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104. 7(1) =0, /2) = L /(3) = 2, /(4) =
n/4, n even

In general: f(n) = (n* - 1)/4, nodd.

(See below for a proof of this.)
x + yand x — y are either both odd or both even. If both even, then
(x+3) (-

S+ = fx-2) === »

If both odd,

f(X+y)—f(x_y)=:‘(x+;,)2_]_v(x_’:)z_l

Proof by induction that the formula for f(n) is correct. It is true for #n = 1. Assume that the formula is valid for k. If k is ev

=Ay_

then f(k) = k*/4and

_ k _ K £_k2+2k_(k+|)2-
f(k+l)—f(k)+2—4+2— Y 2

The argument is similar if & is odd.
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Ly 4 33

st 3 n=1
Let Let f(x) = 31 S'(x) = =(In3)37" < 0forx 2 1.
f(x)= < Oforx 2 L. N ) )
( 3) f is positive, continuous, and decreasing for. x 1.
£ is positive, continuous, and decreasing for x = 1. Jm 1 a T 1
© . 1 2% - x -
II ! 3 dx = [ln(x + 3)]| = 3 (In 3) .3 . 3In3
x+ So, the series converges by Theorem 9.10.

So, the series diverges by Theorem 9.10.

kel
E__: n+5 . _ "t

Let f(x) =e™, f(x) = - <0forx 2 1

Let f (x) 3x + 5 " f is positive, continuous, and deécreasing for X2
[ is positive, continuoqs, and decregsing for x = 1. j‘l“ o dx ~‘='[_e-’x.]:° .__‘_2_

_[123%5 dx = [% In(3x + 5)]l = So, the series converges by Theorem 9.10.

So, the series diverges by Theorem 9.10. 6. i - .

x| ' n=1

> z;‘? ' Let f(x) = xe™?, f'(x) = 22—/2 < Ofor x 2 3.

Let f(x) = %’ S(x) = ~(In2)2™ < 0forx 2 1. [is positive, continuoﬁs, and decreasing for x > 3
[ is positive, continuous, and decreasing for x > I. L” xe-? gy = [—Z(x + z)e-x/z]: = 10e7¥?
J'l”% = 0 —2; 5 :° =3 1111 > So, the series converges by Theorem 9.10.

So, the series converges by Theorem 9.10.
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2x
2
(x + l)
J[is positive, continuous, and decreasing for x > 1.

J.I pean dx = [arctan 2 = 7

So, the series converges by Theorem 9.10.

2 In(n + 1)
) o o+l
i -
Let £(x) = n(x++ll)’ () = 1 (xlnfxl)-iz— 1)

J[is positive, continuous, and decreasing for x > 2.

rc In(x + l)dx _ [in(x + 1)]2 ) _
ox+1 2

So, the series diverges by Theorem 9.10.

2lnn
10. 3 =~
Let f(x) = ™ ",f( ) = ——:/%i

JSis positive, continuous, and decreasing for
x> e’ ~ 74,

J' LA dx = [2/x(nx - 2)] =

So, the serievs diverges by Theorem 9.10.

x ] .

nl\/_(\/;'f'l)

1
Let f(x) =.m,

T

fis positive, continuous, and decreasing for x > 1.

Lm—\/T\};Jr—l)dx - [2 In(~/x + 1)](” - o0

So, the series diverges by Theorem 9.10.

<Oforx=>1.

<Oforx = 2.
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DX
Let

2
f(x) 2x+1f()——(2x+—1)2<0f0rx21.

2n+l

Jis positive, continuous, and decreasing for x > 1.

J‘]w;dx = [m V2x + 1]:o =

2x + 1

So, the series diverges by Theorem 9.10.

1222

n=t

R
Let f(x) = = ,f() 2oX oforxz2.
(xz + 3)
J is positive, continuous, and decreasing for x > 2
[ = [ln\/xz T 3] =
L x*+3 )
So, the series diverges by Theorem 9.10.

=, arctan n
13 T
oo n o+ 1

arctan x

Let = —
© f(x) x2 +1

— 2x arctan x

fx) = ———5—

(x + 1)2

[ is positive, continuous, and decreasing for x > 1.

< Oforx > 1.

2 90
j-oo arctan x (arctan x) _ 37
|

24107 2 | " m

So, the series converges by Theorem 9.10.
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14. Zlnn

nzn

-3Inx

Let f(z) = 2% ) = —5.

fis positive,-continuous, and decreasing for x > 2.

oinx [ (2inx+1) °°‘
2 53 4x*
. o 2
_2In2+1
16

So, the series converges by Theorem 9.10.

yIn n

15.
n=1 ’12

lnx , 1-2Inx
1) = 22

x3

Let f(x) =

fis posmve, contmuous, and decreasing for
x> é? ~ 16.

J-oo_l_n—zidx= -(ln.x+1) =1
1 x x

1

So, the series converges by Theorem 9.10.

16.

ST

2Inx +1
Let /() = - PRy
~/ 2x*(In x)
[ is positive, continuous, and decreasing for x 2 2.
o 1 o

.J‘z x—\/ﬁdx = [2 lnx:lz = 0

So, the series diverges by Theorem 9.10.

g 2n + 3)
___:6_4 <0
(2x +3)

Jf is positive, continuous, and decreasing for x 2 1.

Let f(x) =@+ Y =

o0

LT
_ L
42x + 3| 100

So, the series converges by Theorem 9.10.

I:D (2x + 3)_3 dx..=

N+ 2
18. ;“1
x+2
Let f(x) = T2 =1 ——ﬂ%&+

[ is positive, continuous, and decreasing for x 2 ;1

© 2 " %0
[Fifdr =[x+ G+ 0] =

So, the series diverges by Theorem 9.10.

[Note: lim 2 2 1. 0, so the series diverges.

n—->opn 4+

192

,,_,2n +l

(2x )
Let f(x) = 22+|f() (2x+l) <0
for x 2 1.

f is positive, continuous, and decreasing for x

[f——zxf"+ = [in(2 + )] =

So, the series diverges by Theorem 9.10.

> 1.

< 1

,,zz;\/n+ 2

20.

1 N -1 '
Let f(x) = ﬁ, f(x) = ——z(x n 2)3/2 < 0.

fis positive, continuous, and decreasing for x > 1. -

Il(x ])'/2 [2.x+ ]

So, the series dii/e'fge's by Theorem 9.10.

x 1 - 3x*

AT ey

f is positive, continuous, and decreasing for x > 1.
Iw“;dx = [l arctan(xz) =Z
Txtal o [2 A 8

So, ihe series converges by Theorem 9.10.
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, ['(%) = ——= < Ofor x >




s positive, continuous, and decreasing for x 2 1.

00

-1 _1
2(x2+l)l' 4

P elk - 1) - ]
, (%) = <0
(* +c)

1) =

Cfor x > ke(k - 1).

£ is positive, continuous, and decreasing for
x > kfe(k - 1).
I 1™
I —f————dx=|:—l-ln(x"+c) = ©
1 x"+c¢ k \

So, the series diverges by Theorem 9.10.

Let f(x) =
f is positive, continuous, and decreasing for x > k.
Use integration by parts.
Ilw xkg'* dx [—x"e"‘]?u + kLw xk=le™* d
NN Cull) DR :

e e e e

So, the series converges by Theorem 9.10.
(25, Let f(x) = -(_—l-)-, f(n) = a,.
. . X

The function fis not positive for x = 1.

26. Let f(x) = e cosx, f(n) = a,.

The function fis not positive for x 2

27. Let f(x) = z—f;s'l’i /() = a,

The function f'is not decreasing for x = 1.

k=1 _
f(x) = f——(-l-c;-—i) < 0for x > k.
e
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28, Let f(3) - (s‘“ "] 7(n) =
=1

The function fis not decreasing for x =

£ is positive, continuous, and decreasing for x 2 1.

1 1T 1
—_—dy = ——| = -—
bl [ 2x2], 2
Converges by Theorem 9.10

1
30. —
; n‘/z

1 1
Let f(x) = ;I/—Z = —\/-—;
f is positive, continuous, and decreasing for x 2 1.
o« 1 271
[[apa=[2"] ==

Diverges by Theorem 9.10

<
31.
= nl/4
Let f(x) = 1/4’ (x) 5/4 <Oforx21
fis positive, continuous, and decreasing for x 2 1.
= 1 4T
[\ om =[ o
Diverges by Theorem 9.10
- 1
2 Y
":
Let f(x) = L
xS
> 1.

£ is positive, continuous, and decreasing for x

w1 177 1
— = || =
-"‘ x I:4x“]l 4

Converges by Theorem 9.10

332

Divergent p-series with p =

1

1/5
nln/

wil—
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9 Infinite Series

34. pa pea
Convergent p-series with p = = > |
35 3
) n=1 n3/2
Convergent p-series with p = 3 > 1
39,
@ T 10 {20 |s0 | 100

S, | 3.7488 [ 3.75 | 3.75 | 3.75 | 3.75

The partial sums approach the sum 3.75 very rapidly.
11 :

e®®% 0000

e e T BT
0

(b) T
n |5 10 20 50 100

The partial sums approach the sum 712/6 ~ 1.6449 slower than the series in part (a).

[

esteoes oo

N 1431227 1674

(b) No. Because the terms are decreasing (approaching
zero), more and more terms are required to increase
the partial sum by 2.

S, | 1.4636 | 1.5498 | 1.5962 | 1.6251 1.635

2 |
36. ZW

n=|

Divergent p-series with p =

wiN
A
—

2 ]
37. Z,W

1.04 > 1

Convergent p-series with p

]
N
\%

Convergent p-series with p

41. Let fbe positive, continuous, and decreésing for «
x 2 land a, = f(n). Then,

ia,, and rf(x)afx

n=1

either both converge or both diverge (Theorem 9.10
See Example 1, page 620. :

L o | . . o
42. A series of the form Z—sz a p-series, p > 0.

n=]
The p-series converges if p > land divergeé if
0<p<l. w
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3. Your friend is not correct. The series

o,
s=t0000® 10,000 10,001

is the harmonic series, starting with the 10,000" term,
and therefore diverges.

n=i n —'\/—;—

The area under the rectangle is greater than the area
under the curve.

Because Lm—\/l_—dx = [ZJ;]T = oo, diverges,
X

i £ diverges.
n

n=1

- | w |
"Zzn—2< L x—zd).’

The area under the rectangles is less than the area
under the curve.

= 1 17?
Because L —z-abr = [——] = 1, converges,
X » x|

0

1 |
Z — converges | and so does Z = |

n=2 n=1

Section 9.3 The Integral Test and p-Series 885

46. Answers will vary. Sample answer: The graph of the
partial sums of the first series seems to be increasing
without bound; therefore, the series diverges. The graph
of the partial sums of the second series seems to be
approaching a limit; therefore the series converges.

051
n=2 n(ln }’l)l

If p = 1, then the series diverges by the Integral Test. If

p#l
—p+17®
Jr e = [T (a7 e = (nx) 7
2 x(In x)" 2 x -p +1

Converges for —p + 1 < Oor p > 1
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‘&Inn
48. Z'—T
n=2 1

If p = 1, then the series diverges by the Integral Test. If p = 1,

xpl

L lr”‘alx j xPInxdx =

(-p+

Converges for —-p + 1 < Qor p > 1

o

(1 + nz)p
i dlverges (see Example 1). Let
X
f(x) = ma p#l
vy 1-(2p - 1)x?
f(x) = Wr‘

Forafixed p > 0, p # 1, f'(x)is eventually negative. /
is positive, continuous, and eventually decreasing.

20

o X 1
L (l + xz)p &= (x2 + 1)p~|(2 -2p)
1
For p > 1,this integral converges. For 0 < p < 1,it
diverges. ’

50. Zn(l + nz)p
n=1
Because p > 0, the series diverges for all values of p.

3 n .
> [—) , Geometric series.
p

51

Converges for

i‘<l=>|p|>3=>p>3
52, 3 —_—
Zs nin n[ln(ln n)]
If p = 1,then

j:x_m_x[—llm dx = [In(in(in x))]: = @,50 the

series diverges by the Integral Test.
If p#1,

- tn(n )] |
J' —-1—--——7dx = LE(_n_x)]___

S xIn x[ln(ln x)] -p+1
This convergesfor —p + 1< 0= p > 1.

So, the series converges for p > 1,and diverges for
0<p<l

———[ 1+(-p+1)n x] . (Use integration by parts.)

Sy =y

/ H2) =ity

/” AN+ D=ay
/ SNy =ay /
[/

SN=za,,=a,+a2+-~+aN

RN=S—SN=ZG">0
n=N+1
Ry =8-S8y = Z Ay =.aN+.l + Ay, o
n=N+1
< IN f(x) ax
So, 0 < I () dx

54. From Exercise 53, ydﬁ have:
<S-Sy< [ fx)a

Sy <SSy [ f(x)ax

ia,, <S§< ia,, + [ ) ax

55. Ss=l+i+

1
0<R < j“’lzdm[—l], -1
' 5 x 1 x5 S

14636 < ziz < 14636 + 0.2 = 1.6636

56. Sg = 14+ o 4 - + = ~ 1.0368
SR &

6

w1 17
OsRssjs-?dx=|:—4—xF] ~ 0.0002

1.0368 < ) — < 1.0368 + 0.0002 = 1.0370
n
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65. (a) Z

Section 9.3 The Integral Test and p-Series 887
. Sio =l+l+-1—+—!-+L+i —I-— —]-+—l-+—1-z0.9818
2 5 10 17 26 37 50 65 82
0< Ry < f’x '+ ; dx = [arctan x| = % — arctan 10 » 0.0997
9818 < 3 ——— < 0.9818 + 0.0997 = 1.0815
o h o+ 1
1
Sio = T+ ! T+ ! . -~-+—-——l—3-z1.9821
2(n2)° 3(In3)  4(n4) H(In 11)
1
0 n—f,o—“]‘—‘“ = 5| = ! 5 ~ 0.0870
(x + O[In(x + 1)] Yin(x+1]" |~ 2n11)
1.9821 < Z-—-————; < 1.9821 + 0.0870 = 2.0691
n=l1 (Vl + l)l:ll'l(l’l + I)]
1 2 3 4
S4 =;—+;—[+Z§-+—'—6N0.4049
2 1 2T e "
0sR < [xedx=|-ze| =Z—~56x10
4 2, 2
0.4049 < " re 0.4049 + 5.6 x 1078
n=1
Se=taLlil i1 oosms 63. Ry < [ dx = [2e7]" = -2 < 0.001
T e e @ e ’ CON = IR 77
0<R < L e dx = [-e] ~ 0.0183 Ni/z < 0.001
e
0.5713 < Y e™ < 0.5713 + 0.0183 = 0.5896 eM? > 2000
n=0
ﬂ > In 2000
0< Ry < j” ]4dx-[——l-3—J L < 0001 N > 21n 2000 ~ 15.2
N x 3], 3N
N =16
X:T < 0.003 .
64. Ry < | ———dx = [arctan x|
N? > 33333 Iy x4+ 1 [ v
N > 6.93 = % ~ arctan N < 0.001
N 27
—arctan N < 0.001 — %
o | 2T 2
0<Ry < ——dx:[———] = —=— < 0.001
IN X7 X2 N N arctan N > -725- - 0.001
N2 < 0.0005 x
N = - 0.001
JN > 2000 g ta"(z ]
> 4,000,000 N = 1000
+ This is a convergent p-series with p = 1.1 > 1. Z l is a divergent series. Use the Integral Test.
n2nlnn
f(x) = is positive, continuous, and decreasing for x > 2.
xinx ’
N dx = [In|In x
'[2 .xln x [ I I]
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&1 1 1 1 1 1

S 1 1 1 1 1

Z = + + + + ~ 0.7213 + 0.3034 + 0.1803 + 0.1243 + 0.0930
ninn 22 33 4In4 5mIh5 6Ine6

n=2

For n > 4, the terms of the convergent series seem to be larger than those of the divergent series.

1 1

c) — <
() A nlnn
rlnn < nt!
Inn < n®
This inequality holds when n > 3.5 x 10'>.0r, n > ¢®. Then Ine® = 40 < (e"°)0'] =¢* ~ 55.
o -p+l >
66. (a) [*—dx = | = I S
10 xP -p+1), (p-1)10""

(b) f(x) = ;',—

=
Rlo(l’) = ;17
n=11

< Area under the graph of / over the interval [l 0, oo)

(c) The horizontal asymptote is y = 0. As n increases, the error decreases.

67. (a) Let f(x) = I/x. / is positive, continuous, and decreasing on [1, o).

s —1< ("La
1 x
S, -1

So, S, £ 1+ In s Similarly,

IA

Inn

S, > j’”'ldx = In(n + 1).
X

1

So, In(n+1)< S, <1+Inn

S

*
1 REECEAY non+d
n=1

(b) Because In(n + l) < S, < 1+ Innyouhave In(n + 1) - Inn < S, — Inn < 1. Also, because In x is an increasing:
function, In(n + 1) — In'n > O for n 2 1.S0, 0 < §, - In n < land the sequence {a,} is bounded.

n+l | i

©) a, - ay, = [Sn - ln;n] - [Sn+l - ln(n + l)] = J-" ;dx = n+1

20

So, a, 2 a,,, and the sequence is decreasing.

(d) Because the sequence is bounded and monotonic, it converges to a limit, 7.

(€ G0 = Sio — 1100 ~ 0.5822 (Actually y ~ 0.577216.)
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ZI
(1);/3’+M-21n2)+(|)4’+|n2-
+(M+M—M)+(M+M-M)+(M

1

( ] ”Z;l ("+1)(’1 Z[ln(n+l)+ln(n—-1)—2|nn] »
)55+ - i) (23— )
+M’ M)"’ -=-In2

N
13ad
DMs
5
—
t
=!~J| —
N——
]

69. xlnn 73.

,;2 ; n n=l ’15/4

(@ x =1y 1" = 31, diverges p-series with p = =

n=2 n=2
CNAb L © = Converges by Theorem 9.11
(b)y x =— Z(—) = Ze',‘f’" = Z—, diverges
€ ,=2\€ n=2 n=2 R 74 32 1
* “~ 1095

=e? & Inx=-p
= 0.95

1 p-series with p
Diverges by Theorem 9.11

o 20 o @
n=2 N

n=2

n=2 n=2
L 75. i(%)"
n=0

This series converges for p > 1 = x < —
e

(c) Letxbe given, x > 0.Put x

= = Geometric series with r = 2
. £(x) = Yt = Y N
n=l n=t 1 Converges by Theorem 9.6
Converges for x > 1by Theorem 9.11
76. )" (1.042)" is geometric with r = 1.042 > 1. Diverges
71. Let f(x) = f = <Oforx =1 n=0
©) ( x — ) by Theorem 9.6.
J'is positive, continuous, and decreasing for x > 1. i n
T )
% - 2
J.——l—dx= _]_|n|3x_2l = o iR+ 1
1 3x -2 3 . n
lim = lim =10
n—sx \/nZ +1 il-Tw \/1 + (l/HZ)

Diverges by Theorem 9.9

1 1 | <

So, the series Z 3 >
n—

hn=1

diverges by Theorem 9.10.,
.78

n=| n=1

L[

1
2.Y ——
2 -
w2 =1 Because these are both convergent p-series, the
difference is convergent.

Let f(x) = x———\/xz__——l |
2 79. i(l + l)
n=1 n

J[is positive, continuous, and decreasing for x > 2.

[r L &- [arcsec 7 = Z - Z
—_— dy = P-IZ .,
Pt - 2 3 lim(l+l)=e¢0
n-»x n
‘ Fails nth-Term Test

Converges by Theorem 9.10
Diverges by Theorem 9.9
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