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n=0

From Example 5 you have arctan x - ,,x___
ple>y ,,‘_23( 2n+1

$_EY & )
3@ ) S (3 @n 4 )3
=IZHWNT”

fowar 2n + 1

3 arctap(jlg—J
\/3(%) ~ 0.9068997

Section 9.10 Taylor and Maclaurin Series

1. For ¢ = 0, you have:
f(x) er

f(")(x) = 2;1.62.\' = f(n)(o) = \zn

2 4x*  8x*  16x* e
o2
3 4! Z:

2. For ¢ =0, youhave:

1) = e
SO) = (-4 e = 19(0) = (-4’
e =1-4x _16_x2 _ 64x Z ( ])" (4 )n

2 x5
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_1 /lﬂ.Zn+l ( /3)2"+l
60. = "
"ZO 32/1+1(2n + l)l n§)( ) (2}1 + 1)' :
_ sin(ﬁ] - g ~ 0.866025

61

Fe

Using a graphing utility, you obtain the following‘p

sums for the left hand side. Note that
I/z = 0.3183098862.

0:8, ~ 0.3183098784
1: S = 0.3183098862

n

n

You can verify that the statement is incorrect by
" calculating the constant terms of each side:

S5 -

n=0 n=0

Ms 1

The formula should be

320
n=0 n=0 5 n=0 5

o9+
l+=x"=|l+=|4+|1+=lx+--
n=0 5 5 5

e

x".




3. For ¢ = /4, you have:

I
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~
|

e N N
il

~

f(x) = cos(x)

3 o

f(x) = —sin(x)

]

/"(x) = —cos(x)

N &N

|
~——
1

=

~
/N N

/"(x) = sin(x)

SR PR

S
>
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n

1) = cos(x)
and so on. Therefore, you have:

-3 / "”(ﬂ/4)[x - (z/4)]'

COS x

o

Section 9.10

[x - (7:/4 ]

4 2!

kl

i} ;/2'3{1 (e z) RERCLIN

I)n n+l)/2[x ( /4 ]n

2& (-
=

n

[Note: (~1)“*V* = 1, -1,-1,1,1,-1,-1,

4. For ¢ = n/4, you have:

f(x) = sin x f(%] - g
r e (222
S"(x) = ~sin x f(%) - —%
S"(x) = —cos x f(%) - —%
7O(x) = sin x f‘“’(%) - —*?

and so on. Therefore you have:

S 7/ x - (=/4)]

n!

4 2

(x ) 1) RERNGL)N

= (n+ 1)

s 0 el |

BEECD)
4
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‘954 Chapter 9 Infinite Series

5. For ¢ = 1, you have
1 ~1

f(x)=-;=x /=1
fi(x) = -x? ==
= ) -2
M(x) = -6x~* @) = -6

and so on. Therefore, you have

I FAUUCED)S

X i n!

2(x - l)2 6(x - 1)3
2 3

- =-D+(x-1-(x-17+-

gkwu—w

1-(x-1)+

[}

7. For ¢ = 1, you have,

f@)=lmx  f@)=0
re=y rH=
@ == =
e =5 =2
ﬂ%ﬂ=-§ 90 = -
e =2 -2

and so on. Therefore, you have:

$ o0 -

Inx =
n

n=0

+ ..

) L A=)

6. For ¢ = 2,you have
fx) =
@) = -7
f(x) =2(1- .x)'3
(x) = 601 - x)

and so on. Therefore you have

1 i FOQ)x - 2)

1-x n!

e

n=0

1) = -1
NORY
1@) = -2
7@ = 6

=-l+(x—2)—(x—2)2+(x—2)3—--

_ ”z::](_])nn(x _ 2)n

6(x - 1)" | 24(x - )

It

x -1
0+(x—1)—( 5 3

4 5

e

(x—l)—(x—zl)2+

3 4 5
_ ® ~ n(x_])nﬂ
_,,Z:;,( 1) n+l
8. For ¢ = 1, you have:

f(x) = ¢
fO() = e = f(”)(l) =e

. (,,)] _]n _12 . _13 _14 < _]n
e"=zf()+)=el+(X-l)+(x2!) +(x3!) +(x4!) + - =e'§)(xn!).

n=0
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Section 9.10 Taylor and Maclaurin Series 955

9. For ¢ = 0, you have

S(x) = sin3x 7(0) =

S'(%) = 3 cos 3x 7(0) =3

/"(x) = =9sin 3x 7(0) =0

S"(x) = =27 cos3x - 7(0) = =27

F(x) = 81sin 3x P©) =0
and so on. Therefore you have

™) (0)x 3 » l 352"

sm3x—'§f (0)x" —0+3x+0—2;'!x go ;n(+)l

10. For ¢ = 0, you have.

f(x) = ln(x2 +1) 7(0) =
S0) = =7 7(0) =0
1) - (1—2])— 7 =2
76 = ———?jj‘ +"l)f) 7@ =0
79 = l2(-:(c;++6:; - 1) 790) = -
790 = 48x(x(4,,z_ m.) = 79(0) -
79(s) = —-240(5x° (— in"l): 15x% - 1) 79(0) = 240

and so on. Therefore, you have:
252 0x  12x*  0x®  240xS

f(ﬂ)(o)
ln(x2+l)—z 0+0x+——2!—+ 3 a +—§+ 6 + .-

_ _ xa xe o w© (_])"x2n+2
=x2 - .= "z:;)__n?_
11. For ¢ = 0, you have:
f(x) = sec(x) 1(0) =
J'(x) = sec(x) tan(x) /(0) =
S"(%) = sec’(x) + sec(x) tan?(x) "(0) =1
S"(x) = 5sec’(x) tan(x) + sec(x) tan*(x) /") =0
SO(x) = 5sec’(x) + 18 sec’(x) tan®(x) + sec(x) tan'(x)  f¥(0) = 5
o f(")(O).x” X2 5y
SCC(X)= ZT=I+E'—+T

n=0
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956 Chapter 9 Infinite Series .

12. For ¢ = 0, you have;

f(x) = tan(x) ‘ /(0) =
S(x) = sec?(x) 1) =1
7"(x) = 2sec?(x) tan(x) r'©) =0
S(x) = 2[sec“(x) + 2 sec?(x) tanz(x)] /0) =2
SO(x) = 8|:sec“(x) tan(x) + sec?(x) tan’(x)] r90) =0
SO(x) = 82 sec’(x) + 11sec’(x) tan?(x) + 2 sec’(x) tan*(x)]  /9(0) = 16
tan(X)‘”ZOf"(O)xn x+%i+%+m=x+§+%x5+m.

n_a
I) n

13. The Maclaurin series for f(x) = cos x is Z C 2n)
n)!

Because f"*)(x). = sin x orcos x, you have | 70(z)

f('” (Z) n+l < .
l) R

< 1for all z. So by Taylor’s Theorem,

| |n+l

0 S| (x)l

Ierl
Because lim ———

( N = 0, it follows that R,(x) — Oasn — . So, the Maclaurin series for cos x converges to
h—ox (np +

cos x for all x.

x - n
14. The Maclaurin series for f(x) = ™ is Z( 2"‘) :
n=0 n

S (x) = (-2)"*'e™". So, by Taylor’s Theorem,

£ o] |2 )
(n +l)' (n+l)’

L n+l ,,+| n+l
Because lim -(2)—— = lim (2 )
n—x (n + ]) nox (n + )

0 <|Rn(x)| =

= 0, it follows that R,(x) - Oas n — o0,

=-2x

So, the Maclaurin Series for ¢™* converges to e™* for all x.

2n+l

15. The Maclaurin series for f (x) sinh x is Z
= 0 2n +1

7*(x) = sinh x (or cosh x). For fixed x,

f(n+l)(z)
(n+ l)'

_ | sinh(z)

(n+l)

(The argument is the same if f (’”')(x) = cosh x). So, the Maclaurin series for sinh x converges to sinh x for ali x.

n+|

— Qasn — .

0 <|R,(x)|=
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Section 9.10 Taylor and Maclaurin Series 957

‘> 2n
16. The Maclaurin series for f(x) = cosh xis Y. Z
—o (2n)!

f(,,+|)(x) = sinh x (or cosh x). For fixed x,

f("+l)(z)x'1+l

(n+1)

sinh(z)
(n+1)

xn+|

OS|R,,(x)|= — 0asn —> o,

(The argument is the same if f"*)(x) = cosh x ). So, the Maclaurin series for cosh x converges to cosh x for all x.

. k(k + 0)x?  k(k + 1)(k + 2)x°

17. Because (1 + x)™ = 1 - kx + -+, you have

2! 3
2 3 4
1+ Jc)-2 =1-2x+ 2(32)'x = 2(3)§?)X + 2(3)(_‘:)'(5)X — = 1= 2x + 3x% - 4x° + 5x% -

io (1) (n + D",

(R ) ()

18. Because (1 + x)™* = 1- 5 3

you have

. x |
(1+x)" =1-4x+ 40)a _ 40NO) AN o -y g s 1042 - 2020 4 355% - = Z(—l)"——(” * 3
2 3 4 ] 3l

2 3
19. Because (1 + x)—k ket k(k + 1)x* k(k + 1)(k + 2)x

+ -+, you have

2! 3!
e ] =1 (D) R @A
L, 002 0002,
2 2221 2331

1:3-5(2n - 1)x"

=]+Z 2"n!

n=|

o + k(k + 1)x*  k(k + 1)(k + 2)x°

20. Because (1 + x)™ =1 - + -+~ you have

2 o3
[1 . (_xz)]_n/z o tay, (/2)3/2) .« _ (23252
2 2 3
Cole 08 000,
2 222! 2*3

1-3-5(2n 1),

= ]+Z zlln!

n=l

1 : 2 -1 e 2 (-1)"1-3-5--(2n - x"
A e = (5) I+ (5] and because (1 +x)™" =1+ 3 27n! ryouhave
A+ X S

;f %{HZH)'-3'5"-(2n—l)(X/2) _ %+i(—l) 1:3-5-(2n - 12"

4+ x 21t 23n+ln!

n=l

n=|
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3
2. ——1-—=1(1+3‘-] . k=3

@+s 8

1 1

-9 0 - e

1/2

]

23. V1+x

(1+=x)",

L),

(n+ 2)
2n+1n|

'+Z( )

k=12

VAN S g sy,

1+x 5 3 ~1+—-x+2( o
24. (1+ x)'/ S TN W 4)(2:3/4)% + Wy ?)(_7/4)x3 +
s 1x__§_2+3-7x3'_3 Toe,
4 42 433 441
0 — n+l . o. see —
=l+-]-x+Z(l) 3-7-11--(4n s)x"
4 o 4"n!
0 — ”+] . . e — n
25. Because (1 + x)l/ 2 + X4 Z( 7135 (20 - 3
2 & 2"nl
: ‘ 2 2 (=) 3.5 (20 - 3)a?
have (1+ 22)% = 1+ % 4 3 .
you have ( +x ) + ,,Z:z >
00 — "+] . . e — n
26. Because (1+ x)'” = 1+ =+ Z( )TE3 5 (n - 3
2 = 2"n!
& (-1)""1-3- 5. (2n - 3)x*"
have (1 + )" = 1 ( .
you have ( x ) + ngz >
. © JC" x2 x3 4 5
217. e—"z%;i- 1+x+—5!— -—!+~—"+—‘+'
2 n
oh o) g2 5
¢ z:', l §, RN R DT
. 0 xn x2 x3 x4 xS
28. ¢ ;’n! 1+x+5 SrETEt
o (_2v)! - n 2 3 4 5
_,=Z(3x) Z(1)3 i3 2 8kt 243
i L 2! 3 4 51 : ,
© _1Y ' " g2n+l.
29. Inx = Z_I(-l)"“-(i‘—n—')-, 0<x<2 31. sinx = Z((;’)z )
. 2n+1
el e o & CUEP
ln(x+1)—'§————n—-———,—l<x_<_l sinox = Z (2n+])'
© (_])n—l(x _ l)n » . - w (_l)”x2n+1
30. lnx='§———7—,0<x.<_,2 32. Smx_,,g‘,(Zn+l)!
n— X n+1
S (—1) L . L el ()
In(* +1) = 5 —l<xs<l Sin X ,;,'(2“1)!

'© 2014 Cengage Learning.

All Rights Reserved. May riot be scanned, copied or duplicated, or posted to a publicly accessible website, in whole orin part.




Section 9.10 Taylor and Maclaurin Series 959

. _ ( ” 2n xz x4 xs . _ ( )" 2n+1
i cosx_z ey Tt E T 36. s'"x'z(znn)v
A o (—1}' 2n o (_1\"42n 21 » 2n+1
osx = 3 U § (I 2sin x* = Zﬁl)( )
= (2n) s (2n) b (2n +1)!
16x2  256x* xlS
= + - _ RSN
2 4 5
SY | - 20 - 2_x°. 22
34, cosx = ( )'x =2 3 * 51
n=0 (Zn)!
—_ 2 x3 x4 xS
CoS Tx = z( (Z”x) 37. e"=]+x+7!+—3—' E— —é—!--(--.
n=0 I’l .
e'x—]—x+__2_...£3_ x_4_.fi .
2 (_l)”xu x2 ¥ 2 3! 41 5!
35, cosx = = — s s ,
,;, (2n)! 2 4 ef —e* = 2x+2§7 2_:'_ 2-73%"+
o o EVE") . Voo x .
cos x¥? = ; ) sinh(x) = —2-(e -e )
n 3 5 7 0 2n+1
_w(l)xln =x+_+."_c_+._+ .=Z x
- n=0 (2”)! ! St ! n=0 (2” + ])!
3 46 , ;
=143+ _.. X
2!+4! 38. e"=l+x+—2-!-+-§—!-+-
x2 X
e =l —x+—=——+ -
r3
P— 2x2 2x*
ef+eF =24+ — 4+ —+ -
2! 4
2 cos h(x) PP
cosh(x) =e" +e* =
= (2n)

39. cos’(x) = %[] + cos(2x)]

! (2x)° (20 () (“)"(2 %)
§1+1— TR - - Z

4 ] = (2n)

1-3.5.-(2n — x"

, which implies that
2"n!

40. The formula for the binomial series gives (1 + x)_'/ R > )

(sz)-l/z: i (-1)"1-3-5---(2n = 1)z

o 2"nl

In(x+ x2+l)=_[\/_21__idx
x% +
=35 (2n = D!

= (-1)'1
*+ 2 2(2n + )l

x3 1-3x° 1-3-5%7

= X - <+ —_ .
2:3 2-4-5 2-4-6-7
: 3 5 4 6 0 (_1\" y2n+2
4. xsinx=dx-2+ 2 .. =x2—x—+—x———~-=2¢-———
kTR 3 = (2n+ 1)

E

~
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42.

43.

44.

45,

46.

47.

Chapter 9 Infinite Series -

x.’! x4 xJ xS 20 (_I)"x2n+l
XCosx = Xl-—+—=-s|=x - =+~~~ = A
2 2 A & (2n)
sinx X - (x3/3!) + (xS/S!) L x2 . o i (=1)"x* .
x x 20 4 Zo@n + 1)
=1Lx=0
. Py 1y 20 +1 oo {y 21
aresin x _ $ (2n2).x 1 (2:1).)( %0
x =0 (2l 2n+ 1) X a0 (2"nl) (20 + 1)
=Lx=0
. A2~ . \3 . \4 2 .3 4 .5 6
SO C.) N C.) B ) N S SN - S - S S
. 2! 3 4 2! 3 4! 5 6!
iV (=ixY  (=ix)* 2 .3 4 s 6
e"”’=l—ix+(lx) ‘+(1x) +(zx) +oee=1—ix o x_ x X,
2 3 a R TG
ix _ ot = _._2.?.'& 215._2514.
I TR
ix _ =i 3 5 7 o (—1)" y20+]
¢ .e =_x_._+.___x_. ...—_-Z.(l)—x-:sin(x)
2 3 s Z(@2n )
2 4
P S SN S S (See Exercise 45.)
! 41 6!
it —ix 2 4 6 x (1) 21
AL SO SR A ol ) A
2 27 e = (2n)
S(x) = e'sinx 14
IR PRI "/”s
=(l+x+—+—+ =+ o |x—- =+ "= ;
2 6 24 6 120 /"}
'_I
IO S TN O B G O T e i
2 6 6 6 12 12 24 -2
2 X%
=X+ X b - e
3 30
3 5
Ak)=x+x2+Z -2
i(x) = x+ x T30
g(x) = ¢ cos x 8
2 4 4 2 4 6 e 6
S PP SR NN I P S R / 1]
6 24 2 2 n, }
xz xz x3 X3 x4 x4 1.4 / X
=l x4 ||| - | |- = a—
2 2 6 2 24 4 4
X X
=l4+x-==-=+-
3 6
3 4
ﬂ(x)=l+x—x?—%
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. 49. h(x) = cosxIn(l + x) 4
Pe
2 4 2 3 4 5 ?
=[]_£—+L+ .(_x_.i_.;.x__ﬁ_.i.x__...] \ " fp\\>q
2 4 2 3 4 Y
/ o
2 (¥ X x xt ® X X% |
B T o I B e B [ N Lk
2 3 2 4 4 5 6 24 4
xt X 38
2 6 40
x2 X 3
B(x)=x~-—-—+—
3() 2 6 40
50 f(x) = e In(l +x)
243 g 2 0P8 5
=|l+x+—+—+—+ X =t = = — 4+ — =
6 24 2 3 4 5
, X Do S o o X X X B ¥ X
e B el IR o e I Bl I N e it e I
2 3 2 2 4 3 4 6 5 4 6 1 24
x2 x 3%
=X =t =+ — +
2 3 40
2 3 S
Ps(x)=x+f_+f_+_?£c_
’ 2 3 40
3
-"'::".I)A
) — a
-3
sinx .. . . e* - .
51. g(x) = e Divide the series for sin x by (1 + x). 52. f(x) = T—"-DlVldCtheserlesfor e"by (1 + x).
+ x
x—x2+5—X3—E ]+x_2._£i+£+..
6 6 2 3 8
3 5 2 3 2 5
P+ xfx+ 002 = 2 4 0xf + 2 + Pxflex+ v T 24 2
120 | 2 6 24 120
x+ x* + x
x R
—xz-'g‘ 0+7+?
; .
~§-x—+0x4 2 23 4
6 I
s, 5 324
5 6 2o
4 _E .X's 8 3 3
M s "1 T IT W s
Z 5x*  5x° / 8 120
% R / w3
T ¢ 8 8
vy s ‘ o,
gx) = x-x* Sx 5% 2 0 3
6 6 S =1+>=-—+=—-
P(x) = x - x* + 5 _ 5 2 33 ’
4 =X= — - = 2 4
6 6 P4(x)=l+x———-{—+-3i—
2 3 8




962 Chapter 9 Infinite Series :
R Y
3. fi(e” -1)ar= [ Y|
= m+l 2ne2
= j Z( ]) 4 dt
ol= (n+1)
o l)”+1t2n+3
- § 2n +3)(n + l)'
© 1)’”’] 2n+3
- ; 2n+3(n+1)'
-1 ) 3n
] s o, A &35 (20 - )
54. IO\/1+tdt—Iol+?+n§2 e
4 @ (=)y1-3-5---@n-3)P ]
) t+t_+z( '-35 (2n - 3)
g = (n + 12"l |
4 o (_1V'1.3.5... - 3n+1
=x+x—+z(1) 1-3-5---(2n-3)x
v (3n + 1)2"n!
n n+l 2 3 4
w (_ _ - -1
55. Because In x = ZM= (x-1)- (-1 + G-l -0 + (0<x<2)
T 2 3 4
youhave In2 =1 - 1,11 = i(—l)"”—l- ~ 0.6931. (10,001 terms)
23 4 “ n
" x2n+ 3 5 7
56. Because sin(x) = Z ((2})1 » l)' % + % - ),;—| + -+, you have
sin) = 30 oL Lol osats. (4 terms)
& (2n + 1) T :
2 X xZ x3
"57.Because ¥ = ) —=1+x+—+ —+
n=0 n! 3'
youhave e* =1+ 2 + z + 2 s i—zi ~ 7.3891. (12 terms)
2 3 e
. XDy x?. 3 4 5
58.Be§ausee ="Z=;)7!=l+x+—-—+5 Z+—+--- you have e =1_]+5_§+Z§__5—!+m
o (_ n-1|
and & oL 1L l_l+-.=2( ) . 06321, (6 terms)
e 273 A w7 ~
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1/4)’ 3
Because (%)— < 0.0001, I;Mx In(x + 1) dx =~ __.._(l/ 49 _

9. Because
o (_1)" y2n 2 4 6 8
U % e PR G SR SO
= (2n) 2 4 6 8
X2 x4 x6 xs © ( l)" 2n+2
1—CoSX = —— " 4 —=— 4.
2 4 6 8 = n+2)
1—cos__x____x_3_+5_5__ Z(I)"Z””
x 2 a4 6 « (2n + 2)!
' . 1-cosx (l)xz"*‘
h l ————
you have lim - HO Z on 2
0. Because
o (1) y2n+1 3 5 7
nxo 32 2
W= (2n + 1) o5 7
: 2 4 6 x (1) 2"
sin x =]—x—+x___{_+,.,= Z( ])x
x 35 = (2n + 1)
o (_1} y2n
you have lim = lim Zﬁ——l-)—f—
x x=0 &= (2n + 1)!
xZ 3
61, Because ¢* = | + x + — + — + -+-
2 3
xZ 0 n+l
¥l = fullt
e X oht E{) o)
-1 X x? i x"
d ¢ =14+ =4 —F ) ——
e 273 zo(nu)!
you have_ ll_) 1 lim
3
64 [“xin(x+ ax = [Ml2- T+ L0 o -
2 3 4

Section 9.10 Taylor and Maclaurin Series 963

x2 3

62. Because In(x + 1) = x - — + X ..
2 3
(See Exercise 29.)
52
In(x+1) _ -4 Z(
X n=0 N + 1
1 o (1) 1
you have lmﬂ(ﬁ;—ll = xmg:’)(—nl-% = 1.
3 n
1.3 _ 1| & (—x)
63. [ e dx= X ZOT
1l &= ( l)" 3n
= |2 ,
n=0
© (_1)” 3n+1 !
D
r TR l)n
_ i (_])M
o (3n + Dt
n 1
= ] —_— J— . ._.]
+14 + )(3n+l)n'

Because =——————=— < 0.0001, you need 6 terms.

[3(6 l]6'

[ ax = Z (3n - l)n' ~ 0.8075

¥ X . ¥ x .. e
3 4.2 5-3 6-4 A
1/4)*
(—152—%0.00472.
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964 Chapter 9 Infinite Series .

6. f‘ smxdx ,f Z( 1) x* b = i (=1)" %2 _ i (=1

= (2n + 1) amo (2n+ 2+ ) i (20 + 1)(20 + 1)

Because 1/(7 - 7!) < 0.0001, you need three terms:

(:sm_x dx =1- ﬁ + ﬁ - -~ 0.9461. (using three nonzero terms)
x -3 -5
Note: You are using lim LA I.
x-0" X
I 1| & (=1)"x* vaarctanx o2 x?oxta®
66. _[Ocosxzdx=jo ";)—@)—'—dx 67. Io — dx J'O 1 TS
,;0(4;1 + l)(Zn)! .
0
. y Because l/(9229) < 0.0001, you have
e pacanx (1111
, J P R T
3 1
[ cos x* dx = > o ) o904523 ~ 0.4872.
° n=0 4n * I)(2n)' arctan x
1 Note: You are using lim+ — =1
Because W < 0.00071? you need 4 terms. x>0 X
V2 ( 1)" an+2
68. J'o arctan (xz)dx = Io "20 o
* £ ( ])" 4n+3 /2
B ,;,( +3)2n+ )|
-3 &)
wso(4n + 3)(2n + 1)24%3
1 :
B 0.0001
SO an v 3)2n + 27
when n = 2, you need 2 terms.
V2 ’ 1 1
[ arctan(x*) dr ~ W F 0T 0.041295
03 03 P ) k 5412 x40 543 03
6. [ "1+ x d = PR SV M .S Y M X X
IO.] tx .[oAl 2 8 * 16 128 * x* 8 56 160 1664 *

0.1

Because -51—6(0.37 - 0.]7) < 0.0001, you need two terms.

j:'l’ T+ 2 dx

[(03 - 0.0) + (0 3 -0 r‘)] ~ 0.201.
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Section 9.10 Taylor and Maclaurin Series
V2 1 %(_%)x4 %(—%)(—%be 1, 1 i
2 __ 2 — 2 - ___2__4-___6_
70. 1+ x —(l+x) —l+2x+ > + 3 + —1+2x 8x +]6x

J'O‘Zx/l +xtdx = IO'Z[I sleLay L —]dx = x+fi—£+ L N

0 0 2 8 16 6 40 112 b

(02

Because 0 < 0.0001, you need 2 terms.

. 0.2)’
[T+ P axm 02+ ( 6) ~ 0.201333

7f2

/2
7 1) x4+ /2 x (4n+3)f2 w (_1V19 [(4n+3)2
I * Jx cos x dx = IIZ{ —(——]—)———————:ldx— z_________( ) ={ (=1)"2x }

~  (2n) fort (4n + 3)(2 ) “ (4n + 3)(2n) i

Because 2(7:/2)23/ 2 /(23 - 10!) < 0.0001, you need five terms.

ﬁ\/;cosxdx - 2[(#/2)3/2 _ (7[/2)7/2 N (7[/2)“/2 ) (”/2)15/2 . (”/2)19/2

=~ 0.7040.
3 14 264 10,800 766,080

1
l 1 x ¥ ¥ x x* x x* x°
72. |, cosVx dx .[o.s(l 2t e e ]dx - [x T2 3@ (e T SE) }

0.5

Because (I - 0.55) < 0.0001, you have
201,600
! 1 R N ) L o] o
[ cos x ax = [(1 -05) - Z(1 - 0.5%) + 5(1 - 05°) - 2—856(' - 0.5%) + 201’600(1 0.5 )] ~ 03243,
73. From Exercise 27, you have
1 - 2/2 1 & (_I)"XZn o ” 2n+] "
X dx =
27 '[°e NP7 '[Onz:(:, 2"n! g "n'(2n + l) V27 ,,Z;, 2”n' 2n +1)
1 1 1 1
I - + - 0.3412.
ﬁ\/zn[ 2.1.3 22-2-5 23-3!~7)“
74. From Exercise 27, you have
2
2 g 1 2 (=1)'x™ 1 (=1)" x>+t
= = ——e| S L
\/27r '[ 2z '{' ,Z;, 2"n N2r ,,Z(‘, 2"n(2n + 1)
® _1)"(211+I _ l)
\/ T o "n'(2n + l) _
31 _ 127 + 511 _ 2047
\/ T s P37 249 2SI
8191 32,767 + 131,071 524,287 ~ 0.1359.

2°.60-13 27 -7.15 22.8.17 2°.9-19
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966 Chapter 9 Infinite Series

0 " An 2n+1 . X
75. f(x) = X COS2x = Z_(:.l)_‘l_x___ 76. f(x) = Ssin '-2- ln(l + x)
n=0 (2")!
25 P(x)—i—'_x_z.’,z__]lxs
Ps(x)=x-2x3+—3"— ’ 2 4 48 9%

//\f\v x\:j}/"f ﬂ -4 \ <X,

-2

L5

L L b The polynomial is a reasonable approximation on the 3
The polynomial is a reasonable approximation on the interval (_0. 60, 0.73)_

interval _3’ 3 . -
44
\/; Inx,c=1

(x_l)_(x—l)3 Lm0 -1y
24 24 1920

7. f(x)

Py(x)

The polynomial is a reasonable approximation on the interval B, 2].

3

Py f{sﬂ"
. 2,
M

8. f(x) = 3x -arctan x,c = 1

2 3 4 5

- - -1 . -1
Py(x) = 0.7854 + 0.7618(x — 1) - 0.3412 G0 ooua| Co |4 30as| Go | 5003 =)
2 3 a s

The polynomial is a reasonable approximation on the interval (0.48,1.75).

79. See Guidelines, page 668.

80. The binomial series is (1 + x)" =1+ ke + k(kzl— 1)x2 + Kk - l;(k — 2)x3 + -+ The radius of convergence is R = 1.

81. (a) Replace x with (—x).
(b) Replace x with 3x.
(c) Multiply series by x.
(d) Replace x with 2x, then replace x with —2x, and add
the two together.
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Section 9.10 Taylor and Maclaurin Series 967

4
2. () y = x> - X = even polynomial, degree 4
3

Matches (iii).

3
y=x(x_-x.—)
<3

The second factor is the third-degree Taylor polynomial for f(x) = sin xat ¢ = 0.

3 5

) y=x- % + % = odd polynomial, degree 5
Matches (iv).

—xl--)i+-)i
r= T

The second factor is the fourth-degree Taylor polynomial for f(x) = cosxat ¢ = 0.

3
€ y=x+x*+ % = odd polynomial, degree 3

~ Matches (i).

=x1+ +—xi
y = X x 5

The second factor is the third-degree Taylor polynomial for f(x) = e*at ¢ = 0.
(d) y = x* = x* + x* = even polynomial, degree 4
Matches (ii).

y=x2(l—x+x2)

The second factor is the second-degree Taylor polynomial for f(x) = 1

83 y= tan @ - —E |y - L ]_L
kvy cos 8 k? v cos &

2 3 N
=(tan€)x———-‘gf—-£— e _ Yk Y LI (.- R
kvocos@  k%| vycos@ 2\ v, cos@ 3\ v, cos 8 4\ v, cos @

2 3 2.4
= (tan O)x - E zgx i ;g o 55t %k > 3
kvocos@ kvocos@  2vycos‘ @ 3vy’cos’ @ 4v,y cos’ B
2 3 2 4
= (tan O)x + & ke K ex

+ +
2vtcos’ @ 3vcos’d  4Avyt cost

84. 0 = 60° v, = 64, k = -, g = —32
16
_ 3 (16)32)F  (116)°(32)x*
26412 364 (v2)  4(64)'(12)°
_ _ 2242 2353 245 .
= Vi -3 2(64)? ¥ 3(64)'16 ¥ a(64)"(16)? ¥

=\/§x—32§:—221——-—=\/§x—322 x

a2 n(64)"(16)""* a2 n(32)"(16)"°

y=\/§x
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968 - Chapter 9 Infinite Series

e"/"z, x#0

S@)- S0 e -0
b) f'(0) = lim = lim &
®) f( ) x>0 x-0 x>0 x
e—l/.\'2
Lety = lina . Then
X—> _x
) . Ve . 1 . |-1—-x*Inx
Iny = limIn = Ilm,——z—]nx = lim —_— | = .
x—0 X r—>0% X x—0" X

So, y = e™ = Oand you have f'(0) =

0 (" ’ " .
(©) Z A (0) = f(0) + L(]'l){ + 1(20I_)x2 + -+ = 0 # f(x) This series converges tofat x = 0 only.

8. @ f() = "2 +D)

X

From Exercise 10, you obtain:

( ) 2n+2 ( 1)" 2n
P = =
2,2(, n+l ,;, n+1
2 4 6 8
Ps_l._..'x_..i.x__'x_.;.i_‘
2 3 4 5
(b) 1.5
./
—‘Hr"“““-—__,
Q0 2
0.5
In(¢* + 1
© F@) = |, %dt
G(x) = [ R(r)dr
X 0.25 0.50 0.75 1.00 1.50 2.00

F(x) | 0.2475 | 0.4810 | 0.6920 | 0.8776 | 1.1798 | 1.4096
G(x) 0.2475 | 0.4810 | 0.6924 | 0.8865 | 1.6878 | 9.6063

(d) The curves are nearly identical for 0 < x < 1. Hence, the integrals nearly agree on that interval.

n+l 1 x"
87. By the Ratio Test: lim 2 Zl im |x| = 0 which shows that Z - converges for all x.
n—w (n + l)l x" n-mp + 1 v = n!
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Section 9.10 Taylor and Maclaurin Series 969

.

®
9
5
—
I {+
= | =
~—
It

In(l + x) ~ In(1 - x)

=[x—%2+—3— J-[-x-"?z—i;i— J— w2y X 4y = 2x"§=;)2:2" o R =
In3 = m(lil@] ~ 2(1) N UE ) +*(]/ 2| ye Lt oosoes
1-1/2 2 3 5 7 12 80 448
(In 3 ~ 1.098612)
(5) _5-4:3_60 _ or. (9.5) _ (0.5)(-0.5)-1.5)(-2.5) _ 0.0390625 = 5
3 3 6 4 4 128
(—ZJ (3, 0. (-1/3j _ (3)(=4/3)(=7/3)(=19/3)(-13/3)
2 2! 5 5!
=21 012483
729

2 [k
93. (1+x) = Z( }r
. n=0\"
2 < 2 2
Example: (1 + x)° = " =14 2x4x
n=0\M
Assume e = p/qisrational. Let N > g and form the following.

e—[]+]+—l-+---+—]—]— ! + ! oo
2! N! (N+1)! (N+2)!

Set a

N !!:e - (l + 14+ %)], a positive integer. But,

= NI 1 ! - I . ! + ! o
R L7V I ) T R I T (VP V) R v (N +1)°

= I l-l+ ! + L Tt | = ! |— ! =l,ac0ntradiction.
N+I N+1 (N+1) N+11_( 1 ) N
) N +1
g(x)=———x——=ao+a,x+a2x2+---
l—x-x
X = (I -x- xz)(ao + ax + ax® + )
x=ay+ (@ —a)x+(a —a — a)x* + (a3 —ay — a)x* + -

Equating coefficients,
ay = 0

al—a0=1$al=l

az_'al_a0=0—_—>a2

[
=)
U
&

|
N

a3 —a; —a =
a, = a; + a, = 3,¢tc.

In general, a, = a,_; + a,.,. The coefficients are the Fibonacci numbers.
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