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80. 3" In(x)

lim In(n) =

n—»mw

Diverges by Theorem 9.9

< 1

81. Y ;
n=2 n(In n)

Let f(x) = (In x)

fis positive, continuous, and decreasing for x = 2.
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7| < 7
Anx)" |, 2n2)

Com}erges by Theorem 9.10. See Exercise 47.

Section 9.4 Compérisons of Series
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(b) The first seriesisa p-series; It converges (p = % > 1).

other two serles converge.

(d) The smaller the magnltude of the terms, the smaller the magnitude of the terms of the sequence of partial sums.
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82. Zlnn

n=2 n

Let f(x) = l nx

fis positivc, continuous, and decreasing for x > 2
()— 31“x<0f0rx22. ;

wlnx Inx 1= 1
e - [-0a] A

In 2 [ 1 ]”

—_— 4| —_—
8 4x* |,

-198—2 + % (Use integration by parts.)-

Converges by Theoni'em49.10. See Exercise 34.
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(b) The first series is a p-series. It diverges [p = % < l).

8 ~ 33
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(¢) The magnitude of the terms of the other two series are greater than the corresponding terms of the divergent p-series. So,

the other two series diverge.

(d) The larger the magnitude of the terms, the larger the magnitude of the terms of the sequence of partial sums.
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‘ Therefore,

]
,,Z;Zn—l

diverges by comparison with the divergent p-series

Therefore,
i 1

=3+ 2

converges by comparison with the convergent p-series

| |
e

Therefore,
i 1
n=2 \/; -1

diverges by comparison with the divergent p-series

6__.i_.< i)
5" +3 5

Therefore,
I
a0 +3

converges by comparison with the convergent geometric
series

56

7. For n > 3,07 !

n+1 n+1

Therefore,

Inn
n+1

s

3
L

diverges by comparison with the divergent series

: diverges by the Integral Test.
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892 Chapter 9 Infinite Series

Therefore,

=1V n3 + 1

converges by comparison with the convergent p-series
—- 1

32°
n=1 1

9.Forn>3,—]2->_——>0.
n n

Therefore, ~
- |
n=0 n!
converges by comparison with the convergent p-series

- |
2

n=1 1

1 1
———-———>—
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Therefore,

10.

e 1
,,2142/;—1.

diverges by comparison with the divergent p-series
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11. 0 <

eﬂ

Therefore,

s
|-

n=0e

converges by comparison with the convergent geometric
series

56

n n
12. —é—— > 2) forn=1
2" —-1 2

Therefore,
0 3"

2" -1

n=1

diverges by comparison with the divergent geometric
series

56

n=1
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13.
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15
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n/(n2 + l) L n? '_ |

lim = lim — =
n—ro l/n n—sx pc 4 |
Therefore,
i n

n o+

n=1

diverges by a limit comparison with the divergent

p-series
1
n=l n

5/(4" +1 L4
i /(1/4" ) L j" fl B
Therefore,

& 5
,,2,4"v+1

converges by a limit comparison with the converge
geometric series

56

lim l/ n?+1

n
lim =1
n—w ]/n n—w [”2 +1
Therefore,

ng') NS
diverges by a limit comparison with the divergent
p-series

51

n=1 1

(@ +0)/(s"+1)

= (o))

2" +1 5
m . —
noo 5" 41 2"

Therefore,
22" + 1
o5+l

converges by a limit comparison with the convergen
geometric series :

£(3)

n=1




2n® -1
3}1 +2n+1 = lim 2"5-”3 =_2_
1/ 030> +2n+1 3

Therefore,
kd 2n? — 1

“3n° + 2n+ 1

converges by a limit comparison with the convergent
p-series

51

n=t 11

1/n2(n +3) .
= lim
n-)w ]/n n—ow nz(n + 3)

Therefore,

; nz(n +3)

converges by a limit comparison with the convergent
p-series

Therefore,

i 1

N n? + 1

converges by a limit comparison with the convergent
p-series

n/[(n + 1)2”"'] n |

,31‘1, 1/(2"-1) B nh—’»rn]o el
Therefore,

= n

Lo

converges by a limit comparison with the convergent
geometric series

5
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21. limw— lim—-fl-li—;]
n—0 ]/n n—w n + 1

Therefore,

s

nel o+ 1

diverges by a limit comparison with the divergent p-series
- |

nln

2. 1im S _ iy (_l/nz)co: ) _ i cos(l) =1

n—swc l/n N —l/n n—wo

Therefore,

Soll)

diverges by a limit comparison with the divergent p-series

n S e
n=i =l
Diverges;

. . 2
p-series with p = 3

4. ) 5(—%
n=0 3
Diverges;

Geometric series with || = l—%‘ = % > 1

)
th
PMs
e

Converges;
Direct comparison with convergent geometric series

56

- |

26. —_
n=3 n3 - 8

2 1
Converges; limit comparison with >, —

n=3 "

272

Diverges; n™-Term Test

lim —2— =2 40
n-o 3p — 2 3

13n -2
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28.

29.

30

31.

32.

33.

4.

3s.

Chapter 9 ‘Inﬁhifté'Se‘riés’

w[ 1 1 ) (1' 1) (1 1) (1 1) 1
Z - slm ||+ == ==
S\n+l n+2 2 3 3 4 4 5 2

Converges; telescoping series

- 36.

n=l (n + 1) har B S

o 2

diverges because the degree of the numerator is only ong

C : Tges; Integral T
onverge cgral Test less than the degree of the denominator.

> ——— . n . n’ 1
e 3 S ) e R
Converges; telescoping series " 5
n
@ - Therefore, ) ———— diverges.
Z(l_ ! ) ,,2:;5”%‘3 g
m\n r+3 )
. n 1 . '
38. lim — = lim — = limn =0 % 0
lim 2= = lim na,.By glven conditions lim na, is nsolnn nowlfn aow
n—wo 1/ n n—w n—oxc
finite and nonzero. Therefore Therefore, i L diverges.
o n=2 ’ b
I
n=1 1 1 1 - 1
. - . . . 39, —+—+—+ - =
dlverges by a limit comparison with the p-series . 200 400 600 £51200n
Z = » diverges, (harmonic)
n=1 1
1 1 1 <
: o 40, — ¥ — F —— = S
If j < k-1then k — j > 1. The p-series with 0 200 * 210 t 220 * g 00 + IOn
= k — j converges and because diverges
lim n)/kQ( ") L > 0,the series Z 1 1 =
o & (n) a L Syl
201 204 209A n=1 200 + n?
converges by the Limit Comparison Test. Similarly, if : ‘
j = k —1,then k — j < 1which implies that converges
. 7 AL B S =y —
(n) A 201 208 227 264 “~ 200 +
diverges by the Limit Comparison Test. ' converges
1. 2 3 4 43. Some series diverge or c'om)erge very slowly. You
2 + 5 + 10 + 17 + by 7' = Z P+ 1 cannot decide convergence or divergence of a series by

comparing the first few terms.
which diverges because the degree of the numerator is

only one less than the degree of the denominator. 44, See Theorem 9.12, page 612. One examplé is
o 1 1 1
1 1 1 1 2 . ) ——— converges because ——— < — and
_ = —— e — o e = 3 2 2 2
38 15 24 35 ,Z;nz-—l--- =LA wrl o m
. ‘ < 1 .

which converges because the degree of the numerator is Z_nT converges (p-series).
two less than the degree of the denominator. n=1

45. Sce Theorem 9.13, page 614. One example is

Z

converges because the degree of the numerator is three
less than the degree of the denominator.

— 1 diverges because lim l/————— /n_1_
/— = VR TN

—~= diverges (p-series).

n+1

[Ms

3
|
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Section 9.4 Comparisons of Series

n n

|
Z — converge.

52. False. Let a, = 1/n, b,

o0
< b, +c,, but Zc,, converges.
n=l

"53. True

= 1/n, ¢, = 1/n? Then,

895
. This is not correct. The beginning terms do not affect the convergence or divergence of a series. In fact,
L i — diverges (harmonic)
1000 1001 w100 7
and 1 + % o= Z—% converges (p-series).
& 1 2 1
a) =
=l (Zn - ])2 E 4n? — 4n + 1
converges because the degree of the numerator is two less than the degree of the denominator. (See Exercise 32.)
(b)
n 5 10 20 50 100
S, | 1.1839 | 1.2087 | 1.2212 | 1.2287 | 1.2312
(c) i————l—z = ”—2 -8, ~ 0.1226
n=3 (2}1 - 1) 8
(@ i——l——=”—2—s ~ 0.0277
n=10 (2n - l)2 8 i ’
54. False. Z a, could converge or diverge.
n=1
For example, let Z b, Z , which diverges.
n=1 \/_
0< 1 < Land ildiverges but
n o Jn S ’
For0<a, <1,0<a?<a, <l A : . | o 1
2 ' 0 < — < —=and Y — converges.
So, the lower terms are those of Za,*. 2 In ; 2 8
49. False. Let @, = —and b, = 1.0 < a, < b,and both

55. Because Zb convergcs, hm b, = 0. There exists N

n=l

such that 5, < 1for n > N.So, a,b, < a, for

o0 .
n > N and Z a,b, converges by comparison to the

n=l1

o0
convergent series Z a,.
i=1

0
56. Because Za,, converges, then

n=1

o0
a,a, = Za 2

i n=l

Ms

converges by Exercise 55.
n

57. ) —nlz- and ) 7:-3- both converge, and therefore, so does

2 - S
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.

. _
58. Z—l,- converge, and therefore, so does 62. (a) Let ) a, Z —_—, and >b, = z;, diverg,
n- =

2
1Y’ 1 . a (m /n -
Z(,—q?) - ZF. I!l—?}n -b—" II-—)W Il—)w ln n= o
' : - nn
59. Suppose lim % = Oand X5, converges. By Exercise 60, Zlelverges.

n—x n=
From the definition of limit of a sequence, there exists (b) Let Y a, = —]_, and ) b, = l, diver
M > 0'such that X = L ond Xy 2 diverg

(&_'0<1 - llm———llm =

n

|
whenever n > M. So, a, < b,for n > M.From the By Exercise 60, Z__ diverges.
Comparison Test, Za, converges. Inn _

. B li = 0, the t f Zsin(a, :
Suppose lim —Zi = oo and Zb, diverges. From the 63. Because oo ¢ terms of Zsin(a, ) are posit

"= by for sufficiently large n. Because
definition of limit of a sequence, there exists

60

M > 0such that lim ——*Z sm(a,, =1land ) a,
all
g ! converges, so does Zsin(a, ).
forn > M.So, a, >b,for n > M. Bythe
Comparison Test, Za, diverges. 64. ”Zl] T2 i Z:‘ [ + 0]/2
1 1 < 2
6]. L t n = D ——— d b' = -, = —
(a) Let X a Z(n+l)3 and )" b, znz . ;n(n_ﬂ)
converges. : Because T1/n? converges, and
l/[ﬂ+|3:' 2 2/tn(n +1 2n?
lim&=lim¥=lim T -0 /[ )]— lim ———— = 2,
n—x b" n—-w 1/()12) n—o0 (n + ‘l) "—W? 1 ( ) n—ox n(n + l)
By Exercise 59, 2 converges. Z 142+ n converges.
(b) Let Zan YA and 34, P 65. First note that f(x) = In x — x4 = 0 when
\/— X ~ 5503.66. That is,
converges.
Inn < n' forn > 5504
1 (\/;72"') 1 Lo
lim =L = | = lim —= =0 which implies that
nox p n-sx ]/(7[”) n-ox \/; .
In n 1
5 < Wforn > 5504.

o
By Exercise 59,
n§ nz"

converges.

Because Z 5/ 7 is a convergent p-series,

n=1

2112

converges by direct comparison.
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