4)

4

27 % .x(2x2 - 1,6)\'/16 - x% + 256 arcsin

27 32@) = 3272
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Section 8.6 Integration by Tables and Other Integration Techniques 805

- [so infy + /14 5
= 801n(3 + +/10)

~ 145.5 fi?

148(80 In(3 + </10))
11,840 In(3 + ~/10)

21,530.4 1b
(b) By symmetry, X = 0.

|

/4

Q

M = p(Z)I:\/—r——z;—y—;dy
- [4pln|y+ \/TT?]Z
= 4pn(3 + JT6)

M, =

[4p§/l + yzilz
4p(\/l—5 - l)
oM, (V10— 1)

=t Lo~ 119
M 4p ln(3 + \/1—6)
Centroid: (¥, y) ~ (0,1.19)
I 2 5000 2500 ;2 —1.9 dr
: 73. 2 - 0.“0 | + o819 dt = _19 _[0 |+ 819
2500 o T2
= -—l_.-9—|:(4'8 - l.9t) _ ln(l + o8 |9:)]0
2500
= —T—g——[(l - In(l + e)) - (4.8 - In(l + e‘“‘))]
= _2_5_0_(1 3.8 + ]n(l_-*-g_) ~ 4014
1.9 1+ ¢*®
4 Letl = [ dx

® 1+ (tan x)‘/i‘

For x % - u, dx = —du,and

0 —du z/2 du =2 (tan u)J5

= du.
21 + (tan (7/2 - u))Ji ® 1+ (cot u)‘/E ° (tan u)‘/E +1

vz
2] = J»n/Z dx . + J-lr/Z (tal’lf/)E dr = J-zr/de _ Z[_
® 1+ (tan x) ® (tanx)¥* +1 0 2

So, [ = E—.
4
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