70. (a) No, the series does not satisty a,,, < a,:

n+ 1 1 1
~1)"*'g, =1 - =+ —= - — + -..and
> (-1)""a 8+\/§ o toan

=1
1

=

[ G —

8 3

(b) No, the series diverges because Z -—\/]= diverges.
n

LU N
' n=l n3/2 n=} n3/2’
convergent p-series

o ) 3

2=

i+ S

72.

converges by limit comparison to convergent p-series

Diverges by nth-Term Test

73.
lim a, = ©
82.s=|-——]-+-l——l+
2 3 4
S=]+l_l+.]_+.]__l+.l_+L_l+..
3 2 5 7 4 9 11 6
W) sgp=l-set 11 Lo 1T 1
2 3 4 5 6 4n -1 4n
1 | 1 1 | 1 1 I
—s2"=——_+_—_+__ -
2 2 4 6 8 10 4n -2 4n
Adding:s4,,+-l-sz,,=1+l_l+l+l_l+..
2 3 2 5 7 4
(ii) lims, = s (In fact, s = In 2.)
s # Obecause s > %
. 1 1 3
S=’!1_r)ralcS3,,=s4,,+§s2,,=s+5s=-2—s

So, S # s.

éction 9.6 The Ratio and Root Tests

o (n+ 1) _ (n+l)(n)(n—l)(n—2)!= n+ M —
e .t EL VA
@k-2)  (2k-2) I

TUUK)Y T (2k)(2k - )2k - 2) | (2K)(2k - 1)

74.

75.

76.

77.

78.
79.
80.

81.

Section 9.6 The Ratio and Root Tests 905

Converges by limit comparison to convergent geometric
. 1
series Y. >

Convergent geometric series

(r=%<l)

Diverges by nth-Term Test

lim a, = %
n—rx

Convergent geometric series (r = l/ \/E) or Integral

Test
Converges (coriditionally) by Alternating Series Test
Converges (absolutely) by Alternating Series Test

Diverges by comparison to Divergent Harmonic Series:
Inn 1

— > —forn=>3
n n

The first term of the series is zero, not one. You cannot
regroup series terms arbitrarily.

1 1

—_—=Asn
4n-1 2n °

+
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906 - Chapter 9 Infinite Series

: ' 2(1))
3. Use the Principle of Mathematical Induction. When & = 1, the formula is valid because 1 = gl( )3, Assume that

I
].3.5.--(2n—l)=en—)'
2"n!
and show that
' _ (2n+2)
1:3.5-(2n-1)2n +1) —2”)'_'(”—"'—]_)?

To do this, note that:
1-3.5.-(2n-1)(2n +1)

[1-3 $5e(2n = 1)](2n + 1)

“ .(.22”_’2'1 (27 + 1) (Induction hypothesis)
- (2n)(2n + 1) . (2n +2)
2" pt 2(n + 1)
_ (@n)(2n +1)(2n + 2)
2" 'ul(n + 1)
_ (2n+2)
T2 (n + 1)

The formula is valid forall n > 1.

' 2331(3)(5
4. Use the Principle of Mathematical Induction. When & = 3, the formula is valid because l = —(—)—(—) = 1. Assume that

1 6!
1 _ 2"n)2n - 3)(2n - 1)
1-3.5.(2n-5) (2n)
and show that
1 _ 2" (n + 1)(2n ~ 1)(2n +1)
1-3-5..(2n-5)2n-3) (2n + 2)! '
To do this, note that;
1 : I 1

1-3.5-(2n-5)21-3) 1.3-5--(2n-35) (2n-3)

_ 2"n!M(2n - 1) 1
) (2n) (29
2'ni(2n 1) (21 +1)(2n + 2)

(2n) (2n + 1)(2n + 2)
_ 2()(n + Dn2n - 1)(2n + 1)

(2n)(2n + 1)(2n + 2)
2 (n 4 (20 — )20 + 1)
(2n + 2)

The formula is valid for all »

v

3.
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Section 9.6 The Ratio and Root Tests

k. 3\" _ 3 9 © (-] n-14 4 4
nl= = =2} + 2(Z) + --- 8. ( ) = — — — 4 ..
2. n(3) = 1) + 267) "
5 =3,5, ~ 1875 S =2
Matches (d). Matches (b).

P n 2
=(3Y(1)_ 3 9(1 9,(4") i+(§)+
"=,(4](n!)—4+l6 2J+ Z, Sn=3) 2 \7

3 S =28, =3.31
S = Pk §; = 1.03 Matches (a).
Matches (c). w 4
10. Y de" =4+ =+
. n+ - e
FR (_3) ! 33 n=0
T Y =0+ =
,; n! 2 S =4
$ =9 Matches (e).
Matches (f).
3 n+1
1. (a) Ratio Test: lim | %L/ = fim (iil—)ﬂ%)—
n—ol g, n—o n3(|/2)
n+ Y1 1
= lim ( ) — = — < |, converges
n—wo n 2 2
®) n 5 10 15 20 25
S, | 13.7813 | 24.2363 | 25.8468 | 25.9897 | 25.9994
(c) ==
o**

(d) The sum is approximately 26.

[ AR XN N J
‘.

of the series.

the series.
(n+ 1) +1
) 2
12. (a) Ratio Test: lim |22l = fim (”2+ ) [Pt 22 ( ! J = 0 < 1, converges
n2| g, nso  pt 4] n—w n+1 n+l
n :
(b) '

n |5 10 15 20 25
S, | 7.0917 | 7.1548 | 7.1548 | 7.1548 | 7.1548

1"

G
(d) The sum is approximately 7.15485

907

(e) The more rapidly the terms of the series approach 0, the more rapidly the sequence of partial sums approaches the sum of

(e) The more rapidly the terms of the series approach 0, the more rapidly the sequence of the partial sums approaches the sum
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908 Chapter:9:; Infinite Series

4. 3 -l— :
n=} nl
lim A1 = lim l/(n + ])'
n—sx»l g, n-—)w l/n‘
n!
lim lim —— =0
nl—)ao (n + l)l ,,l_';l:) n+1

Therefore, the series converges by the Ratio Test.

ls Z 3"

n=0

NG Y

n+|

lim

x| q, n—-nc 3'”l n! n—sx 3

Therefore, by the Ratio Test, the series diverges.

i "
16. —
n=0
(n+l)
. |a n+1
lim |2 = lim ___/_(_
n-x| g, n—-x 2"/n!
lim =0<1
noo p 4+ 1

Therefore, the series converges by the Ratio Test.

"1

n=|

[

) n+l
o] (o )ES)
no=| g, n—»w i’l(6/5)"

.. n+1{6 6
= lim —|==>1

ns» .p 5 5

Therefore, the series diverges by the Ratio Test.

8. 5(5)

Q1 = “m

n+1
i | = i [l 09
n-xo| g, n—m» n(']/s)

. n+l(7 7
= lim —l==x<1
nox  p 8 8

Therefore, the series converges by the Ratio Test.

= lim = o

19. Y =
4"
+1 4n+l o
lim Ay (n )/ n +1 = 1/4
n-» q, n—w: I’l/4 n—»:o 4}1' B

Therefore, the series dbnverges by the Ratio Test.
20. Z 5—4

lim [ Znst

n-x a”

Therefore, the series diverges by the Ratio Test.

21. i -3’?-
n+l
Jimm | G | (n +1) /3
H—=x a" n—)oc n /3

(n+1Y1 1
= lim —==x<
n—o n 3 3

Therefore, the series converges by the Ratio Test.

‘ . n+l
yy )+ 2)

al n(n+1)

P n+3 < n+2 -4

" (n+D)(n+2) " n(n+1) !
n+2

lim —* <
b n(n + I)

Therefore, by Theorem 9.14, the series converges.

Note: The Ratio Test is inconclusive because
lim | 2et] =
n—x a" '

The series converges conditionally.

23. Z ])2
lim | %221 = lim oA
voe| a, | won|(n 4 1) 2"
= lim =0
n-oopn + 1

Therefore, by the Ratio Test, the series converges.
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. Sect;'on 9.6 The Ratio and Root Tests 909

1 n-1 3 2 n . 0 e"
” Z( ) (/ ) 27. o
n=| n= :
(3/2)Wrl n? lim | 2221 | = "*'/(n + 1)
lim "“ li . n-o| g n—)ao e" nl
n-=| g, n->=in? 4 2n + 1 (3/2)" "
2 = lim | —*—| = lim —*— =
=lim—l1——=—3—>] :!]—r»r:ce(n+l)! nl—rgcn+l 0

e 2(;12 +2n + l) 2

. L Therefore, the series converges by the Ratio Test.
Therefore, by the Ratio Test, the series diverges.

n! 28. Z——

-25. ? n=1 n"
n=1 R
| n+l
im ”+] _ (VI + l)' n3" B n — lim "*l = |lim (_n_.*-_l)_/'/(n;l..
n!-)ae a, - n—>o) (}1 + ])3”*1 n! n—r)ru]n_j B "7l n e nifn"
n
Therefore, by the Ratio Test, the series diverges. = lim ( Z ‘j = é
no>x\ n
26 i (2n) Therefore, the series converges by the Ratio Test.
* 5
| n=|1 n

lim | 221} = lim (n+2) 2) B
n-xl q, n—>x (}’I + I)s (2")!

(2n +2)(2n + 1)n’

n—»x: (l’l + l)
Therefore, by the Ratio Test, the series diverges.
20 6”
29, —_—

,,Z=<:> (n+1y

n+l n+l n
lim n+l = lim 6 /(Vl + 2) = lim 6 (I’l + l) = 0(..‘_) = (.
n—xol g, nox 6"/(’1 + ] n n-xp+2\n+ 2 e

R n+ 1Y n+1Y
To find lim :Let y =
nox\p+ 2 n+ 2
ny = nln(" + lj _In(n+1) - In(n + 2)
n+2 I/n
-n? 2)-(n+1

lim [ln }’] = 1/(n + 1/(n s 2) i [(n +2) - (n )] = -1
novm nov -—]/n T )t 2)

by L’Hépital’s Rule. So, y — l
e

Therefore, the series converges by the Ratio Test.

0 3

= (3n)
lim Ml = lim [(n * I)!] (3n)' = lim (” + l)z
x| g, | ooul (343 (n)?]| o= (Bn+ 3)Bn+ 2)(3n + )

Therefore, by the Ratio Test, the series converges.
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3. S
a0 2" +1
527 + 1 52" +1 501+ 1/2
lim |24 = lim /( )=|m( )=lim-£-———/——}=—5—>l
n-l q, n—o 5"/(2" + 1) n— (2”'H + ]) oo 2 4 ]/2” 2
Therefore, the series divergeé‘ by the Ratio Test.
T i
: = (2n + 1)
4n+4 2 ] ! 4
fim | %1 = fim |2 (n:—) - fime—2 -
nsw| @, | onoe| (20 + 3} 2% n>o (2n + 3)(2n + 2)
Therefore, by the Ratio Test, t};e'series converges,
o -1 n+1 '
R . A
135 (2n+1)
tim 12221 | = fim (n+ 1) 1:3-5 (2n+1)=1im n+l _ 1
o] @, | noe(1-3-5-(2n+ )2n + 3) n! n—o2n +3 2
Therefore, by the Ratio Test, the series converges.
! 1
Note: The first few terms of this series are -1 + —— — 2 + 3 — e
1-3 1-3.5 1-3.5-7
© (_1)'2.4.6.-
34, (-1)"2 6 2n
o2-5:-8-(3n-1)
im 12221 = fim 2-4-2n(2n+2)  2-5--(Bn-1)| . 22+2 2
n-wo| g, n—wf2 . 5---(3n—l)(n+2) 2-4-2n nso3p+2 3
Therefore, by the Ratio Test, the series converges.
Note: The first few terms of this series are —— + 2-4_ - 6 + e
2 2.5 -8
o0 1 o«
35 ) — 38. ( )
pari i ao\n+1
n l "A . .
lim a-hml::l =—-x<1 = pim 20
i dflal = ] - s o] - i 25 - a2
Therefore, by the Root Test, the scries converges. Thercfbre, by the Root Test, the series diverges.
1
-36. ) — <(3n+ 2 o
Z,n 39. Z(n+3) =
17" 1 )
1im"|a,,=1iml:—:| = lim—=0 3n+ 2Y
n—-wo n—-o| p" noo p li - ¥ Sn+ 2
| tim e = 1 4(31)
Therefore, by the Root Test, the series converges. 3n 42
Tt S
L n’ " h—x n + 3 .
37. ;(Zn + I) Therefore, the series diverges by the Root Test.
n 1
llm,/ = lim ¢/ ——| = lim ——— = =
a| = lim (2n+1) e on 1 2

n—wo

Therefore, by the Root Test, the series converges.
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© n o0
Z[ " 2) 5. Y2
S\Sn +1 =3
in in
. n - 2 " = = i n = l
”"_'f}o lanl',,"_']}o”sn+l nl!-l::c Gn nh-?l( ) Jlﬂ 3 3
Cln-2 1 Therefore, the series converges by the Root Test.
= Jim Snedl 5 ! Note: You can use L’Hépital’s Rule to show
Therefore, the series converges by the Root Test. ,!l_?:o A =1
w Lety=n’/”,lny=llnn=_‘—r—l-f-
Z n n
=2 (In n)
llmM= liml/—z=0=>y—->l

now p n-wo |

'Y n
n
 Therefore, by the Root Test, the series converges. nz:f (500)

2 ( 3, V¥ ' ) _ Y o (n _
-Z( ) Jim &f|a | n"-r»'l\}(soo) "“.'320[500)

Therefore, by the Root Test, the series diverges.

=" o
lim ¢f|a =hmn————=l — =0
n—>o I n—w (ln ) nl—?alolln nl

N
o

b=
{5
3
f
1
==
{5
X
/N
N
S|
+|¥
(L
3

o 311
(33 27 nei\F
5) ) r"' . 1 1Y
. . - hm I ”ll_l;lglo (;-;1—2-)

n->%

]
M
N
N
S w
+ |3
=

[}

It
3
/N
| —
t
I._.
N—
[
(=]
(=4
(=]
A
-

n=1 .
.Therefore, by the Root Test, the series converges.

lim ¢fla,| = lim 0 g(28n + 1) = = lim (2¢/n +1) . (] )
3ee

48.
To find lim </n, let y = lim &/n. Then
n—x n—oc
- n n
Iny = J‘_‘,‘;(l"‘[’z) lim 7/|a,| = lim d[ n) lim 2 _ 0 <1
n-sw n—so n n—wo p
—tim L = fim P2 l/n__0
= ,,‘_To;; s Therefore, by the Root Test, the series converges.
So,Iny = 0,50 y = ¢® = land ©
49. Z

(In n)

"lgr;(zx/'n'_J( 1) = 21) +1= |
3 . . 1/n

Therefore, by the Root Test, the series dlyerges. lim \/—-| lim , n = lim n" 0
. n—so n—>e 4 (ll’l n)" n-o In n

,;) e = ’;J & ‘ Therefore, be the Root Test, the series converges.
, L T (Y = o (nl)’
lim ¢/{a,| = lim /;3_ =)Lw(§;J =3 50. Z:u(,,) Z( 7

Therefore, the series converges by the Root Test.

| n
lim ¢/|a,| = lim () = lim _f. = o
n—o n—w ( ) n->w n

Therefore, by the Root Test, the series diverges.

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

&




“Infinite Series

( 1)n+15
51. Z
n=l
5 5
[ <—=a,
n+l n.
lim 3 =0
n-=>x n

Therefore, by the Alternating Series Test, the series
converges (conditional convergence).

52, 21-0—0 = loozl
n=1 M n=1 1
This is the divergent harmonic series.
e x 1
53. = 321;3/—2

=1

This is a convergent p-series.

s4. 3 (Egj

n=|

Because | | —3—- > 1, this is a divergent Geometric
Series.
- Sn
55. P a—
. ,;, 2n -1
, 5n 5
lim —— ==
no»2p -1 2

Therefore, the series diverges by the nth-Term Test

= n
56. Z‘T o

+1
nf(2n® + 1 2
im ¢ )=lim  _lso
n—sx ]/n n-w 2p° + 1 2

This series diverges by limit comparison to the divergent
harmonic series

n=1 1

( l)"3" -2 . ( 1) 3113-2 » 1 n , ’
57. Z 2 25
n=] n=1 =1
Because |r| = % > 1, this is a divergent geometric

series.

X

10
.;3\/57

10/3272 10

58.

lim ——— = —
n-ox |/n3/2 3

Therefore, the series converges by a Limit Compariso
Test with the p-series

L
n=1 na/z'
59 - 10n + 3
' n=} n2"
n
lim (10n + 3)/n2" lim 107+ 3 _ o
n-x 1/2" n—x% n

Therefore, the series converges by a Limit Compans )
Test with the geometric series :

X 2"
0 2Ty

V" n 2 n
2 (n220 (2’2

nox 4p? — | ns»  8p n—x

Therefore, the series diverges by the nth-Term Test.

- 3"

cos n
3

61

Therefore the series Z

n=l

converges

by Direct companson with the convergent geometrlc :

series Z

ul

. So, Z 3 % converges.

6. Y )’

s2hlnn

o I L]
m (n+ Din(n + ) " n In(n)

= a,

lim ———
n-» pn (n)

Therefore, by the Alternating Series Test, the series
converges.
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. n kd h’l(}’l)
63 —_ 64.
E Vl7" B ngl nZ
T N (G /G e In(n) . 1
no=| g, n—x n!/n‘]” n? n3/2 X
(n + ]), Therefore, the series converges by comparison with the
= p-series
> ]
Therefore, the series diverges by the Ratio Test.
( l)”3" -1
65. ) ~—t——
,,2;1 n!
n !
fim [ 22| = fim | i =0
nsx| g, n—x (n + ])l 3=l n—so pn + |
Therefore, by the Ratio Test, the series converges.
(Absolutely)
( l)"sn
66.
; n2n
Ty N L.£=lim_3”_=i
n-»l q, nwl(n + 127 37 nooAn+1) 2
Therefore, by the Ratio Test, the series diverges.
o (—3)M
67.
;3 5.7 (2n+1)
fim | 224L| = fim () EARERAGICULR)] IO
noof g n->x(3.5.7 (zn + ])(Zn + 3) (_3)” n-o 2pn 4+ 3
Therefore, by the Ratio Test, the series converges.
o2 - (2n + 1)
68.
,,2;1 18" 2n — D!
257 (20 — Nt -1
tim 12251 = i 3-5.7(2n+1)(2n + 3) 18 (2n - Dn _ fim (2n + 3)(2n =) _1
nox| aq nol 18" (20 + 1)(2n - I)n! 3:5-7(2n+1)] m=18(2n+1)2n-1) 18

Therefore, by the Ratio Test, the series converge.

(a) and (c) are the same. 4 71. (a) and (b) are the same.
© _'in_ _ © (n+ ])5n+l © (_])n © (_I)n—l
n=1 n! n=0 ("l + l)' g 2n + ])‘ = Z(Zrl - l)‘
2 3 4
5. Q67 0, @)

23 o o3

N
!
!
+
|
!

(b) and (c) are the same.

> ()3 = S

n=0 n=1

2+ 36 4G
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914 Chapter 9 Infinite Series

72. (a) and (b) are the same. g0, Tim | Ges1| = (cos n + 1)/(n)a,

& () sy G

Zn_mﬂ:Z n2" cosn + 1

n=2 n=1 = lim ———— =0<1

1 1 1 . n—>o n
=Ty ety The series converges by the Ratio Test.
73. Replace nwith n + 1. 81 Tim %2 (l + (1)/ (n))a, 1+ 1)
1 " pow a, n—)ao n—>ee n

The Ratio Test is inconclusive.

4. Replace nwith 7 + 2. But, Jl_l)]l a, # 0, so the series diverges.

o 0 +2
z 2)' Z A 82. The series diverges because lim a, # 0.
n-—>%
o =1
75. (a) Because 2
31 o= =
2]T|' = 1.59 x 10_5, Vs
10! a = (1) ~ 07937

use 9 terms.
In general, a,,, > a, > 0.

9 (_ k
(b) 2(23]2' ~ —0.7769
k=1 ‘

1-2-n(n+1)
. |a 1132 =-1D2r + 1
76. (a) Use 10terms, k£ = 9, see Exercise 3. 83. )‘_‘L‘O ;” J‘_’L‘c s 3 ),E )
- 3 o (-3)2tK 1-3.+(2n-1)
(b) Z =
S35 2k + 1) S(2k)(2k + 1) im 2L 1
T oaow 2n + 1 2
(-6)'
= Z;,(-zﬁ ~ 0.40967 The series converges by the Ratio Test.
7. tim|22L = lim (4n = 1)/Gn + 2)a, =0
n-w| g, n-—>o a, .
,—-— fim \/n +1
=1imﬂ—:l=i>l Jl_l;l;le l=n—>w 37 n—)ce
nso3n+2 3
The series diverges by the Ratio Test. Let y=lim¥Yn+1
Iny = lim(n&n+1
78. lim Bn+i) _ fim (2" + 1)/(5” - 4)a,, Y "-'°°(I )
LG ] @ = lim —in(n + 1)
= lim 2n+l 2 1 e
-4 5 =limln(n+l)= 1 0. .
The series converges by the Ratio Test. meon n+l
N Because Iny = 0,y = € = 1,50
sinn +1 nla
79. lim |ZnsL ( : )/( )'" L o Nn+l 1
noo| g, n—»o a, lim ———— = —
now 3 3
= lim sinn + 1 =0<1 Therefore, by the Root Test, the series converges.

The series converges by the Ratio Test.
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n—->o

1
hmJ = lim ——=Iim—=0
I nw A n)” n-wo Inn
Therefore, by the Root Test, the series converges.

l-3-5--~(2n—l)(2n+ I)

6 lim| %] = fim [12223 (20 = D2n)(2n + 1)
no® g, n—>o l.3.5...(2n_l)
]-2.3...(2,,_])
2n + | =0<1

o G an < )

The series converges by the Ratio Test.

n=0

n+l
lim | 2+ MECDES =2
n—o| q, n—)w (x/3) n—»wl 3 3

For the series to converge,

For x = 3, ) 2(1)" diverges.
n=0

For x

-3, D 2(~1)" diverges.
n=0

0 _ n
88. [x 5 3) , Geometric series
=0

For the series to converge,

* =3 =k-3<5
= -2<x<8
For x = §, i 1” diverges.
n=0
For x = -2, i(—l)" diverges.
n=0

(Note: You could also use the Ratio Test.)

—<1l=>-3<x<3.

Section 9.6 The Ratio and Root Tests 915

g 50

lim ! lim (x + l)"+]/(n + 1)
n—o| q, n—own x"/n
. n
= lim n+](x+l) =|x+1]

For the series to converge,
|[x +1<1 =>-1<x+1<1
= -2 <x<0.

0, i(_

n=

For x converges.

For x = -2, Z( l) (—l) Z diverges.

n=1 1

90. Z3(x - 4)", Geometric series
n=0

For the series to converge,
|x-4|<1 > -l<x-4<1>3<x<5.

Ms

For x = 1, Y 3(-3)" diverges.

n=0

For x = -1, 3(-5)" diverges.
n=0

or. 3 n!(%)n

n=0
n+l
(n+ 15
lim || = lim
n-ol g, n—o x|
nlj=
2
= lim (n + I)|=|=
n—»uo( ) .

The series converges only at x = 0.

% n
92, Z (_"C_tl)_
n=0 "l

lim | L

n—»| q,

The series converges for all x.
93. See Theorem 9.17, page 627.

94, See Theorem 9.18, page 630.
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916" 'Clzapter' 9 - Infinite Series

95, N . L. = ——
o Let a4 = 0,000

0

The series

diverges.
o b+ 10,000 .

96. (a) Converges " (Ratio Test)
(b) Inconclusive , (See Ratio Test)
(c) Diverges (Ratio Test)
(d) Diverges (Root Test)

(e) Inconclusive (See Root Tést)

(f) Diverges (Root Test, e > 1)

99. Assume that
lim|a,,1/a,| = L > lorthat lim|a,, /a,|= o.
30 n—x
Then there exists N > 0such that la,m /a,,| > lforall » > N.Therefore,
|awa|>|a,], n > N = lima, # 0 = Y a, diverges.
"—)P
100. First, let
Jim ,»/|a,,| =r<l

and choose R such that 0 < r < R < 1.There must
exist some N > Osuch that #/|a,| < R for all

n > N.So,for n > Nl|a,| < R"and because the
geometric series

€.

2R

n=0 .

convei'ges, you can apply the Comparison Test to
conclude that

2L

2| a]

n=|

o
converges which in turn implies that Z a, converges.

n=1

Second, let

tim fla,| = r > R > 1.

Then there must exist some M > 0 such that

{/|_a_,,_| > R for infinitely many n > M. So, for
infinitely many n > M, you have |a,| > R" > 1 which

implies that lim a, # 0 which in turn implies that
n—x

> a, diverges.

n=\

97. The series converges absolutely. See Theorem 9;
98. For0 <a, <1, a, < «/b a,.

€O
Thus, the series ) a, is the lower series, indica

n=1

the round dots.

- |
101, —
Ilz=; n3/2

3/2
lim %L = fim | L 2| lim(
nowxl g, n—w (f'l + ]) 1 n-so\pn+ 1
< 1
102. ) —
n=1 n‘/2
a . 1 n'?
lim Zal] = lim Ve
no»| g, n—»» (n + 1) 1

/2
=lim( “ ) =1
nso\p + 1

s, $1

n=t 1
4
. |a, . 1 n . n
lim || = lim|——— - —| = lim
nox| q, n—w (n + 1) 1 nso\pn + 1

104, 3L

P
lim | %22 | = fim | — . 27 2 lim(
n—>0 (I’l + ])”
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105.

- 106

107.

Section 9.6 The Ratio and Root Tests 917

Z —, p-series

llm a,| = lim d—— = lim L =1
-2 nH— n—»w n/’/"

So, the Root Test is inconclusive.

Note: lim n”" = 1because if y = rPI" then

n—x
Iny = Pinnand Zinn - Oas n — oo
n " n

Soy » las n — o,

Ratio Test: .

lim |22 = lim —n—(ﬂl—ﬁ)p——— = 1, inconclusive.
>l @, | 1= (g4 1) (In(n + 1))

Root Test:

lim ¢ a,, = lim , ; = lim ———
oo n=e A\l p(ln n)’ == pin(In n)"/"

limn¥" = 1. Furthermore, let y = (In n)"/" =

n—->x

ny=2 In(In n).
n

; _ i 2In(In n) p oin _
Ay = e e = i e 0T A =t

1

so. '}l“r’[; n/"(In n)')/"

= 1, inconclusive.

5 X pOSIthC mteger

()’ .
(@ x=1 ZT = Zn!, diverges

2
b) x =2: Z( ) converges by the Ratio Test:

(@)
R N (S S

" (2t 2) (@n)) noe(en+ 2ensl) 4

() x=3: Z (3 )' converges by the Ratio Test:

[ 0T oy (n+ 1 e

=] =
P G v 3y Gn) - e Grr 3)Gn % 20Gn 1)
(d) Use the Ratio Test:

[(”+ '] (n) = lim (

e I:x(n + l)]' (xn)t  no=

(sn)

xn + x)!

n+l)(

The cases x = 1,2, 3 were solved above. For x > 3, the limit is 0. So, the series converges for all integers x = 2.
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k k &
108. For n = 1, 2,3,...,-|a,,l$ a, Sla,,l::» —Z!a,,ls Za,, < Z|a,,|.
n=1 ’

n=l n=]

Taking limitsas k — w,-Y"|a,|< Za < Yla|= Y a,|< > |a,l.
. n=l n=| n=1 n=1 n=1
109. First prove Abel’s Summation Theorem: o
If the partial sums of )"a, are bounded and if {b,} decreases to zero, then > a,b, converges.

k
Let S, = > a,.Let M be a bound for {[ Sl

i=1
S]bl + (Sz - S|)b2 + oo+ (S" - ,,_])b"
Si(b = ) + Sy(b, - by) + - + 8, 1(baey = b,) + S0,

ab + ab, + - + a,b,

M

n-1
= ZSI(bI - bi+l) + Snbn
i=]

The series )" (b, ~ &,,,) is absolutely convergent because |S,(5, - b,,)| < M (6 - bi.i)and Y (b, - b,.,) converges
i=1 ’ i=1
to 4.

Also, lim S,b, = 0 because {S,,} bounded and 5, — 0. Thus, Za,,b,, = limZa,-b, converges.
n—o n—%wi=l

n=1
Now let b, = lto finish the problem.
n
110. Using the Ratio Test,

- Napa| n (19Y" [(n =119 a9 : i 19 19 1
lim = lim ~ — = = lim =] = lim S =l==--<1
n—o| q, n—ow (n + ]) 7 n 7 nox (n + 1) 7 n—x (l + (l/n)) 7 7 e

So, the series converges.

Section 9.7 Tayloi' Polynomials and Approximations

= 1,2 .
Ly=-+1 s, f(x)=ﬂ,C=4,f(4)=l
4 2
Parabola | |
Matches (d) S(x) = 8_\/?, 4 = T3
2y =t - e R(x) = £(4) + 7(8)(x - 4)
y-axis symmetry = .;_ + %6- x — 4)
Three relative extrema 1 i
Matches (c) = l—gx + 1
.y= e“'/z[(x +1)+ l] !
Linear : . (.1) !
Matches (a) 2] ~ 10
4y=e U1 - (x-1)+ 1] ' T |
R is the first-degree Taylor polynomial for fat4.
Cubic
Matches (b)
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