806 Chapter 8 ' Integration Techniques, L'Hépital’s Rule, and Improper Integrals

Section 8.7 Indeterminate Forms and L’Hépital’s Rule

1. lim sn'n 4x ~ 1.3333 [exact:i)
x—0 sin 3x 3 3
x -0.1 -0.01 | -0.001 | 0.001 0.01 0.1 Pl T
. b AP
f(x) 1.3177 | 1.3332 | 1.3333 | 1.3333 | 1.3332 | 1.3177 { \
-1
2. lim —= ~ -1
x—=0 X s
X -0.1 -0.01 -0.001 0.001 . 0.01 0.1 -t 1
f(x) -0.9516 —0.9950 —0.9995 | -1.00005 | -1.005 | —1.0517 m—-ﬁ—'“"%—-_q_ﬁ_k

3. lim x%e'® 5 @
X—>00
3% 0%

x 1 10 10? 10° 10° | 10°
f(x) | 0.9900 | 90,484 | 3.7x10° [ 45x10° |0 |0

1500

4. lim bx ~ 3.4641 (exact: _§_) 5 o
x—>0 3x2 - 2x .\/5 L
B R —
x 1110 10? 10 10* 10° }
f(x) | 6 | 3.5857 | 3.4757 | 3.4653 | 3.4642 | 3.4641 , o
0
-4 - i
5@ im Gy -4 L3 3
>4 52— 16  x>i(x—4)(x+4) ax+4 8
- dfdx{3(x - 4
(b) Iim-3(:—4—)= 1im_/_[(f_)]= limi:é
x4 x° - 16 x->4 d/dx[xz - 16] x—4 2x 8
2 2
6. @ lim 2x* +13x +20 _ tiom (x + 4)(2x + 5) - lim(2x+5) = 8+ 5 = 3
x—>—4 x+4 x—>-4 x+ 4 x4
2 dfdx2x* + 13x + 20 ’
®) lim 2B [ ] ax+13
x->—4 x+4 x>-4 dfdi[x + 4] s> 1
L NX+10-4 Jx+10-4 Sx+10+4 . (x +10) - 16 . ‘ 1
7. (@) lim ————— = lim ——— . = lim - = lim = -
=6 x—6 6 x—6 Jr+10 + 4 x—’6(x—6)(\/x+10+4) s>6/x+10 +4 8
1 . ~1/2
xr10-4_ dja]Vxri0-4]  olre10)”
(b) lim = lim = lim = 1/8
x—>6 xX—-6 x—6 d/dx[x - 6] X6 1
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Section 8.7 - Indeterminate Forms and L'Hépital's Rule 807
sin 6x _ lim[g sin 6x) _ 3(1) _3
4x -0\2  6x 2 2
sin6x _ | dfdx[sin 6x] jigg S.C086x _ 3
4x x>0 d/dx[4x] -0 4 2
5x2 — 3x + 1 i 5-(3/x) + (l/xz) 5
3x2 -5 x50 3- (S/xz) 3
S -3x 4l _ (d/dx)[5x* - 3x + 1] g 10x-3 (d/ax)lox-3] . 10 5
33 -5 x> (dfdx)3x* -5]  x>e 6x e (d/d)[6x] xw 6 3
4x-3 _ o 4/x - 3/x?
oS3t + 1 xow 54 1/xF
- -3
4x 3 = lim (d/dx)[4x ] = m _4_ = 0
=0 5x2 + 1 X (d/dx)l:s_xz + ]] x—>o [0x
- - : 2
20 i E2 oy 21, tim TSN V1=
x-3 x-33 1 x>0 x x=>0 1
-3x-10 2x -3 2
- t - 4 /(1 + x
Yr2 Am T 7 2. i 22 = (/) YO )
x>l x =1 x—>1 1 2
125 - <) " (-24) 532+ 3x = 1 10x + 3 10 5
V25— -5 L * 23 lim 23X g = i 22 2
- lim ] oo 4x2 + 5 x>0 8x  xow 8 4
= lim ——— = 0 5x +3
025 - Ly Rk
](S—x)vz(—z) x4+ d4x+7 2x + 4
25 - x2 . 25. lim ———— = lim
= lim X—»0 x—-6 x> 1
x-35 x5 1
—x 3 2
= lim ——=—— = - Lo X 3T
S Tmr % fim = T
1 x _ x 3 2
2 i €20 i & - o 27, tim 2o = lim
x 0t 3x x>0+ 6x xo0 ¢ xom (1/2)e
6x 6
3 3lnx _ . 3/x 3 = lim ——0p = lim ——— =
= i /= == © /2 © X2
M i - 3 L CE
3 2
PRI . 11510 _ 11 28, .x2 = fim 3x
=1 x4 — 1 -1 43 4 oo g* Y= 2xe
- lim —%
= lim ' _a e (4x2 + 2)(3"2
b1 b b
. = lim ——————6 =0
sin 3x fim 3cos3x 3 ¥ 4x(2x + 3)
x0sin5x r>05cos5x 5
29. lim =
lim s.nax = lim acosax _ a prress \/x +1 x—-)co \/l l/x
x~>0sinbx r>0bcosbhbx b

Note: L’ Hopnal s Rule does not work on this limit. See
Exercise 83.
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30,

31

32.

33.
34.

35.

36.

37.

38.

39.

40.

41.

hap iééﬁatibxt- Technigues, L’Hépital’s Rule, and Improper Integrals
iim X lim —2% = Lx cos 6 df cos ,
xow [ y2 xon 2 42. lim ———— = lim = cos(l)-
X+ 1+ (l/x) x—=1* x =1 x-1* 1 ()
. 43. (a) lim x In x, not indeterminat
lim cosx _ 0by Squeeze Theorem 3. (a) ."l_r’r;x n x, not indeterminate
X0 X
(b) lim xInx = (w0)(c0) = oo
(cosx < l, for x > 0) .
X X (c) ¢
lim 222 = ¢
X=X X — 7T o} — 4
Note: Use the Squeeze Theorem for x > . &
1 g Sinx ] ‘
x-7 x-m x-x 44. (a) lim x’ cotx = (0)(c0)
r—>0t
. Inx x . 1 : 3. 3
lim —= = lim —= = lim — =0 b) lim x*cotx = lim — = lim —=
roe 'xz xow 2x x>0 2x° ( ) r—0* x—0* tan x r—0* sec2 ;
4 ©
lim X o g 20X A 4 ,
yox X ror X o 3x= - 3y / “n,H
s 4 3
e.\‘ X \I
lim — = lim 7 !
Xy X xox 4x T
= lim &
XY= 12x2 ~ I .
. 45. (a) lim (x sin -—) = («)(0)
x> X .
. sin{l/x
e* (b) lim x sin L lim -—-(-/—)
= lim 54— = 0 x> X  xox ]/x
y (—I/x2) cos(l/x)
= lim ~Y—~——~
¥/2 1/2 /2 x—=x - 2
lim &2 = im (27 _ -/x
x> x x>0 1 . 1
: = lim cosj —| =1
X
1msin5x_ . ScosSx S5 *
x>0 tan 9x  s->09sec?9x 9 () 15
lim .lnx = lim Yx - \‘\ f/f
x>l sinrx x> 71 CcoS X /4 -1 P 1
) ' 205
/(1 + x? :
lim arc‘tanx = lim /( ) =
¥=0  sin x ¥=>0  cos x

P—Tl arctan 2x ‘lrl-rH) 2/(1 + 4x2) =12

o J‘]xln (e"’“') dt

X0z X

INCERX

lim

r—=>c x

. 4x -1
= lim —— =

r—xo 1
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Section 8.7 Indeterminate Forms and L'Hdpital’s Rule 809

: Ix _ o0
lim (x tan %) = (0)(0) 49. (a) Jﬂx o

(b) Let y = lim x*.
xX—=x

xX—%

1
lim x tan —
X

fion tan(1/x)

x->0 ]/x

~(l/ xz) sec?(1/x)

x-0 X rorw

lny:]im-lﬂ—{=lim(

1

M{J=0

= lim
Foe -—(l/xz) So,Iny =0 = y = e° = 1. Therefore,
Y
= lim secz(l) =1 Jim > = 1.
X—x X
(c) 2
2
\ e
- {
1 10 -5 20
5 -0.5
-1
(a) lim x* = 0® = 0, not indeterminate e
¥0 50. (2) lim [1 + —] =1
(See Exercise 108). x>0 x
= I/x x
() Let -y =x | (b) Lety = lim [1 + l).
X—>0 X
Iny=Ihx*==inx .
x In[1 + (I/x
Iny = lim xln(l + —l-) = lim —[—L-)-]—
x—> x x— 1/x

Because x — O*,l Inx — (0)(-) = —c. So,
x

(V=)

Iny » -0 =y — 0" 1+ (1/x) - 1

= lim &—— = lim ——— =1

Therefore, lim X = 0. o) (_|/x2) =2 | + (1/x)

x—0

(c) 2 So,Iny =1= y = ¢ = e Therefore,
,—""__'_ . X

/ fim (1 + —) =e

05 rd 2 X X
05 (c) d
P ‘
0 10

'48. (a) lim (e" + x)z/x =1*

xo0t

(b) Let y = lim (e"' + x)zlx.

x>0t
Iny = lim M
x—->0* X
2(e" + 1)/(2“' + x)

lim -t~ = 4
x—0* 1

So,Iny =4 = y = ¢ ~ 54.598. Therefore,

. 2/x
lim (e’r + x) = e*,
x->0%
80
(c)
i
\,
e
Bt SN
0 2
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10" ‘Chapter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals

51 (2) lim(1+ 2 = 1° ] §3. (a) lim [3(x)"”] = 0°
x—0* k-0t
() Lety = lim (1 + x)", () Lety = lim 3(x)".
x—0 x—0%
In(1
Iy = fim 20+ Iny= lim|In3+>inx
x—0* X x>0 ' 2
/(1 +
= / ( x) = lim|in3 + l—n-f-
X->0+ x—>0* 2/x
So,lny=1=y=¢=¢ = lim In3 + lim Vx
l/x x—0% x—>0* —2/36
Therefore, lim (1 + x) x
0% = lim In3- lim >
C) 5 ) x—0* x—0*
( \ _ =1In3
S So, lim 3(x)” = 3
x—=0
1 4
(© ? ;
52. @ lim(1+ x)™ = oo® /
X —»00 L
®) Lety = lim(1 + x)"*, -6 6
X0 )
ny = tim 200 o (V0 +0)) »
= ol ] 54. (@) lim [3(x - 4] =
x—4t

So,lny =0 =e =1, X
»Ry=0=y=e ®) Lety = lim [3(x - 4)]""

Therefore, lim (1 + x)"* = 1. *
1w ny= Iim+ (x-4) ln[3(x - 4)]

(€) s
- iim In[3(x - 4)]
‘-\_“_\_ x4t ]/(X - 4)
0 10 = hm 1/(.7( _ 4)
ey

= nm ~(x-4)] =
. x-4 _
So, x11>r:1+[3(x -4 =1

© 2
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ety = (Inx)"".
ny= In[(ln x)x":l = (x = 1) In(In x)
In(In x)

TEY

fim- In(In x)
o1t (x - ])_]
lim 1/(x In x)

x—1* —(_x - ])—2

2
lim M
=t xInx

im Iny

]
.é'_.:
1

X
cos[g - x) = lim [sin x]" = 0

x—=0% x->0"
(b) Lety = (sin x)"
In(sin x)
Iny = xIn(sin x) = ——=
y (sin x) = — I
In(si i
lim n(sin x) - lim S8 x/sin x
x—0* l/x x—0t —l/x2
. —x*cosx
= lim ——
x—»0t SIinx
. x [ —X COS x)
= lim — ———
x—0* sin x 1
=0
So, lim cos(z - x) =1.
x—0* 2
() =2
\\_;-ﬁ“”"d—\‘\
a \ 3

0

Section 8.7 Indeterminate Forms and L'Hdépital’s Rule 811

. 8 X '
57.(a) llm(;i—_—i-— ):w_oo

x—2* x-2
8 x 8 - x(x + 2)
b) lim| ——— - = lim ———— 7
®) xl»n;(xz—4 x—Z) o -8

- lim (2-x)4+x)
x—2* (x + 2)(x - 2)

= |im'_(x_i.4_)=“_3
xo2t x + 2 2

58. () lim|——- X1 0o
S (o S

1 - x -1 I-~x-1
b) lim| ———-———|= lim ————
( ) x—=2* x2—4 x2—4 x—2t x2—4
-1/{2/x =1
= lim ————/( )
x—2* 2x
= lim -———:!———- = ——1
x=2t dx~/x -1 8
© °F
2 ] &
e
058

59. (@) lim|—— - —2| = w -0
worinx x -1
b tim[—3o 2| = jim 3%=3=2Inx
wmnx x-1) wt (x-1)nx
3-(2/x)

- xllm [(x—l)/x] +Inx =

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




12 ; C‘hapter 8  Integration Techniques, L’Hépital's Rule, and Improper Integrals

>   60. (a) ”m(_]_o'_iJ: W 64. Let f(x) = x + 25and g(x) = x.
r—0t\ X x? .
(Answers will vary.)
. : 10 3 . (10x -3
b li —-——=hm( ):—00
®) xLT+(x xzj oot x? 65. (a) Yes: %
(€)1 0
. IIFH“'““-—«_______ . (b) No: —
(c) Yes: hd
(d) Yes: 9
0 o = 0 0 0
61. —,—,0-@,];‘:,0,@—@,@ 1
0 - (e) No: o
62. See Theorem 8.4. .
0
() Yes: -
63. (a) Let /(x) = x* - 25and g(x) = x - 5. 0
(b) Let f(x) = (x - 5 and g(x) = x* — 25, 66. (2) From the graph, lim /() = co.
(c) Let f(x) = x* — 25and g(x) = (x - 5)3. (b) From the graph, lim f(x) = ~co,
x=1*
(Answers will vary.) (¢) From the graph, l‘im| /(x) does not exist.
67- & 10 10? 10* 108 108 10'°
" -
M 2811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000
X
68.
x 1 5 10 20 30 40 50 100
% 2.718 | 0.047 1 0220 | 151.614 | 440 x 10° | 2.30 x 10° | 1.66 x 10" | 2.69 x 10%
2
69. lim X = tim 2% _ i = :
xx g x> §g° x—x 2§505%¢
3 2
0. lim - = lim 20 = lim 5% = i & _
xsm gt x> Dp2X xx 4g2¥ xox =¥
In x)’ 3(In x)(1 In x)? 2
71, tim (), 30 2)°(V) 7. fim (), @I 3)/x
roo  x x—x 1 yox i3 ra 3x2
= Jim 300 x)” = lim 210X
rox X x>x 3y
. 2/x . 2
. 6(In x)(1/x = Ay —_ =
= lﬂw ‘!!_l;':c 9X2 Jl!:o 9).’3 0
= tim S0 _ 6
X—» X X—= X
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lim

r—=w

lim

X

lim

X—x

lim

1
Iny=—-Ihx

Critical number:

Intervals:
Sign of dy/dx:
y = flx)

" Relative maximum:

n(in x)"” /x
m-~1

mx

n(in x)"™"

N0 nell.\‘

m(m ~ 1)x"~2"

= lim S
Yo n ell.\
. m!
= = |lim —— =
Yo nmen.\

Horizontal asymptote: y = 1(See Exercise 49.)

Increasing  Decreasing

.6

Section 8.7 Indeterminate Forms and L'Hdpital's Rule 813

76. y =x*,x>0
lim x* = wand lim x* =1
X oot
No horizontal asymptotes
Iny =xInx
Ny _ x(lJ +Inx
y)dx x
L (1 +Inx)=0
dx
Critical number: x=e"
Intervals: (0, e") (e“, 0)
Sign of dy/dx: - +
y = f(x) Decreasing Increasing

~1

e", (e")”

|

e

Relative maximum:

o)

IS

/
Sk
(]
-1 4
-1
77. y = 2xe™™
lim 2 = lim % =0
xon ¥ xox g
Horizontal asymptote: y = 0
Y 2x(—e"‘) + 2e7*
dx
=2"(1-x)=0
Critical number: x =1
Intervals: (o0, 1) (1, )
Sign of dy/dx: + -
y = f(x): Increasing Decreasing

. . 2
Relative maximum: (l, —-)
e
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er J‘Integrals

83. (a) Applying L’Hépital’s Rule twice results in
original limit, so L’Hépital’s Rule fails:

nptote: ¥ = 0 (See Example 2.) lim ; . - 12
x—»m X300
& x‘(]/x)—(lnx)(l)_]—lnx__0 4 HNA A
& x? x* o i VX1
Critical number: x=e FReoox
Intervals: . (0, (e, ) - lim L_ \/3;24-1
X —>oc
Sign of dy/dx: + - ;
= lim
y = f(x) Increasing Decreasing Caxom [y 4
1 . x . x/x
i i e - (b) lim = lim
Relative maximum (e, e] ‘ 4 o0 [ 11 xomJ5 3 1y
; —him—t 1
- s = Jle1/x2 V140
Tl
/ e © 5
| i
-4 6 &
2
79. lim _‘7""’2;4"1_1 =21 —
-2 xf - x -2 0
Lo 0 o 84. (a) Applying L’Hépital’s Rule twice results in the
Limit is not of the form = or —. original limit, so L’Hépital’s Rule fails:
L’Hopital’s Rule does not apply. lim 2% s indeterminant: &
. xon/2” S€C X ©
2x _ .
80. lim&—1_0_ 0 . tanx . sec? x
-0 g* 1 Im/1 : = l|r7 "
xoal2 Sec x /2~ sec x tan x
Limit is not of the form 0/0 or oo/co, o =
. . osecx ©
L’Hépital’s Rule does not apply. ' T, _13;72- tan x (;)
) oF 0 ‘ = lim Secxtanx
81. ,}l-ﬂ | = 1+0 =0 ’ " xomfm sec’x
Limit is not of the form 0/0 or co/co. = lim fB0X
' f2- sec x
L’Hépital’s Rule does not apply. 7 i
() dim BRIy SE )
82. lim x COSl = w(l) = - x—)n/z_ S€C x x—wr/z‘ COoS x
¥ x = lim sinx =1
Limit is not of the form 0/0 or co/co, : *>)2
L’Hopital’s Rule does not apply. © 2
.r-_-\\
N Q f \.\ r
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Section 8.7 Indeterminate Forms and L’Hépital's Rule 815

) = sin(3x), g(x) = sin(4x) 86. f(x) = e - i’ g(x) = x
) = 3 cos(3x), g'(x) = 4 cos(4x) £(x) = 3¢, g'(x) = 1

Cf(x) _sin3x , S(x) e -1

i SEEAY

o g(x) T sindx’ 1= g(_x) - x
£(z) _ 3cos3x £ _ o
._T..—- EE e— J’2 = 7 = 3e
g'(x) 4cosdx g'(x)
x = 0,3 — 0.75and y, — 0.75 Asx > 0,y > 3and y, —» 3
*Hopital’s Rule, By L’Hopital’s Rule,
sin 3x . 3cos3x 3 & 1 363
. = lim == im ———— = i =
x—04cosdx 4 1'-?(1) x :I:l—rH) 1 3
VQI(E_I“) ‘
_ okt ~ki
tim 32 =) |y (voe™) = lim 320+ ) | iy (V—,‘;) = 321 + v
k=0 k k=0 k-0 1 k=0 \ e
, ln(l + f—)
In4= lnP+ntln(l+—)= lnP+—T-'-1——
n
nt
oi+2) i)
nil+— T2 4 (o))
n 1+ (r
lim| 22| = ]im———————(-—/—nl- = lim|ret =rt
n-—>o0) 1 n—x ( 1 ) n~»00 ¥
— N I | + —
nt n’t . n
“Because lim In 4 = In P + rt, you have lim A = "*" = ¢nPe = pe”_ Alternatively,
n—w n—oec
, nt , nfr !
lim 4 = lim P(l + —) = lim P| (l + -—) = Pe".
n—wx n-—xc n n—oc n
89. Let N be a fixed value for n. Then
. xN-! N - 1)xV-2 N - 1)(N - 2)x"-3 N -1)
lim Z = lim ( Jx = lim ( X )x = ... = lim (——-l = 0. (See Exercise 74.)
x>0 ¥ X e* x>0 er X0 e*
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: épital’s Rule, and Improper Integrals

V144 -

X

Let x = 12sin 6, dx = 12 cos 6 d, /144 — 5% = 12 cos 6.

12 cosﬁ 1 - sin%8
= — -12 do
Y I I sin @

12 cos 6 dO

1]
]

—l2!(csct9 - sin0) do = -12 Infesc 6 — cot@|-12cos @ + C

/ — 2 144 — +2 — «f - 2
P LT L '4?2 e o P LA L e i N v
X X X

When x =12,y = 0= C = 0.S0, y = —121p| 2=V - x* | o
X
12 - 144 - &2
NOtC.' -_—
X

>0for0<x<12

¢
T

(c) Vertical asymptote: x

1]
(=}
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)y+\/l44—x2 =12=y
12 -+144 - x* =

- So,

xe”!

(xe" - 12)2
x%e? - 24xe™' + 144 =
xz(e‘z + 1) - 24xe”! =
Jrl:x(e'2 + 1) - 24e"] =

X =

-1 =1In

Section 8.7 Indeterminate Forms and L'Hépital’s Rule

=12 -/144 - »?

817

2
—l2]n[——-‘2 - V144 - x ]— NyT)
X

| [12—mJ

12 - V144 - 52
(—mf

144 = x?
0
0
-1
Qorx = 24e
e +1

Therefore, s =
7.77665

_ 12 de
X

7.77665

(X)) = 2, g(x) = X +1,[0,1]
) - f(a) _ (o)

g(b) - gla)  g'c)
f() - s(0) _ 3¢
g()-g(0) 2
1 3¢
1 2
_ 2
)

9. f(x) = %, g(x) = x* - 4,]1, 2]

@) - 1) _ s)
g(2)-g() £()

-2 _ -lfc?
3 2
LI
6 20
23 =6
c =133

X

= [121n]x[].

7.77665

~ 7.77665.

12 XZ + (144 - X2)

7.77665 x?

= 12(In 12 - In 7.77665) ~ 5.2 meters.

93. f(x) = sin x, g(x) = cos x, [0, %]

f(#/2) - 17(0) _ f(e)
g(7/2) - g(0)  £(c)
1 cos ¢

—cot ¢
4
9. f(x) = Inx, g(x) = *,[1,4]

S - 1) _ 1)
g2(4)-2() £()

Ind4 _Ye 1
63 3¢? 3
3¢In4 =63
o2l
In4
c= 31 ~ 2474
In 4

95. False. L’Hépital’s Rule does not apply because

lim(x2+x+l)¢0.

x—0

lim ———— = lim

x—0* X
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‘@ lim f(x) _ lim x+,xsmx - lim I+sinx _ 0
oo g(x oz x* -4 X0 X — 4/;(

(Because |1 +sin x|< 1 and x — oo.)

(b) lim f(x) = lim x(1 + sinx) =

X—0

= lim (x* -
Jim £x) = Jim (+* - ¢
© lim f,( ) = lig 1t sinx + x cos x undefined
x—w g(x) x—% 2x

1@ -1]"
a-1

For a > land x > 0,

X
- Infa* -1
Asx—»wm—xao,wao,and n(a )

Section 8.8 Improper Integrals 821

!
(d) No. If lim flgx; does not exist, then you cannot assume anything about lim f( )
»,\‘-—)w g X

= g(x)

ln(a’r - 1) _ In(a - 1)

In f(x) = [In—+ In(a* - 1) - In(a - 1)] -,

X

In[(l - a"*’)a"] ~ ln(l - a'*’)

x x x
So, In f(x) - Ina.

For0<a<landx>0,

—In x ln(l - ax) _In(1 - a)

In /(x) =

. . a if a>1
Combining these results, lim f(x) =
X—00

Section 8.8 Improper Integrals

1 I l—ig is improper because 5x — 3 = 0 when

X = %,and 0<=-<1.

wn|w

24dx , . 1. .
2. I — is not improper because f(x) = —is continuous
13 : ]

on [1, 2]

= dx i t
2_5x+6 0(x—2)(x—-3) 1S ho

improper because
2x -5

(x - 2)(x -3)

J-l 2x -5 1 2x -5

is continuous on [0, 1].

4, L ln dx is improper because the upper limit of

integration is oo,

— 0asx — o,

if 0<a<l

= +Ina - na
x x

5. I: €™ dx is not improper because f(x) = e~ is

continuous on [0, 2]

S

.[: cos x dx is improper because the upper limit of
integration is oo,

7. I_Z 45—1:_‘% dx is improper because the limits of

integration are —oo and oo,

]

4
Ioﬂl csc x dx is improper because f(x) = csc x is

undefined at x = 0.
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L'Hépital’s Rule, and Improper Integrals

9. Infinite discontinuity at x = 0. » J.z -2 b 8
' Sy 9
_|'4de = lim J':de (x-1
o x b0 6 \fx because the integral is not defined at x = 1. The
= lim [2 \/;:"‘ integral diverges.
b—0* b
= lim+ (4 - 2\/3) =4 15. f:e"” dx # 0.You need to evaluate the limit.
b0
Converges b]im :e“” dx = }im .—e"‘]z
—o0 -0
10. Infinite discontinuity at x = 3, = lim [—e"’ + ]] =1
b—w
j:~——~'3 7 dx = Jim [1x - 37 gy )
(x-3) - 16. IO sec x dx # 0 because sec x is not defined at
- 4
= lim[-2(x - 3 "] -
blgl"‘ (x ) b x = 7/2.
~ Iim[ - 2 ] . The integral diverges.
b->3* Vb -3 w 1 b
. 17. | = dx = lim ["x? o
Diverges 153 b J1
b
11. Infinite discontinuity at x = ]. = lim fi
5 1 . 1 , 1 h~oo| —2 \
——gdi=s | ———dt+ [ ———
k (x=1 L(x-lf ! (=1 - nm[:i . i] -1
b 2 b>x 2p2 2 2
b1~ x—1 [ I | w
. ) 18. ("% s = lim 6[° v
: 1 , 1 ! b
= hm[——-] + Ilm[———] ‘ "
b1 x -1 o et x-—1 A lim 6 x3
= lim 6] ~—
=(oo—l)+(—1+oo) b | -3 |
Diverges = lim|22 4 2] = 2
b— ) b3
12. Infinite limit of integration.
O g g 0 sx = 3 = im [2a.-13
= i 1,3x 0 b
- bl_l)IPm [38 ]b - = b]]m[—g-xzﬁ] = o0
= Jim [1 - 1%] = 1 T
b>-ol3 3 3 Diverges
Converges

]

© 4 . b -1/4
. zo.L#_—xa Jim ["4x4 gy
13. j —dr % -2

_1x2

lim

b—oo|

16 3.1
':?xy “} = Diverges
1

because the integrand is not defined at x = 0,
The integral diverges.

2 [° 5o = dim [Cre gy
—o0 bs—o Jb o
= lim|[Z2 _ L)oo 0 (Integration by parts)
bo-wf\ 4 16 A
= i ——l—+é+le“”’ = -
s> 16 4 ' 16
Diverges
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1. _[: cos 7x dx = lim

1 b
im| — sin 7x
b—w| 71 o

b — oo,

Section 8.8 Improper Integrals 823

_31

. b ® 1
xe P dx = lim | xe™" dx 25. =lim | (Inx
b—ow v0 -L_ x(ln JC)3 b—eo j ( )
= lim[(~3x - 9)e™"]] L
b = lim[-—(ln x)” ]
= lim[(-36 - 9)e™* + 9] = 9 bl 2 4
: - lim [-l(m 5 + Lin 4)“’]
® 2 -x : b o x bow| 2 2
x%e*dx = lim | x%¢ ™ dx
; b—ow 40 _ 1 1 _ 1
T xf .2 b - z 2
= Jim[-e™(x* + 2x + 2)] 2212 2(ln 4)
b*+2b+2
iml -2~ 7 < = »lnx b In X
Jim) 5 t2=2 2. [T==dx = Jim j
. 2 - 2
ecause lim —é——t—th = 0 by L’Hépital’s Rule. = lim _(_h_1_x_)_
! bl e bh—>o0f 2
1
Ze* cosxdx = lim l[e"‘(—cos X + sin x)]b Diverges
b 2 0
= 1 =
=40-0]=1
4 0 4 © 4
—dx + dx
16 + x* I—wl6+x2 Io 16 + x*
. 4 . e
B blTwalmxdeclﬂanfdx
0 c
= lim arctan(fc—) + lim arctan(i)
b—>—0 4 R c—>o0f 4 o
= lim [ - arctan )] + lim [arctan(f) - 0]
b —>~col € —>00) 4
7\ =
= | —— |+ — =7 -
53
: 3 b
: r - 5 dx = lim b—-—zx dx — lim X > dx = lim lln(x2+])+ 21 =oo—l
0 (xz + 1) b 90 x4 4 | b J0 (x2 + ]) b 2 Z(x + 1) \ 2
' Diverges
L [P = lim [ ® in % =]
= m in — = 1i — -—
0 e +e" bse 90 | 4 g2* 32 Jlo st 2 dx ,,h_r,]:,[ 2 cos 2]0
b
= lim [arctan(e"):l . x o
Unds 0 Diverges because cos — does not approach a limit as
_z_7_=z 2
>33 X = .
w_e i b 33 I]de— limI:-_-l]l = Iim(—l+lj——1+oo
o l+ e o T IT:;[ ln(l € )]o =©-In2 T Joy? b0t x f, b0t b
Diverges Diverges

Diverges because sin 7b does not approach a limit as
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824 . Chapter 8 Integration Techniques, L'Hépital’s Rule, and Improper Integrals

3 (V% < tim P10
0 x b—so* Vb x

N 5

= lim {10 in x

b—>0+[ ]b

lim (]0[[15-— lOlnb) = ©
b0t

Diverges

b 2
L= lim [—3-(:: - 1)2”} + lim[%(x - 1)2’3} = '73 + % =0

2] LI |
3s. ——dx = | ——=——=dx +
"‘0‘\/31'—] '[°v3x—l ".l 3X-—| b1 2 o eIt -

8 3 o b Y /2 0 = i b _
36. IO N dx = bli)r;x_ 3‘[0 (8- x)""" ax 40. _[0 sec 8 d b_)l(r’rrl/z)[ln]secﬂ + tan 9[]0 =
. . .
= lim [-6v/8 x] - Diverges
b8~ 0 ) ) ’
4 4
= lim (-6/8 = b + 68 41. dx = lim dx
bo8" ( ) L xx* -4 bs2* L’ xNxt -4
= 124/2 LT
= lim | arcsec| >~
b2t b
! . x? %7
37. on In x d = bhm+ 7 In|x|— 4 = lim | arcsec 2 — arcsec 2
=0 6 b2t 2
- 2 2 -
=lim_l_blnb+£)_=_l T g%
s0t| 4 2 4 4 ‘ =3 =3
because lim (b2 In b) = 0 by L’Hépital’s Rule. s I R |
b-o* 42. = lim |
3 V36 - x? b6~ 73 /36 — x2
3. [‘Inx’dr= lim [20nxdx X1
0 b0t 70 = lim [arcsin -}
. e b6~ 3
= l|m+[2x In x - 2x}/
b0 = lim {arcsin 2 — arcsin —l-:|
= lim [(2¢ - 2¢) - (26 In b - 25)] b6 6 2
b—>0% 7 x
T
= 0 Eoe— - — = —
: 2 6 3

39. jo”” tan 6d6 = lim [In[seco|], = w s
-

b (n/2

5 l . 2
43. J‘3 \/7—_—;—017( h]lr?+[ln|x +Nx* -9

Diverges ‘
lim [ln 9~ In (b + /67 - 9)|

b3t

In9-1n3

ln2= In3

b

“. [ L 4 = lim j:

025 - x2 b5~

Il
§.

J'bl( 1 )dx (partial fractions)

I

'§':
|

5

= -0 Diverges
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dx =

_ s 1 = 1
li li Y
‘,-L xvxt -9 b—l-'n;“ '["x\/xz—9dx+"]‘l’]2° L x X2—9dx

.1 xT |1 N\T°
= lim|—arcsec —| + lim|— arcsec| —
b3+ 3 3], <=3 3/
.1 5y 1 Bl . [1 ) 1 5 7\ =«
= lim |- arcsec| = | — — arcsec| — || + lim|-— arcsec| — [ — —arcsec| = || = =0 + = —| = —
b3+ 3 3 3 3 ¢l 3 3 3 3 3\2 6

. rex? -16
lim I _—

P = fim [ s
-Jx2-16 i
= blim — ln|x N 16‘ (Formula 30)
~ 4

- _
lim | -2~ =16 | ln\b + B - 16‘ —Ind|= o

box b

“Diverges

dx:j].—4__dx+'ro—4__dx
o /x(x + 6) b Jx(x + 6)
x, 2u du = dx. ‘

42u du) 8 du 8 ( u

' 4 = = —=arctan| —= | + =——§—arcan£-
R rrr Sl v i e 7o)+ € Tl e

7 . —
"o \[;(x + 6)
 Letu = Jx, u?

+ C

c

i 1
4 | 8 NE 8 Jx
So, ————————dx = lim|—= arctan] —= || + lim|—= arctan| —=
I x(x + 6) b0 /6 NG N NG
1

S ) - 0]+ 76 6) - el ) - o - I

1

48. jx —dx = In|n|x|+ C
So,
© 1 1 o 1 . . ) .
.L Inx dx = Le T dx + L = dx = bllnll[ln(ln x)]I + L!l_l)'g’[ln(ln x):]e .
Diverges

9.1 p = |, jfldx tim [*Lax = tim[in ]
X

boo Y1 x b I

S0.16 p =1, [~dx = lim [ina], = lim~Ina =
X a

a—0* —0*

bli_r’rﬂlg(ln b) = co. Diverges. For p # 1,

Diverges. For p # 1, 1-p 1-p
g o e L= i [ 2| - lim(——L—— < j
o 1 t-p b ARy 1 0 x? a-ot| 1 — pPl, a-ot\1 - p 1- p
LT‘i"zbliml_— =b“m1__1—_—) '
x LS A S Y 4 if1-p>0orp<l.

This converges to ]

This converges to ifil-p<Oorp>1

p -1
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826 - Chapter 8 Integration Techniques, L'Hépital's Rule, and Improper Integrals

51. For n = 1.

© . b -
jo xe™ dx = lim 0Jce"dx

b

. B b
llm[—e *x—-e™*
b >0 0

bli_l;r:o(—e“”b —et + 1)

lim (-‘Tb - ib + 1) =1 (L'Hopital's Rule)

[}

b\ @ e
Assume that I: x"e™ dx converges. Then for # + 1you have
J.x"“e"" dx = —x""'e™ + (n + I)Ix"e"‘ dx
by parts (u =x"" du = (n + )x" dx, dv = ™ dx,v = —e”").
So,

i

I:x”“e"‘ dx = lim —x""‘e"‘]z +(n+ l)I:x"e"‘ dx =0+ (n+1) J': x"e™* dx, which converges.

b

52. (a) Lwe"‘dx lim lbe”‘dx = }iﬁrr;[—e"’],b =1

b—a0
Because e"‘2 < e on[l, ©)
and
J'lw e *dx

converges, then so does

_[Im e dx.
(b) Lm is dx converges (see Exercise 49).
X

1 1 . v 1
Because _5_? < -x—s on [1, ), then L ;T dx also converges.

x 1

53. L: % dx diverges by Exercise 50. (p = 5) 58. Because > —11; on [2, ©) and I:% dx diverges

1
Vvx -1
w1
by Exercise 55, | —====dx diverges.
54. _‘:—1115' dx converges by Exercise 50. (p = %) '[ 2A/x -1
x

59. Because

on [2, o) and

1 S 1
{/x(x_—l) T3

I w?\/!—_z. dx diverges by Exercise 49,
x

55. I e converges by Exercise 49. (p = 5)
1 45

56. I: x%™ dx converges by Exercise 51. (n = 4) ’

© 1 .
L T\/Rx__——i; dx diverges.

60. Because ———— < % on [, ©)and
X

1
\/;(1 + x)

w w ] .
L 3 L dx converges. I] =z dx converges by Exercise 49,
x*+5 X

57. Because —21— < izon [1, o) and
x*+5 x*

Lw—l-z- dx converges by Exercise 49,
x

I 1 dx converges.
' V(1 + x)
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; 1 - sinx 2

—2- dx converges, and ———— < —-on [1, ©), so
) 2 2

X X X
1 — sin x

——— dx converges.
X

1

e e+ x

oo

1
), SO j. ——— dx converges.
0e" +x

swers will vary. Sample answer:

‘integral with infinite integration limits or an integral
h an infinite discontinuity at or between the
itegration limits :

hen the limit of the integral exists, the improper
ﬁtegral converges. When the limit does not exist, the
mproper integral diverges.

hese two integrals diverge by Exercise 50.

10 10

= =0,2.
- 2x x(x—2)$x

You must analyze three improper integrals, and each
must converge in order for the original integral to
converge.

[ i@ = [ dc+ [ r(x)dx o+ L’ £(x) dx

e* dx

=00

. 1
lim e* dx
b—>—o0 b

Jim[]

l_i’rzlm(e - e”) =e

J: —In x dx

- lim 'In xdx
b—o*

—lim [x In x - x].
birg[xnx x],

- lm[(0-1)-bInb+b]
=

1

Note: lim 6Ind = lim Inb = lim l/bz
b—>0* boot /b b0t —1/b

* 1
e = Io e~ dx converges, and -2 on

Section 8.8 Improper Integrals 827

o 1
69. 4= j_w—xz —
) o 1 .o 1
~bllf{]«oJ"’xz+ld’ﬂrblﬂr}olvj.oxz+labc

= lim [arctan(x)]: + Jim [arctan(x)]’;

= lim [0 - arctan(b)] + Jim [arctan(b) - 0]

ra /1
= ———|+ - =7
5)+5

70. A= .[:}'2%7

. o 8 . b 8
—bl—l>n—1w '[”x2+4dx+bll—r>r~}°'[°x2+4

0 b
= lim 4arctan(§-) + lim 4arctan(£]
b—- 2 b0 2 o
. b . b
= lim |0 — 4 arctan| — || + lim|4 arctanj —| - 0
b~ 2 b —>o0f 2

55

7. (a) A= j:e dx
. b
= blm[—e L =0-(D=1
(b) Disk:
V = zI:(e“)2 dx
1 b g
= limn[——e'z"] ==
b—ow 2 o 2
(c) Shell:
v =’27rj-:xe"‘ dx
. N )
= bll—l;ll 27t|:—e (x + l)]0 =2
72. (a) 4= j‘”ldx = [—1]00 =1
1 x? x}
(b) Disk:

o ] . V.4 b 4
-
(c) Shell:
o (1 . b
V =21 L x[x—zj dx = blm[Zﬂ(ln x)]l =

Diverges
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73. ¥y By ¥

2 /3 2 ' el
-—X + - =13 ! = .
3 PY=0

PR s . (—--8‘(

'v}’ = 2

23 23 23
ol Yo Xyt 4 2
\].'.(y)— ]+W— ——-——-—xzﬁ = ;m-—;w, (X>O)

8 2 3 ¥
—dx = i L2 -
4.(0 P dx bh-—fl(;]'* 8 2x 48

=
I

@ 4 .4 x\| )
dx = | —=——=—dlx = i dx = lim|4arcsin|=|| = lim 4 arcsin| — |
= Jim [ gty e = fim i3] = tim darsin( 2]
75. (x =2 + 2 =1
2Ax-2)+ 2 =0

Y = —(.X - 2)
y

i+ 07 = i+ [ -27] - ;l)-(Assumey > 0)

x 3 x -2

dx = 4r . 2 dx
Ji-(x -2y HVT-(-2 i-(x-2)
= lim 47:[—,/1 - (x - 2)* + 2arcsin(x — 2)]: = 470 + 2 arcsin(l) ~ 2 arcsin(-1)] = 872

S = 47rf§dx = 47[_‘.'3

a1t

b3

76. y = 2e*
y = =2e*

S =2 [ (26" W1+ 47 ax
Let u = e, du = —e™* dx.

Jeri+ 4o an = ~ [T 4t

—%[Zum + lnlzu + m” +C

—%[Ze"‘\/:le‘TH + ln'Ze"" + m” +C

axlim [ (e Wi+ 4e™ i
- }im[ze-xm + ln’Ze‘” a1 ]: = 2245 + In(2 + V3)] = 18.5849

—>C|

[9%)
1]
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Section 8.8 Improper Integrals 829

F(x) = 52 5= —K——z K = 80,000,000
x (4000)
. b
W = r, 80,00(2),000 dr = lim[—so,ooo,ooo] — 20,000 mi-ton
4000 x b—s0) x
4000

b
o) vo_, 0,000 = [—80,000,000] _ —80,000,000 + 20,000
2 X 4000
80,000,000 _ 10,000
b
b = 8000

erefore, the rocket has traveled 4000 miles above the earth’s surface.

LT D il g = [Pl g = Liml—e ] =
P = 10 = ks 10(40007) 79.@ [~ e dr = [LeM dr = lim[-] =1
b 4 o )
I 10(402002) e “m{-m(mooZ)} ) [ dr =[] = e 41
4000 -
¥ = o o ~ 0.4353 = 43.53%
2 o
= M = 40,000 mi-ton © j t[—;-e“’ﬁ] dt = lim [—te-'/’ - 7e“’/7]b
4000 ’ 0 bw o
\ =0+7=7
W 50000 -10(4000?)
5 = Y% = © 9 s g (22,25 3 = timle-25T =
2 x| 80. () [ 2eSdt= [l dt = lim[ o] =1
~10(4000? 4y - 25T -
= __(Z_l + 40,000 (b) JO Lo gt = [—e 2’/5]0 = 41
10(40002) ~ 0.7981 = 79.8’%
— = 20,000 © J‘: t[% e-z:/s] dt = b“_?l[_tez:/s _ % e-zr/s]'; _ %
b = 8000

Therefore, the rocket has traveled 4000 miles above
the earth’s surface.

5
81. (2) C = 650,000 + j: 25,000 %' g = 650,000 — [E%e-"“'] ~ $757,992.41
. . 0

(b) C = 650,000 + j;“ 25,000e™°%" g ~ $837,995.15

§ b
(¢) C = 650,000 + [25,000e% dr = 650,000 - blim[—z—g’—g%e‘o""":‘ ~ $1,066,666.67
—> 00| R o
82. (2) C = 650,000 + | 25,000(1 + 0.08¢)e™* a
95
— 650,000 + 25,000 ———e0% _ 0,08 ~_g 0% 4 —L_o005 || » §778512.58
0.06 0.06 (0.06) \
(b) C = 650,000 + [ 25,000(1 + 0.08¢)e a
110
= 650,000 + 25,000 ~———e0% _ 0,08 0% 4 1,000 || 5 $905,718.14
0.06 0.06 (0.06) N

() C = 650,000 + [ 25,000(1 + 0.081)e™%" g
0

) b
= 650,000 + 25,000 lim ———!—e'°'°6’ - 0.08 —-t——e“""“' + —I—ze‘°-°°’ ~ $1,622,222.22
b-| 0,06 0.06 (0.06) \
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