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93. 7, = nt +2"
Use mathematical induction to verify the formula.
Th=1+1=2
hT=1+2=3
T,=2+4=6

Assume T, = k! + 2% Then
Towr = (k+ 1+ 8T, — 4(k + )Ty + (4(k +1) - 8)T;_,
= (k + Skt + 2%] = 4(k + 1)((k — 1)1+ 2571) + (4k - 4)((k - 2)t + 2¢7?)
= [(k + 5)(k)(k - 1) - Ak + 1)k = 1) + 4(k - D](k = 2)1+ [(k + 5)4 — 8(k + 1) + 4(k — 1) |22
= [k sk -4k -4+ 4k 1)+ 8. 242
= (k + 1)+ 28,

By mathematical induction, the formula is valid for all .

Section 9.2 Series and Convergence

LS =1 5 85 =3

S, = 1+%=12500 ' S, =3+2=45
Sy =1+ 1 +¢ =~ 13611 Sy =3+3+32 =525
= L1, 1 ' - 3,3.,3_
S4—l+7+5+—lg~l.4236 S4_3+3+;+§—5.625
= R L, = 3.3 ,.3.,3 _
Ss—l+7+-9-+ﬁ+g~1.4636 ‘S5_3+-2_+z+—8-+T6—-5'8125
2. 5 =% ~0.1667 6. S =1
= 1_
S =L+1x03333 S, =1-7=05
=1-1414
Ss=<'lg+]l§+23—0“04833 83 =1-5+ ¢ =~ 0.6667
=]1-141_1
Se=Lt+l+di2a06167 Sa =1 T+? 214“01-6250
_ 1 ] 3 2 5 . Ss=1—-2+= -2+ — =~ 0.6333
SS—E+E+E'+E+TZ-~O.7357 3 2 6 24 120
38 =3 S (2)"
! 7. 2 (3)
S =3-2=-15 n=0
. 0. 37 Geometric series
S3=3—5'+T=5.25 r=l>]
Se=3-2+ -8 -_4875 6
o 2 8l . 3 Diverges by Theorem 9.6
S5=3_—2-+T_?+T6—=10'3125 »
: 8. > 4(-1.05)
4. S|=l I;)
S, =1+3=3 Geometric series
S=1+i+1=1 |r| = |-1.05| = 1.05 > 1
= 1,1, ,.1_2 . .
Sa=1+i+l4l= Z Diverges by Theorem 9.6
= 1,1, L, 1_4
S5—l+5+z+z+§-—-2-z
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11

12

i3.

19.

20.

ol n - n
9. 14. —
,; n+1 "}::] 2"
n . al
li =120 lim— = o
nl—l;rolo n+1 n—sw
Diverges by Theorem 9.9 Diverges by Theorem 9.9
& n k- 5\7
15. =
,,Z;; 2n+3 ; (6) :
lim = l #0 Geometric series with » = % <1
nso2p +3 2 : :
Diverges by Theorem 9.9 Converges by Theorem 9.6
o 2 - 1Y -
n ) 16. Y 2(-4)
n=1 n2 +1 n=0 ‘
2 . . . —|_1
fim zn - - 1% 0 Geometric series with ]rI‘—I 2, <1
" ' Converges by Theorem 9.6
Diverges by Theorem 9.9 B
= g, 17. > (0.9)
Z n=0
net N %+ 1 . . .
. I Geometric series with » = 0.9 < 1
Jﬁ‘l N = ,,h_?; \/l + (I/nz) =1=0 Converges by Theorem 9.6
Diverges by Theorem 9.9 18. i (-0.6)"
o . n=0
i 2;":1 Geometric series with | 7| =|-0.6| < 1
n=1 ’ .
oo Cle27 1 Converges by Theorem 9.6
lim — = lim ===%0 :
n—w * n—w 2 2
Diverges by Theorem 9.9
R e R U R R E R o R
ot n(n +1) s\ n+l) 2 2 3 3 4 4 5 n+l
3! =limS,,=]1m(l— ’):
man(n+1) o frres) n+ 1
2 1 &l 1 ‘(1 1) (1 1) (1 1) (1 1) (1 1)
= ryiaiyansarcd Bl Bl I o ECEICl [N PRy JEY PRy [N ISR 0 IR
mnn+2)  S(2n 2An+ 2) 2 6 4 8 6 10 8 12 10 14
- 1 . S B O R | 1 1 1 3
Z——=th,,=l|m -+ = - - = —t - =
imn(n+2) e e |2 T 4 2+ 1) An+2)| 2 4 4

21

o __ 6 (1 1 B 1 1) (1 1 11
‘a’E——n(m)*ZZ(Z‘“J:2[[":)*(5“3)*(3*3)*(;‘7)+"]
+l-,(] +. l + ])]=2(1+l+l)=ﬂz3,667
3 \n+1" n+2 n+3 2 3 3

n 5 10 20 50 100
S, | 2.7976 | 3.1643 | 3.3936 | 3.5513 | 3.6078

N | =

(b)
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Z(%"nlzfj

=l+l+l+4l-=-2£z2.0833
2 3 4 12
n 5 10 20 50 100
S, | 1.5377 | 1.7607 | 1.9051 | 2.0071 | 2.0443
...... .e
..
bttt bttt {1

(@ Y 2(09) =Y 209)" = 2__
n=1 n=0 1-09
® 1 Ts 10 20 50 100
S, | 81902 | 13.0264 | 17.5685 | 19.8969 | 19.9995
(© =
Y **

»
0 i1
a

(d) The terms of the series decrease in magnitude slowly. So, the sequence of partial sums approaches the sum slowly.

2 "' & 1Y 10
24. (a 10—~ =N10—| = ———— =
@ S5 - S-3) - =t
b .
® = 5 10 20 50 100 -
S, | 8.0078 | 7.99999 | 8.0000 | 8.0000 | 8.0000
(c) 11
*
o c. 411

=t

" (d) The terms of the series decrease in magnitude rapidly. So, the sequence of partial sums approaches the sum rapidly.
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i B 1

() b)) A )

3 n—-1 n+l n+2 2 n+l n+2
) S A nms,,_hmz(ul—L—;)ﬂ i
min(n+2)  now 2 n+l n+2
1 & 1 1
28. N ——
,Z{(Zn+l)2n+3) 2;(2n+1 2n+3)
1(1 1) (1 1) (1 1) ( 1 I ) 1(1 1 ) |
Sp=-lz=-=|+|===|+l===|+-+ ——|l= - —
21\3 5 5 7 7 9 2n+1 2n+3 2\3 2n+3
Z Ilm S, = lim —I-(—l— - ——l——) 1
,,_1(2n+l(2n+3) n—> n>0 23 2n+ 3 6
2, f [ ) =32 $ [0 + 03] = § (i) +3 (_8_)
120 (3/4) 220 a0 \10J 255 \10)
> ( ) 9 27 1-(3/10) 1~ (8/10).
30. Z Z
=0 T-(-13) 4 10 45
=—4+5=
7
v 53050 s v S
nso\2" 3 nor2/)  o\3 33. Note that sin(1) ~ 0.8415 < 1. The series Y [sin(1)
1 1 3 1 n=l
1= (12) 1= (173) =2- 273 is geometric with r = sin(1) < 1. So,
in(1
S [sin()]" = sin)3: [sin()]" = 2 )(1) ~ 5308
n=1 n=0
n n l
M. S, =
" Z9k2 + 3k - Z - 1)3k + 2)
SN
% -3 % +6 3ok -1 3k +2
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1
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- 2 4(1 " . _— 1 © 3 1 n
. 04 =) —|— 40. 0215 = =+ ) —|—
5. (2) Z., 10[10) (@) 5 Z:', 200(100)
4 1 TS 3 1
(b) Geometric series with @ = —and r = — (b) Geometric series with a = —and r = —
10 10 200 100
s-_4_ __4w0 _14 s=l,_a _1 3020 71
1-r  1-(/10) 9 , 5 1-r 5 99/100 330
3 LY a3 (1.073)"
6 ) . .
@ 0 g 100 (100) : n=0
. Geometric series with r = 1.075
(b) Geometric series with a = —ﬁand r= L Diverges by Theorem 9.6
100 100
a 36/100 36 4 = 3
S = = = = — 42,
1-r 1-(1/100) 9 11 ,,Z:, 1000
Geometric series with r = 3 > 1.
37, (2) 081 = i _8.1_(_.]_) Diverges by Theorem 9.6
: =4 1001100 .
> 10
81 1 N Y
b) Geometric series with @ = —and r = —
(b) etri a OOan 100 . s 10n + 1
g__a _ 8100 _381_9 fim 210 1 Ly
1-r 1-(1/100) 9 11 nso10n+1 10
‘ Diverges by Theorem 9.9
— &(1Y _ 1&(1Y
38. (a) 001 = =3 | — < 4n + 1
@ 2;[100) 100n=0(|oo) YR Y
i 3n=1
— 1 1 1 100 1
) 0I0l=— —0——— = — — = — . 4n+1 4
10 - lim =—%0
0 1-(1/100) 100 99 99 M1 3
— = 3(1Y Diverges by Theorem 9.9
39. (@) 0.075 = Y ——
(@) ,,z=:‘, 40(100)

(b) Geometric series with a = land r= L
40 100 '

( 1) C'1 [1 q (1 1 C 1 11 1
S, =[l-=|+|==-=|4+|==-=|+-+ - e =14 == — =
3 2 4 3 5 \n=-1 n+l n n+2 2 n+l n+2
Z(-‘—— ! = lim §, = lim (l+l—;—; —i converges
n n+2 n—wo n—>o 2 n+l n+2 2’

& 1 1
46. -
. Z;(n +1 + 2)

+(1 _ 1)_1_ 1
n+l n+2 2 n+2
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874 Chapter 9 Infinite Series

e n n
7. 33 54. S, = 1n(ﬂJ
k=1 k

= In(z) + ln(éj 4ot ln(n + ]j
tim 3 = jjm 228" | I 2 T

n—w n—>0 2. .
pm e 3 3 = (2~ In1)+(In3 = 1n2) + -+ (in(r + 1) =
= nlim @-—62—)3— = lim &;—)—?— = = In(n + 1)~ In(1) = In(n + 1)
—)m n n—-wo
(by L’Hopital’s Rule); diverges by Theorem 9.9 Diverges

= 3 = (1Y 55. See definitions on page 595.
48. — = 32 (g] , convergent

a0 S" n=0 56. lim a, = 5means that the limit of the sequence {a,
n—ow B
Geometric series with » = % N 3.
> a, = a + a, + -+~ = 5means that the limit of t
n n=1
49. Because 7 > In(n), the terms a, = mdo not partial sums is 5.
approach 0 as n — oo. So, the series Y. l z ) diverges. 57. The series given by
= In(n o :
" Yar"=a+ar+a’+ - +a” +az0
n 1 n R =0 . ‘
50. S, = Z,lln(};) = g"l“(k) is a geometric series with ratio ». When 0 <|r| < 1,th
=0-In2-In3 - ~In(n) series converges to a/(l = r). The series diverges if
o0 1 ‘ Irl > 1.
Because lim S, diverges, Z ln(—) diverges.
n—eo n=1 n . ]
58. If lim a, # 0,'then Y a, diverges.
51. For k # 0, e n=l
n nfk ' © »
lim (1+£) - lim (1+.’£) $9.(2) Da, =a+atat
n-»wo n n-»w n; n=|
= ok o o
=e" % 0. (b) Zak=al+a2+a3+.“
: k=t :

For k = 0,lim (1+0)" =1=0.
"o These are the same. The third series is different,
unless @y = a, = -+ = g is constant.

So, Z[l + -’i] diverges.
n

n=1 & B
(c) Zak = a + a, + -
n=1

:x; = (1 n }
2. - 1 i . .
5 Z ¢ ; (e) copverges because it is geometric 60. (a) Yes, the new series will still diverge.

n=1
with . : - (b) Yes, the new series will converge.
|r l = 1 <1. : : g ' < n = bn
e - 61. > (3x)" = (3x)(3x)
n=1 n=0
' . z , , ‘
53. lim arctan n = 57 0 Geometric series: converges for |3x| < 1 = |x| < —;-
So, 3 arctan n diverges. = 3 "o L 3x 1
Z 1) = (X6 = Ba)=5; = 755 X<
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eometric series: converges for
2

X

@=3 (—3) = 1—_—2—2/;5=x—§—2,x > 2orx < -2

n=0

I=|x|>2= x<-20rx>2

i(x 1) =(x- I)Z(x -1y

n=1

‘Geometric series: converges for |x <1< 1=>0 < x < 2
(5= 05— 1)
n=0

(-)—r =27l ocy<2

Ne(x-1) 2-x
259

Geometric series: converges for
x -2

@)

<l=>pk-2<3=>-1<x<5

5 5

B l_(1_—_'g)=(3—x+2)/3

15
5-x

I

,~l<x <5

"Geometric series: éonverges for
|-x|<1=]x|<1=>-1<x <1
kvf(x) = i(—x)" = L<x<a
n=0

1+ x

6. S = 5 ()

n=0
Geometric series: converges for

|—x2|<1=—l<x<1

2 n 1 1
f(x)='§(—x2) =-l—_m=l—-+—x2-,—l<x<l

Section 9.2 Series and Convergence::: 875!

67. (a) x is the common ratio.

(b)l+x+x2+-~=2x"= , |x|<l
n=0 T—x
1
(c) J’1=]
- x
y2=S3=l+x+x2

V=S =1+x+x2+x +x*

Answers will vary.
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876 Chapter 9 Infinite Series

68. (a) (—%) is the common ratio.

2 3 = n
W 1-2+ XX (_z)
248 ~\77
1
1-(=x/2)
-2 |x<2
2+ x
2
c) y =
© » 2+ x
_S.-l_i.{._xi
Y2 3 > 7
x x X x*
=S =l—-—-+—_.-—+__
Yo = s 27478 16
Answers will vary.
v&f\ 7
S
5 i

=

)

1
0 )
10,000 < n? + n
0 < n* + n - 10,000
2

Choosing the positive value for n you have
n = 99.5012. The first term that is less than 0.0001 is

n = 100.

(l] < 0.0001
8

10,000 < 8"

< 0.0001

n =

This inequality is true when n = 5.This series
converges at a faster rate.

70. L < 0.0001
2"

10,000 < 2"

1l
=

This inequality is true when »
(0.01)" < 0.0001
10,000 < 10"

This inequality is true when n = 5. This series
converges at a faster rate.
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.

72.

73.

74.

75.

76. The ball in Exercise 75 takes the following times f

ay

o

K2
1]

80001 - 0.95" ]
1-095 .
160,001 - 0.95"], 7 >

n-1 .
"8000(0.95)

i=0

]

P(f) = 47500001 - 0.3)" = 475,000(0.7)"
V(5) = 475,000(0.7)° = $79,833.25

3°200(0.75)' = 800 million dollars
i=0
37200(0.60) = 500 million dollars
i=0
D, =16
D, = 0.81(16) + 0.81(16) = 32(0.81)
up down
D, = 16(0.81) + 16(0.81)* = 32(0.81)"

G
]

16 + 32(0.81) +32(0.81)" + -

32
1-0.81

-16 + 232(0.81)" =-16 +

n=0

152.42 feet

Q

each fall.

5 = =162 + 16 5, =0ifr =1
s, = —16£% + 16(0.81) s, = 0if ¢ = 0.
5 = = Qif¢

~162 + 16(0.81)° 55

~1662 + 16(0.81)""

K]

1l
(=]
=
-

il

—_
e
\O.

g

time before the ball comes to rest is

1+ 22(0.9)” = -1+ 2i(o.9)”

n=0

-
1]

= 19 seconds.




1 1 n
P(n) = 2(2]
11y 1
N =——| ==
P@) 2(2) 3
236 - e -
“2\2 1-(1/2)
0 Personl'—l—+L+i+- ——l-w[l)"—l L =4
. 22827 24\8 21-(y/8) 7
| R T 11y 11 2
Person2: — + — + — + = — - — i
22 25 28 4,,=0(8) 41-(/8) 7
Person 3: —|—-+L+]—+ =15 (-l—)" 1 ! ' 1
T2 ¢ 2 85\8 81-(/8) 7
Sum: - + 2 + 1 I
7 7
81 (2) 64+32+16+8+4+2=126in?
2 (1Y 64
(b) 64[—) = ——— =128in?
O X3) T
Note: This is one-half of the area of the original square
: Y,
82. (a) sin @ =l-ﬁ-| =1, |= zsin6
sin@ = |2 = || =|Yyl lsin 0 = zsin? 6
|Yy|| .
sin @ = ||x,y2|| = | %y, | =|xy|sin @ = zsin @
N
Total: zsin 6 + zsin? 0 + zsin’ @ + v = 2—Sm0_
1 —-siné
(b)Ifz=1and 8 = E,then total = __l/_2_ =1
6 1-(1/2)

Section 9.2  Series and Convergence 871

CRCRE
213@ ) 1-1/(32/3) )

0

>

n=0

0

79. (a) Y.

n=|

G - 26 -5
2 2(1-(1/2))
(b) No, the series is not geometric.

0 1 "
(© Zn[ﬂ =2

n=1

i)

2
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83.

84.

86.

87.

88.

89.

90.

Chapter 9 Infinite Series

19

Z n 100,000 1Y 100 000[1 -1.067% ~
L = = i = = L ~
”§=]:100,000(L06) o '20(1 06] 06 |_1—1.06“‘] (n = 20,7 = 1.06™) ~ $1,146,992.12

The $2,000,000 sweepstakes has a present value of $1,146,992.12. After accruing interest over the 20-year period, it attéi’n
full value. R

. P[l - (1 + é)m]  8s.w= gom(z)i = 0—'0-;(]_—;—22 = 0.01(2" - 1)
(a) When n = 29: w = $5,368,709.11

2 (b) When n = 30: w = $10,737,418.23

[l + —’—) } (c) When n = 31: w = $21,474,836.47

i
)
p—h
+
Sl
N—
|
-
|
——
+
lx
N———]

i} i}
~ n~]
~ |0 !
N ‘ﬂl'_'
0
1
- —
+ ; |
—
I\)"
s
I
—_
—

ey ) e

n=0

Surface area = 47(1)" + 9(4::(%)2) + 9 4zl v = A e ) =@

P=45 r=003 =20
91. False. hm ~ = 0,but Z diverges.
o n

‘2(20) n=l
@ 4= 45( )[[ 003) - 1} ~ $14,773.59
0.03 12 92. True
45(09320) _ » ®
() 4= Eoo:i/lz ~ $14,779.65 93. False; Zar” - (] fr) —

P=75 r=0055 =25 The formula requires that the geometnc series begi

~ with n = 0.
12 0.055)**)
A=175 1+ =22 —1]~$48152.81 i
(a) (0 055]':( " ) ~$ 94, True
lim " S NS
75( £0055(25) _ | i n—>0 1000(r + 1) 1000
®) 4= —gmm ~ $48,245.07
¢ 95. True
P =100, 'r =004, =35 074999 ... = 0.74 + — + —r +
12 0.04)%® o
(@ 4= 100( ) (1+—'—) - 1|~ $91,373.09 9 &(1Y
0.04 12 =074 +—=>|—=
10° 2210
100(e°%6) — 1 9 !
, =074 + — » —————
) 4= —éf&‘ml ~ $91,503.32 10° 1-(1/10)
9 10
P=30, r=006 =50 ’ =0
12(50) - L
@ A= 30(0 06)[( 006) - 1} ~ 113,615.73 = 074+ 7g0 = 07
( 00859 _ ) ’ 96. True
(b) A= —ggmr— " = $114227.18
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Section 9.2 Series and Convergence 879

: S = 98. If >(a, + b,) converged, then
et Ya, = Dland 3p, = Y (-1) (a, + b,) converg
n=0 n=0 %(a, + b,) - Za, = Zb, would converge, which is a
Both are divergent series. contradiction. So, X (a, + b,) diverges.

Y(a + &) = g[l + (-] = "};[1 1=

1 1 - Ani3 ~ Gpi = ) — 1

Qy19+2  Api2Gpas3 Ay 18n+20n43 Qp 1@t 20043 Gps1Gys3

>——

k=0 A 410k +3

—_

=

~

&«
It

> '
k0L %+1@ks2 Qi20k43
I 1 1 1 1 1 1 1
= | ——— o —— — e LR — =——_=1——
aa, a,a; a3 a3a, @ 19n+2 Q2043 a\a; Qpi2Qn+3 Ayi20n43
= 1 1
Z = lim §, = lim |l - —| =1
n=0 n+1Qn+3 noo oo Gy +20n43

Za,, = L. Then lim S, = L and because

n—-w

Zak—L S,,,

k=n+1
you have

R =l () fi L5, = L0
’.l+i+i+...=il(ln— Y1 since| 1| < 1
o2 =\ 1-(l/r) r-1 r

This is a geometric series which converges if

l<l<i>|rt>l.
;

02. The entire rectangie has area 2 because the height is 1 103. The series is telescoping:
“and the base is 1 + =2 The squares all lie S = i 6"
2 4 n (3/{4—! _ 2k+l)(3k - 2/()

inside the rectangle, and the sum of their areas is

; . i _ i ~ 3Ir+1
1 +-27+3_2+F+ cen, “~ 3[( _ 2k 3k+l _2/r+l
© 1 i ) _ 3n+l
Z—z 2. . =3- g+l _ gntl
limS, =3-1=2
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