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66. The series diverges. For n > 1, 67. Consider two cases:

nl/:l : 2" If a, > 5‘:71’ ther? o Yo [#)‘/(nn) ) -]2-, i
nT]/”_ S % a"n/(nn) = ZT/‘E(L_}) < 2a,. »
;(TIW g El; If a, < 2”_1“], then a,"/"*) < (E'%T)"/("“) = 2L"’ and
Because Z;—n diverges, so does Z;Kml_n)ﬁ vco‘mbining, a, 1) < 24 4 >

Because Z[Za,, + -2-1"—) converges, so does Y a,""*)

n=1 n=)

by the Comparison Test.

ection 9.5 Alternating Series

< (-] n-1 )
1. Z]( Y . % ~ 0.7854

2n -1
(a)
n 112 3 4 5 6 7 8 9 10
S, | 1] 06667 | 0.8667 | 0.7238 | 0.8349 | 0.7440 | 0.8209 | 0.7543 | 0.8131 | 0.7605
(b) 1

(c) The points alternate sides of the horizontal line y = %that represents the sum of the series.

The distance between successive points and the line decreases.
(d) The distance in part (c) is always less than the magnitude of the next term of the series.

© (-] n-1
2. 3D 1 o367
el (n - l)! e
(a) -
n 11213 4 5 6 7 8 9 10
S, 1101{05] 03333 ]| 0375 | 03667 | 0.3681 | 0.3679 | 0.3679 | 0.3679
(b) =2

. . . . 1 .
(c) The points alternate sides of the horizontal line y = — that represents the sum of the series.
e

The distance between successive points and the line decreases.
(d) The distance in part (c) is always less than the magnitude of the next series.
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898 Chapter 9 Infinite Series

i\ 2
Z( D" _ 2 g5
_ 12 :
@
n o |1]2 |3 4 5 6 7 8 9 10
S, | 1]0.75 | 08611 | 0.7986 | 0.8386 | 0.8108 | 0.8312 | 0.8156 | 0.8280 | 0.8180
®

. . 2
(c) The points alternate sides of the horizontal line y = 71[—2 that represents the sum of the series.

The distance between successive points and the line decreases.
(d) The distance in part (c) is always less than the magnitude of the next term in the series.

n-1

Z (2n1 = sin(l) ~ 0.8415

@

n |1]2 3 4 |5 6 7 8 9 10
S, | 1] 08333 | 0.8417 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415

(b)

W

L 2
L 3

0

(c) The points alternate sides of the horizontal line y = sin(1) that represents the sum of the series.

The distance between successive points and the line decreases.
- (d) The distance in part (c) is always less than the magnitude of the next series.

( 1)n+l © (_
5.
,; n+1 ,;
_ 1 1 1 -
an+1"m<n+]"an an+l"3,,+|<3_,,"‘an
lim a, = lim =0 lim— =0
n—»o n-sopn + 1 . . n—0 3"
Converges by Theorem 9.14 Converges by Theorem 9.14
o/ 1\ :

Z (—l)"+l (Note: . (—3—]) is a convergent geometric series)

3n+2 n=l '

n 1

nmso3n+2 3
Diverges by nth-Term test
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Section 9.5 Alternating Series

2 (-1)"(5n - l)

899

9.
n=1 € el 4n + 1
G = S < 5 = 4, fim =15
e e nsodp+1 4
lim _1". =0 Diverges by nth-Term test
n—w g

- Converges by Theorem 9.14

&(-1Y . o
* (Note: Z (—-—) 1S a convergent geometric series)
e .

n=|

2+5’f()

So, a,,, < a,for n > 3

lim =0

no 1% + 5

Converges by Theorem 9.14

(=)'n
z 11n(n + 1)

it Nn
a | < 1 a
i —— = n+1 - =
JEELI,,(,H]) n+l n "
1
Diverges by nth-Term test lim —= =0

o (_1)n+ln2
1 1 . 4y

2
Ay = < = a, o n+4
"' n(n+2)  Infn+ 1) 2
1 m ——7 =
lim ——— =0 ne s+ 4

n>= In(n + 1) Diverges by nth-Term test

Converges by Theorem 9.14

) r )

Ms

s In(n+1)
n+1
im ——— = lim li 1
s gy S l/(n T " Amne ) =

Diverges by the nth-Term Test
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900 Chapter 9 Infinite Series

16" e, (=1)"*'In(r + 1)

2. ¥ il

ot n+1 So(2n + 1)
In[(n +1) + l] In(n + 1) I LI
i P o ——forn 22 G = e @arny
In(n + 1) l/(n +1) lim —— =
p]—l;,l n+1 n—)m e (2n + l)'
Converges by Theorem 9.14 Converges by Theorem 9.14
aa‘- ])ﬂ_ . el © n+l\/"
17. sin| ———=— | = -1 21.
S 260 S
Diverges by the nth-Term Test g = Nnt 1 /n forn > 2
. T (r+)+2  n+2
—1 n .
18. Z-—cosnn—z( ) lim Jn o _
n=1 R n=1 n-x p +‘2‘
Gy = 1. a, . Converges by Theorem 9.14
n+l n
. 1 _ ( l)”+l\/_
lim — = 0 22, Z
Converges by Theorem 9.14 nl/2
lim = = lim n/® =
o n n->x B n—-»o
9. ) - l') Diverges by the nth-Term Test
n=0 n
a ! —=aq
n+l (}'1 + l)' n' n
lim 1 =0
n-x pl
Converges by Theorem 9.14
© (_])n-(-ln! .
23.
;1-3-5---(2n—l)
(n+l)' o n+1 (n+1)
Ayy = . = a, <a,
"1 3.5 (n-D@n+l) 1-3-5---(2n-1) 2n+1 2+ 1
. nl . 1-2-3---n . [3 45 n 1
lim a, = lim =lim2=-=--=-. —_— =
n—w w135 -(@2n-1) #>o1:3-5.--2n-1) =3 5 7 2n-3] 2n-1

Converges by Theorem 9.14

> )

n=\

n+ll'3‘5"'(2i’l-—1)

1:4.7---(3n-2) .
1-3:5(2n - )21 +1) (2n+l) |

= q, <all

1:4-7--(3n=2)(3n+1) 3n+1
lim a, = 1im3[§-1-2 . 3”_"_1]__1_=0

‘ 10 3n-5
Converges by Theorem 9.14

24

Apyy =
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25. i(_,,l):(_?,) = i(—?:,,ﬂ_(zle )

n=1 n=1

X

So, f(x)is decreasing. Therefore, a,,; < a,,and

ll n
lim —22— = lim 2 = lim — = 0.
1

2
2n now "

nox g — |

The series converges by Theorem 9.14.




26.

27.

28.

29.

30. S,

31.

22(“ ”H Z l)m( ")

n=1€ +e” n=l
Let f(x) = Then

2e* (l - ez”)
7y = 20
: (ez’r + I)

So, f(x)is decreasing for x > 0 which implies

< Oforx > 0.

Ay < a,.

. 2¢e” . 2" .1

lim — = lim = lim— =0
n->x g 4 1 n—w Qg2 n-s0 g"

frour S 1 6
5 1
Ri| =|S - S¢|<a,==——==—
1% =@ = 5% =
n_1 g, U
6 144 6 144
1.8264 < S < 1.8403
6 4(_l)n+l
Se = Y, ———— =~ 2.7067
¢ ,,Z:lln(n +1)
4
|Rs|=|S - Ss| < a7 = g & 19236
0.7831 < S < 4.6303
n+l
S = Z( ') ~ 1.7996
n=1
|Ry| =|S - S|<a; = F ~ 0.0058

1.7796 - 0.0058 < S <
1.7938 < S < 1.8054

1.7796 + 0.0058

~ 0.1852

i )n+l
[R] =1 = | < @ = 77 ~ 00032

0.1852 - 0.0032 < § <
0.1820 < § < 0.1884

0.1852 + 0.0032 .

» )n+l
By Theorem 9.15,

|Ry| < ays = < 0:001

(N +1)
= (N +1)° >1000 = N + 1> 10.

Use 10 terms.

, |Ry| < aysy =

33.

34.

3s.

Section 9.5 Alternating Series

By Theorem 9.15,

———— < 0.001

(N +1)
= (N +1)* > 1000.

By trial and error, this inequality is valid when

N = 31(32% = 1024).

Use 31 terms.

(_l)n+l

2 ~ 1

By Theorem 9.135,

] M8

|Ry|< ansy = —1_ < 0.001

AN +1)° 1
= 2N + 1)’ =1 > 1000.
By trial and error, this inequality is valid when
= 7[2(8) - 1 = 1024],

Use 7 terms.

_l)ﬂ-l—l
5

[Ms

n=1 n

By Theorem 9.15,

|Ry|< anu = < 0.001

(~v +1)

= (N +1)° > 1000.
By trial and error, this inequality is valid when
N = 3(4° = 1024).

Use 3 terms.

5.
n=0 *
By Theorem 9.15,

|Rv|< ay. = I

(N + 1)
= (N + 1) > 1000.

By trial and error, this inequality is valid when

< 0.001

901

N = 6(7! = 5040). Use 7 terms since the sum begins

with n = 0.
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902 Chapter 9 Infinite Series

36, S ()
= (2n)
By Theorem 9.15,

1 1
e +1) (N +2)
= (2N + 2)! > 1000.

By trial and error, this inequality is valid when
= 3(8! = 40,320). Use 4 terms since the sum begins

with n = 0.

< 0.001

“|RN| S ayy =

— 1
ZE— is a convergent geometric series.

w (_] "
Therefore, Z ( 2n) converges absolutely.
n=1

1)rH-l

38. Z('

1
pr)

Ms &

is a convergent p-series.
‘l n

3
It

n+1
Therefore, z () ) converges absolutely.
n?

n=}

-1-<J—forn24
n

1

and 5

is a convergent p-series.

NgE

1A

13

n

So, Z — converges, and

n=1

z (_ ) converges absolutely.
n=‘l n.

40. Z( l)n-ﬂ

mn+3

The series converges by the Alternating Series Test. But,
the series

>

n+3

diverges by comparison to Y. 1
n

n=1

n+1
Therefore, Z( 3_ 3 converges conditionally.
n
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41.

42.

43.

44.

45.

I)n+1

S

The given series converges by the Alternating Serie
Test, but does not converge absolutely because

i 1

n=1 '\/;l.
is a divergent p-series. Therefore, the series converge
condltlonally

1)n+l

;(

Enf

Therefore, the given series converges absolutely.

z 3/2 whlch is a convergent p-serles

P (_])n+1n2
n=1 (n + 1)2

2

[}

lim ————
w4 1)

Therefore, the series diverges by the nth-Term Test.

Z (=)"'(2n +3)

oyt n+10
. 2n+3
lim —— =
w>s 1+ 10
Therefore, the series diverges by the nth-Term Test.
Z (‘l)"
shinn

The series converges by the Alternating Series Test.

Let f(x) =

lnx

Im dx = [In(lnx] >= ©

2 xInx

By the Integral Test, Z

diverges.
n=2 1 h

o0 _1 n .
So, the series Z ) converges conditionally.

anhnn

=

1PV

o ||
L
e

1 ' , )
—5- converges by a comparison to the convergent
oe” : -

Ms

n

. . &(1Y . .
geometric series Z (-—) . Therefore, the given series
n=0 e

converges absolutely.
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<) s1. icosmr_z(—l)

Zn -5 “ o+l en+1
The giveﬁ series converges by the Alternating Series
i —;—n— converges by a limit comparison to the p- Test, but
#=z. ;5 Elcosnr| & 1
series Z % Therefore, the given series converges ,Z;, n+l ,,Z;, n+1
abs olu::l;, g;:;rsg’es by a limit comparxson to the divergent harmonic

1

l)n+|

SEr- "

Mg

|n

It

3 |cos nx|/(n + 1)
Z 5 is a convergent p-series. Therefore, the given Jim BT

series converges absolutely.

= |, therefore, the series

converges conditionally.

i ( @) ) 52. Y (-1)""" arctan n
= (2n + 1) =
i 1 lim arctan n = = % 0
Z(2n + 1) e 2 :
Therefore, the series diverges by the nth-Term Test.

is convergent by comparison to the convergent geometric

series w -
o (1Y 53. Z =2 Z
6 A
1. .
because Z = is a convergent p-series.
B n=|
-]— — forn > 0. . _Therefore, the given series converges absolutely.
(2n+ 1)
Therefore, the given series converges absolutely. 54 Sm[(zn z/2] Z (—1)"”
" n= I
Z & The given series converges by the Alternating Series
moNn+ 4 . Test, but
The given series converges by the Alternating Series » |sinl(2n = Nz/2 ® ]
Test, but Z __L(____)_./__]_ = Z_
o - l ) . n=1 n n=1 n
Z is a divergent p-series. Therefore, the series converges
i conditionally.

diverges by a limit comparison to the divergent p-series
55. An alternating series is a series whose terms alternate in

0 l . .
z; 7;— sign.
n=

§6. See Theorem 9.14.

Therefore, the given series converges conditionally.
57

|S = Sn|=|Rv|< an. (Theorem 9.15)

58

> a, is absolutely convergent if Z|a Iconverges.
¥ a, is conditionally convergent if Z| a, | diverges, but

2 a, converges.
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59 (é) False. For example, let a, = St

.

(_l)n
Then Za,, = Z converges
n

. n+l
and ) (-a,) = Y, () converges.
n

But, ZIa,,il = Z%diverges.

(b) True. Forif Y_|a, | converged, then so would
> a, by Theorem 9.16.

(b). The pairtial sums alternate above and below the
horizontal line representing the sum.

60

=-1+41 14 4. L
61 True. Sjp0 = -1+ 5 -3+ + 75

.

Because the next term — 1= is negative, S,q is an

overestimate of the sum.

62. False. Let

Sa =36 -3

Then both converge by the Alternating Series Test. But,

dab, =, —:;, which diverges.

n’

63. i(—l L
n=1

If p = 0,then ) (~1)" diverges.

n=1

If p <0, then Z(—l)"n"” diverges.
n=1
If p > 0,then lim —]7 = O and
. n—x pP
1 1

—— < = =a,
(n+1)f A2 7

Therefore, the series converges for p > 0.

Ay =

64. i (-1 !
n=1

n+p

Assume that n + p # Osothat a, = 1/(n + p)are
defined for all n. For all p,

lim a, = lim

=0
n-se n=%p+ p
! 1
Ay = < < a,.

n+l+p n+p

Therefore, the series converges for all p.
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65. Because

20

Xal

n=1

converges you have lim|a, | = 0. So, there must ex
nox .
an N > Osuchthat |ay|< Iforall n > N andi

follows that a,> <|a,|forall n > N.So, by the
Comparison Test,

D)

n=1

converges. Let @, = 1/n to see that the convers 1s
false. »

o (_ n-1 ©
66. Zg—l)——— converges, but Y. 1 diverges.
n

n=1 n=l1

67. Z"IE‘ converges, and so does Z L“

n=1 1 n=1

68. (a) 3 X

"
=1 P

converges absolutely (by comparison) for
-1 < x < 1, because

N
X
—_— <|x"|and E x"
n

is a convergent geometric series for -1 < x <
(b) When x = -1, you have the convergent alterr‘xan’

series

n=l P . .
When x = 1, you have the divergent harmdﬁic k

series 1/n. Therefore,

n

Zx— converges conditionally for x = ~I..
n=1 1 . :

69. (a) No, the series does not satisfy. a,,; < a, foralln

For example, l < l
9 8

(b) Yes, the series converges.

1 l] (1 1J
=|—4 e F === F s + —
(2 2" 3 3"
1 1 1
=ll+—+ -+ —=|=fl+=-+ -+
2 2"
As n — o,
’ 1 1 3 1
Sn._) - =2-==—
2T = (1/2) 1= (13) 2 2




70. (a) No, the series does not satisty a,,, < a,:
& o1
: 1", =1-= 4 —= - — + ...and
,,=,( )" a. 8 J3 64
1 1
- < —
8

convergent p-series

- 3

72.
S+ s

converges by limit comparison to convergent p-series

73. Diverges by nth-Term Test

lima, = ©
n—>x
82.s=l—l+l—l+
2 3 4
S=]+l_l.‘§.l+l_..l_+l+i_l+..
3 2 5 7 4 9 11 6
(l) s4"_|__l_.+l.__l..+l_l+. ! _L
2 3 4 5 6 4n -1 4n
1 I 1 1 1 1 1 1
—Syp = —— = — — 4 — — -—
2 2 4 6 8 10 4n -2 4n
Adding:s4,,+lsz,,=]+l—l+l+-]—-—l+-
2 3 2 5 7 4
(i) lims, == (Infact, s = In 2.)
s # Obecause s > %
. 1 1 3
S=”11~|’1183,,=s4,,+5s2,,=s+-2-s=-2—s
So, § # s.

Section 9.6 The Ratio and Root Tests

(n+ 1) (n+ D(m)(n = 1)(n = 2)! = (n + 1)(n)(n -
L -2 (n - 2) (¢ Dol = )

(2k - 2) (2k - 2) ~ 1
(k) (K)(2k -2k -2)  (2k)(2k - 1)

o+

Section 9.6 The Ratio and Root Tests 905

74. Converges by limit comparison to convergent geometric
. 1
series Z >

75. Convergent geometric series
=1
(r =35 < 1)

76. Diverges by nth-Term Test

lim a, = 5
n—o

77. Convergent geometric series (r = l/ \/;) or Integral
Test

78. Converges (conditionally) by Alternating Series Test
79. Converges (absolutely) by Alternating Series Test

80. Diverges by comparison to Divergent Harmonic Series:
Inn 1

— > —forn=>3
n n

81. The first term of the series is zero, not.-one. You cannot
regroup series terms arbitrarily.

1 1 1

+ ——
4n-3 dn-1 2m
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