CHAPTER 9
Infinite Series

Section 9.1 Sequenées
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860 Chapter 9 Infinite Series

9 a =0 =10 5, 10
n+1 I+1 3
Matth;s (c).
10. a, ——@—,a, = 10 =5,a = —
n+1 2
Matches (a).
11. q, = (fl)", a =-la =1a = -],
Matches (d).
- -1 1
12. = y =— = -] = —,
a, " a 1 a, 2
Matches (b).
13. a, =3n-1
as =3(5)-1=14
as =3(6) - 1=17
Add 3 to preceding term.
4. a, =3+ 5n
as = 3+ 5(6) = 33
a; =3+5(7) =38
Add § to preceding term.
15. Ayy) = 261", a = 5
as = 2(40) = 80
ag = 2(80) = 160

Multiply the preceding term by 2.

16. a, = —%a,,_,,a, =6
=32y - 2

as = 3( 9) 77

= 1f2)_ _2

s = 3(27) 81

‘Multiply the preceding term by —%.

(n‘+ 1)t _ ni(n + 1) -

17. = - +1
n n! _ 1
m@+m‘@um+m.@+mﬂu
9 (@n -1y _ (2n=1) o
C@n+1) (- 1@n)2n+ 1) 2620 + 1)
s, 21+ 2) _ (2n)(2n + 1)2n + 2)

(2n)

A »((Zn)!'
(2n + 1)(2n + 2)
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21,

22

23.

24.

25.

26.

o

. 5n®
lim — =
1> pt o+ 2
hm[6+—2j=6‘+0= 6
n—rx n
lim 2n_ lim 2 -2,
n—wx \/ﬂ2 +1 n—» \/1 + (‘/nz) 1

lim cos(—z—] =1
n-xo n

~

The graph seems to indicate that the sequence con
to 4. Analytically, '

. . 4n+1 . 4x + 1 .
lim a, = lim = lim = 4.
n—x n—xc n X—>x X
2
. .
1 .O..-- > 12

The graph seems to indicate that the sequence con
to 0. Analytically,

lima, = lim —= = li = 0.
n-->x ! n—>1 n3/2 X—>0 x3/2

L ] L [ ]
0 jjtetmto i esfPms | 11

The graph seems to indicate that the sequence diver;
Analytically, the sequence is :

{a)} = {1,0,-1,0,1,...}.

So, lim a, does not exist.

n—->x




36.

37.

38.

39.

..... (XX XN ]

-1
The graph seems to indicate that the sequence converges
to 2. Analytically,

lim a, = m(2——l—)=2-—0=2.
4"

.
li
n-=->»xn n—-»x

= 0, converges

lim (8 + i) = 8 + 0 = 8, converges

'Tlc (_])"(n’-:- 1]

does not exist (oscillates between —1and 1), diverges.

lim = (, converges
n-—->m n

1002 +3n+7 . 10+ 3/n+7/n
lim —m————— = lim ————
nox 2n* - 6 no» 2 - 6/;12

10
EY = 5, converges

lim —=—— = 1, converges

In(n3) lim }_l_n_(n_)

lim =
n->x  2n ns» 2 p
= lim é(l) = 0, converges
n-ox 2\ n
(L’Hopital’s Rule)
" n
lim 5— = lim [2] = oo, diverges
n-sc 37 n-x

!
lim gf-j-'—l)— = lim (n + 1) = oo, diverges

no® n! n-»>»

lim ~——=~ = lim ——— = 0, converges
n— n!

(n-2) 1
! n->% n(n - ])
n?

lim — = 0, converges

nox g

(p>0,n22)

Section 9.1- Sequences

40. a, = nsin—l-
n

Let f(x) = xsin -]—-
x

lim xsin—l— = lim _m_n_(m
X% x x> ]/x
-1/x? 1
i ( /x )cos( /x)
x—>oc --]/x2

= lim cosl = cos0

X—»0 X
= 1 (L'Hopital's Rule)
or,

sin(l/x)

lim sin(y) _

1. Therefore,
X 1/)( y—ot y .

. L1
lim nsin — = 1, converges.
n

n—>®©

41. lim 27 = 2° = 1, converges

n—>x

42. lim =3 = kim ::— = 0, converges
n—w now ]

43. lim 222 = 1im (sin n)l =0,
nH—>x n n-—>c n

converges (because (sin ») is bounded)

44, lim cosT . 0, converges
n-—roc n
45. a, = -4 + 6n
46. a, = 1
n

47. a, = n* -3

v G
48. a, = —5—
n2

2. o, = 21

n+2
50. a, = (2n),n =1,2,3,...
51 g, = 1+4=2%1

n n

52. a, = "

861
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862 Chapter 9 Infinite Series

53, an=4-711-<4-n11= s 57. an=(§)">(§)"“ = a,.,

. - 2
Monotonic; |a,| < 4, bounded Monotonic; |a,| < %, bounded

n 3 n+l
<@ =

54. Let f(x) = 3% Then f(x) = _8 S8. a, = (%)
X : ; D
Monotonic; lim a, = o, not bounded

+2 (x+27

So, fis increasing which implies {a,} is increasing.

|au| < 3, bounded ;, 5. a, = sm(ﬁgi]
55. a, = ne"? | a = 0.500
a = 0.6065 ' a, = 0.8660
a, = 0.7358 a = ].000
a5 = 0.6694 | a = 0.8660
Not monotonic; |a,| < 0.7358, bounded Not monotonic; |a,| < 1, bounded
= (-2Y _cosn
56. a, = (-2 1 60. a, = —
a=-3% : _ a = 0.5403
o = 4 a, = ~0.2081
. a; = ~0.3230
=Ty a, = ~0.1634
Not monotonic; |a,| < %, bounded Not monotonic; |a,| < 1, bounded
|
61.(a) a, =7+~ ® o
n

®e
(A RN X NN

7+ ll < 8 = {a,}, bounded _ ‘
n

a, =7+ L = a,,, = {a,}, monotonic ok !
. n n+1 - ) 1 .
Therefore, {a,} converges. ,}'_l,]l, T+ w) - 7
2
62. (a) a, =5-= A b)) s
o n ot sevedes
|5 - ~2—‘ < 5 = {a,}, bounded ' ‘ y
p i .
2 : . o 11
a, =5-=<5- = a, + 1 = {a,}, monotonic o
n n+1 - _—
lim{5-=[=5-0=5
Therefore, {a,} converges. . : n—e n

©2014 Cengage Learning.-All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in- whole or in part:




Section 9.1 Sequences 863

1 1
@ a, = "(1 - —,,) (b) 04
3 3 .. [ XXX R XX ]
-1—(1 - —I—J < 1 = {a,}, bounded ¢
3 3" 3 1 12

S (RENPY (i
3 3" 3 3n+| )

a, =
. 1 1 1
= a,,, = {a,}, monotonic ’!‘_r)'l, 3 1- )| °3
Therefore, {a,} converges. | _
(@ a, =2+ 1
o 5
2 + L{ < 3 = {a,}, bounded
5"
_,, ] 1 ,
a, =2+ rie 2+ TS G = {a,}, monotonic
Therefore, {a,} converges.

®)

Sesnosvsece

1im(2+5ln]=2+0=2

n—>00

. {a,} has a limit because it is a bounded, monotonic p

67. 4, = P[1 + —
sequence. The limit is less than or equal to 4, and greater 12

than or equal to 2.
2<lima, <4

n—x"

(a) Because P > 0Qand (l + é) > 1, the sequence f

] diverges. lim 4, =
6. The sequence {a,} could converge or diverge. If {a,} is oo

increasing, then it converges to a limit less than or equal (b) P =10,000, r = 0l055, An.‘:—]O,OOO(] + 0.055) _
to 1. If {a,} is decreasing, then it could converge '
: . A, = 10,000
(example: a, = 1/n) or diverge (example: a, = —n).

A = 10,045.83

A, = 10,091.88

45 = 10,138.13

4, = 10,184.60

4; = 10,231.28

A = 10,278.17

4, = 10325.28

4 = 10,372.60

A, = 10,420.14
Ao = 10,467.90
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'864:.Chapter: 9+i.Infinite Series.

68. (a) 4, = 100(401)(1.0025" - 1)

A =0
A = 10025
A, = 200.75
4, = 301.50
Ay = 402,51
As = 503.76
As = 605.27

(b) Ag = 6480.83
(©) Ao = 32,912.28

69. No, it is not possible. See the “Definition of the Limit of
a sequence”. The number L is unique.

70. (a) A sequence is a function whose domain is the set of
positive integers. g
(b) A sequence converges if it has a limit. See the
definition.

(c) A sequence is monotonic if its terms are
nondecreasing, or nonincreasing.

© (d) A sequence is bounded if it is bounded below
(@, 2 N for some N)and bounded above

(a, < M for some M).

71. (a) a, =10 - 1
» n

(b) Impossible. The sequence converges by Theorem
9.5.

3n
4n + 1

(d) Impossible. An unbounded seqhencc diverges.

(C) a, =

72. The graph on the left represents a sequence with
alternating signs because the terms alternate from
being above the x-axis to being below the x-axis.

73. (a) 4, = (0.8)" 4,500,000,000

(b) 4 = $3,600,000,000
4, = $2,880,000,000
A, = $2,304,000,000
A, = $1,843,200,000

n

(¢) lim 4, = lim (0.8)"(4.5) = 0, converges
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74. P,

75.

76.

77

25,000(1.045)"
R = $26,125.00
P, = $27,300.63
P, = $28,529.15

P, = $29,812.97
P, = $31,154.55

a, = Un = nl
a=1"=1

a, = N2 ~ 14142

a, = 3 ~ 1.4422
a, = 44 ~ 1.4142
a; = 5 ~ 13797
$/6 ~ 1.3480

dg

Let y = lim A",

H=—=>1 N
Iny = lim (llnn) Cim I im Y
n—x n n—x n H—>0 n

Because In y = 0,youhave y = e° = ].Therefd

lim 4n = 1.

n—oe
1 n
2]
n

2.0000
2.2500
a; ~ 23704
a, =~ 2.4414
as ~ 2.4883
as = 2.5216

] n
lim (l + -—] =e
n—x n

Because

a"

a

az

Q

lims, = L > 0,

n—>x

there exists for each & > 0,

an integer N such that |s, — L| < £ forevery n > N
Let £ = L > 0 and you have, | ‘
sy = L|< L,=L <s, =L < Lor0<s, <2Lfo

each n > N.




78. (8) a, = 0.072n* + 0.02n + 5.8

20

Section 9.1 Sequences 865

(b) For 2020, n = 20: a,, = $35 trillion

r-o-"‘”_"
0 12
0
9. True 81. True
80. True 82. False. Let a, = (~1)"and b, = (~1)""' then {a,} and
{b,} diverge. But {a, + b,} = {(—I)" + (—l)"”}
converges to 0.
83. a,,; = a, + a,,,
@ a =1 @ =8+5=13 © 1+ —— =141
bn—-l an/an—l
a =1 ag =13 + 8 = 21
a=1+1=2 a, =21 +13 = 34 14 &t oGt G G
aﬂ aﬂ all
a4=2+l=3 a,0=34+21=55
a5 =3+2=5 a, =55+34=8 - |
ag=5+3=8  a,=89+55=144 (d)lflimbn=p,thenlgn[l+b ]=p-
n—wx n—>c =1
(b) b, = Jtl > Because lim b, = lim b,_,, you have
n a, ? b n—->o n—»o
1+ (i/p) = p.
hete P ve)
12 8 p+1=p
21
b2=T=2 b,=l—3-z|.6154 0=p*-p-1
3 34 15J/1+4 145
by=>=15 by = == ~ 1.6190 p = =
2 v 21 2 2
b = 5 1.6667 b= 55 1.6176 Because a,, and therefore b,, is positive,
= T L. g = —T— & 1
3 34 1+./5
g 29 p = —2 5 16180.
by == =16 by = — =~ 1.6182 2
5 55

84. Let f(x) = sin(mx)
lim sin(x) does not exist.
X—x

a, = f(n) = sin(zn) = 0 forall n

lim a, = 0, coverges

n—-x

85.(a) a =2 ~14142
a, = 2+ V2 ~ 1.8478
as = A2+ 2 + V2 ~ 1916
a, =\/2+\/2+ 2+2 =

1.9904

as = 2+\/2+ 2+2+2 ~1.9976

(b) a, = \/2 + Q-1

nZZ,a,:ﬁ

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




866" Chapter 9  Infinite Series

(c) First use mathematical induction to show that a, < 2;clearly a < 2.8o0 assume a, < 2.Then
a, + 2 <4

Na +2<2

Q4 < 2.
Now show that {a,,} is an increasing sequence. Because a, 2 Oandag,
(an - 2)(a, + <0
0
a, + 2

Na, + 2

A1

I
»

IA

@G -a, -2

a

A

ay

A A

a

Because {a,,} is a bounding increasing sequence, it converges to some number L, by Theorem 9.5,
lima, = L=>\2+1 =SL>2+L=P=-[_-2-9

n-—>o0 . . .
‘ SUL-YL+)=0=L=2 (L 2-)

86. (a) Use mathematical induction to show that

< 1+ T+ 4k
"o 2 ' p -
[Note that if ¥ = 2, and a, < 3,andif k = 6, then a, < 3.]Clearly,
BV E® _ 14 i H
2 2
Before proceeding to the induction step, note that

2_+2\/1+4k+4k=2+2\/1+4k+4k
l+\/1+4k+k__l+2\/l+4k+l+4k
4

2

a =

L+ VToak  [1e iz ak]
2 2
1+\/1+4k+k_l+\/l+4k
2 2 '

So assume q, < w

. Then
3 e

1+ ~/1+ 4k

L, t ks —X_ T g
K 2

1L+ 1+ 4k

2
<l+\/l+4k
_ﬁzh.

X
+
=
A

+k

L

{a,} is increasing because -

_l+\/l+4k a _1—\/l+4k

2 ” 2

l
o

a,

a-a, -k

IA

0

l<a, +k

a,

IA

IA

a, a, +k

IA

ay -
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Section 9.1 Sequences 867

‘Because {a,} is bounded and increasing, it has a limit L.

lim a; = L implies that

n—0

L=~k+L =>1=k+L
=>P-L-k=0

1+/1+ 4k

=>L=——
2
“Because L > 0, L = T N1+ 4k ';+4k
¥ n R n+1
— @ 2<n< (n+1)
- en-l en
(n+1)/n
n n (n+1)
;]—:(W < \/_n_' < —e-—
1 Yn_ (n+ 1))
&~ n ne
n . l|m —I-!‘— = l
[fhxdx<in2+m3+-+inn : oo =01 ¢ |
1+(}fn Ifn
=1In(1-2-3:n) = In(n)) lim ()7 w = lim (n+1) DGR
n—rw ne n—»oc n e

(1

e
U nl 1
By the Squeeze Theorem, lim = -
n—»o0 n e
20, 1
S (e) n = 20: 20! ~ 0.4152
["inxds> 243+ +Inn = In(e) 20
. 50/ ! .
: n = 50: LI 0.3897
© [mxdc=xhmx-x+C 50
n 100\/ i
Llnxdx=nlnn—n+l=lnn”.—n+l n=]00:—]—loggl~0.3799
From part (a): In n" — n + 1 < In(nl) 1 03679
. e
elnn"—n+1 <n
< nl
en—]

[“nxdx = (a4 in(a+ 1) = (n+ 1) +1

in(n + 1" = »n

From part (b): In(rn + 1)"*' = n > In(n!)

n+1_

eln(n+l n

> nl

n+l
(s 0

e

nt
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©.868' Chapter: 9.+ Infinite Series

88. For a given £ > -0, you must find A > 0such that 90. Answers will vary. Sample answer:
la, - L] = _13_ <e {a,} = {(—]) } = {-1,1,-11,..} diverges
n .
2n
. ar,f = —1‘}= L1,1,1,..1 converges
whenevern > M. That is, {a} {( ) L ) &
13 3 - . . .
B> Lorn > (_1_) ‘ , 91. If {a,} is bounded, monotonic and nonincreasing,
. o 2 a, 2 az 2 e 2 a, > ..., Then g
So, let £ > 0 be given. Let M be an integer satisfying ~a) £ —a; < -a; <+ < -a, < -+ isabounded
M > (1/5)‘/3_ For n > M, you have monotonic, nondecreasing sequence which converg
" the first half of the theorem. Because {-a,,} convergy
n> (-l—j then so does {a,}.
£
3,1 h Xpe1 + Xuo
">z 92, Define a, = = — 202l p > 1,
'x"
1 1
&>~ >|5-0|<e ) )
e Xpsim = XpXpez = 1= X5 = Xy X =
So, lim l =0 ke . -xn-l-l(xnﬂ + xn—l) = X,,(Jf,, + -xn+2)
£ o 3 .
e Xn+1 + Xy-1 = Xni2 + X,
For a given £ > 0, youmust find M > 0 such that Xn Xn+1
la, - L| =|r"|f.‘whenever n > M.Thatis, . Gy = Gnsy
n '“l”| < ln(s) or Therefore, @, = a, = ... = a.So,
Xpel = ApXyy — Xy = Xy — Xyoy.

In(e)
ln| r]
So, let £ > 0 be given. Let M be an integer satisfying

M S ln(s). .
In|r|

n >

(because lnlr]v< 0for [r| < 1).

For n > M,you have

In(g)

" |

nln|r| < In(e)
In|r|" < In(g)
|r]" <&

| 0| < s

So, lim " = O0for -1 < r < 1.

n—o
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