918 Chapter 9 * Infinite Series

K
108. For n = 1,2,3,. —lals a,,Slal:—Zla|< Za,, Zla,,
n=| n=1

Taking llmltsas k — oo, —Zla < i ila,,

n=l1

109. First prove Abel’s Summation Theorem:
If the partial sums of ) a, are bounded and if {5 {b.} decreases to zero, then > a,b, converges.

Let S, = Z ;. Let M be a bound for {I S, I}

i=1
ab + ab, + -+ ab, = Sb + (8; = S)by + o + (s, - S,-1)b,
=_‘ Sl(bl - bz) + Sz(bz - b]) +oeee Sn—l(bn—l - bn) + Snbn

n-1
= Zsl(bl - bi+|) + Snbn
i=1

The series ZS (b — b;..) is absolutely convergent becausc lS,-(bi - b,,,,), < M(b, - b,,)and > (b - b.,) converges
i=1 i=1
to b.

Also, lim b, = 0because {S,} bounded and 5, — 0. Thus, D a.b, = limY ab, converges.
n—m "—)w,.=l

n=l

Now let b, = 1 to finish the problem.
n

110. Using the Ratio Test,

= Jim (n :l!])"(g)" %(g)”" = Jim ﬁ(’% = lim ( +(1|/n))”(%) gé <!

So, the series converges.

llm Qyi
h—=>00, a”

Section 9.7 Taylor Polynomials and Approximations

Vx

Lys=-pf+l 5. f(x)=T,C=4,f(4)=%

Parabola ! |
! = — (4) = —
Matches (d) S (x) 8/x A ( ) 16
2 y=lr oLy R() = 1(4) + £(4)x - 9)
y-axis symmetry = % + % x - 4)
Three relative extrema 1 1
Matches (c) = E" + 1

Ly=e[(x+1)+1] *

Linear -"'"','#1:’:

Matches (a) -2 10
4y = e Yx- 1 - (x- 1)+ 1] s |
. ' A is the first-degree Taylor polynomial for fat 4.
Cubic ,
Matches (b)
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Section 9.7 Taylor Polynomials and Approximations 919

6.

', f(x)‘; 7 6x*  f(8) =3 » 7. f(x) = secx f(%) =2
-:f () = =2x~ b' f ’(8) = —% f'(x) = sec x tan x f '[%) =2
RSO 9+ A5 (53
\ 8 8 H(x)=\/2-+\/§(x—-%:—)

\“M& .

R is called the first degree Taylor polynomial for fat —Z—

8. f(x) = tanx f(—Z—) =1
() = sec? x f[%}) =2
RGeS R

2
S,
otz

R is called the first degree Taylor polynomial for fat %

% f() = = = () =4

f(x) = =2x72 70) = -2 )

[(x) = 370 70) =3 1 » /,,2

B o= £(1)+ S1)x - 1) + %(')(x 0 2 v G
=4-2x-1)+ %(x - 1)2 2

x o |08 Joo 10|11 |12 |2

f(x) | Error | 44721 | 4.2164 | 4.0 | 3.8139 | 3.6515 | 2.8284
P(x) | 7.5 | 446 |4215 |40 |3815 |366 |35

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or.duplicated, or posted to a publicly accessible website, in whole or in part.

&F




9200 C hapier 9 . Infinite Series

10. f(x) = secx o f(%) =2
S(x) = sec x tan x f’(%) =2
/(x) = sec® x + sec x tan? x f "(%) =32

st = () e~ - P-4
(CRNCERECEE %ﬁ(" i %)2

4

\Y

0

x -2.15 0.585 | 0.685 zf4 0.885 | 0.985 | 1.785
f(x) | -1.8270 | 1.1995 | 1.2913 | 1.4142 | 1.5791 | 1.8088 | —4.7043
P(x) | 155414 | 1.2160 | 1.2936 | 1.4142 | 1.5761 | 1.7810 | 4.9475

1. f(x) = cosx 12. f(x) = x%*, f(0) = 0
Px) =1- _%_xz (@ f(x)= (x2 + 2,\')e’r 7 =0
PA(") =1- 'Ij‘xz + 5% S(x) = (xz + 4x + 2)e" 70) =2
Fy(x) =1- %xz + #x“ - _7%6)‘6 £7(x) = (xz + 6x + 6)e” ) =6
@ 2 FO@) = (¢ + 8x + 12)e 79(0) = 12
s )
_J"'('é‘ ‘tg ) . _2x2_
7 & A==
: 2 : 6x°
2 P](_x) = _x2 + —é-'—<= .x2 + .XJ
® r)=-snx BR) = e R
F(s) = —cos x PY(R) = -1 P(x)=x*+ x>+ e S
£10) = B'(0) = -1 © &Nf j
f"(x) = sin x P (x) = x s ﬂ
SO(x) = cos x PO(x) =1 -3 / 3
790) = 1= R90) . 2 =
O(x) = —si ( = -
fO0) = —sinx RO = = © f(0)=2= R
7O(x) = —cos x PO(x) = -1

7"(0) = 6 = B"(0)
79(0) =12 = A(0)

@ £90) = R9(0)

79(0) = -1 = rO(0)
(¢) Ingeneral, £*(0) = P,*)(0)for all .
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Section 9.7 Taylor Polynomials and Approximations 921

130 f(x) = e 7(0) =1
L(x) = 4e* f'(0) =4
/(x) = 16e*  1"(0) =16
S7(x) = 64 f7(0) = 64
79(x) = 256¢* 1(0) = 256

As) = 100)+ 7@+ L L0 L0,

=1+ 4x + 8x* +1%x3+§g-x4
3 3

4. f(x)=e* 7(0) =
S(x)=-e* f(0) = -1
I(x) = e S1(0) =1
)=t ) - -
F9x) = e 790) =1
f(s)(x) = —¢* f(s)(()) ==

P(x) = f(0) + /'(0)x + f’( ) 2 f"'(O) x3 f “ (0)

31 Al
5) 2 4
._(O)xs=].._x+f_.._x_+x___£_
5! 2 6 24 120

ll

15, f(x) = e S(0)
£ = =2 1(0)

r =gt 0=y
") _ _l _.,\—/2 " -
SM(x) = 8e 7(0) 3
@y = Loz @y = L

O s 100
3 4

70) + 7O + L ( ) 2

Fi(x)

1—-—1-)54-1):2—-]—)c:’+—l——x4

2 8 48 384
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922 Chapter 9 Infinite Series

16.  f(x) =" f0) =1
1) = %e”ﬂ =1

—

fu( x) = _;_ ex/S f"(o)

O AR

oo'.._ Nl,_. \ol— w

79@) = §1_l_ex/3 796 =

" " (4)
P = £(0) + 7O+ L 2(!0)x2 N f3(!0)x3 A 4!(0),54

PRLI » x? l/if +1§—]-x4
3 2' 3 4

1+-l-x+lx2+——]—- LI
3 18 162 1944
17.  f(x) =sinx f(0)=0
f(x) = cos x =1
f"(x) =-sinx  f"(0)=0
fM(x) = —cosx  f™(0) = -1
O =sinx  fO0)=0
fOR) =cosx  fO0) =1

0
P(x) =0+ (I)x + Exz 5 X+ Zx“ + 5'.xs
cxLp Ly
XX+ 12ny
18. f(x) = cos zx f(0) =1

f(x) =-zsinzx  f(0)=0
f'(x) = -z*coszx  f"(0) = -7°
f"(x) = a*sinzx  f"(0) =0
%) = ntcosax S “(0) = =*
L0, 0, 00,

Pi(x) = 1(0) + f'(0)x + 3 T T a
=1- L;ix + -;%x
19, f(x) = xe* /() =0

f(x) = xe* + ¢ =1
(%) = xe* + 2¢* 71'0) =2
f"(x) = xe* + 3¢* 70 =3
FO(x) = xe* + 4e*  f “(0) = 4

0+.’c+£x2+—3—x3+ix4

Rlx) T T

x+.7c2+-1-x3+lx4
2 6
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79(x) = 120x

1 1
RO = 5§
1.1

4 4

l-x+x*-xX +x"-x

25 f(x) = 3 = 2x
J(x) = -2x7
f(x) = 4x7
I7(x) = —12x7

B(x) = 2- 2(x - 1) +

26.  f(x) = xl—2 =X
[(x) = -2x7
S(x) = 6x7*
(x) = —24x7

‘Section 9.7 Taylor Polynomials and Approximations

n - e 101
(x) = 2xe™* — x%e* f(O) =0
(%) = 2™ ~ dxe™ + x%™ /(0 =2
f,,,(x) = —6¢~* + 6xe~* — xZe—-x f”'(()) =
S (4)(x) = 12e™ - 8xe™* + x%* 790) =
P4(x)-0+0x+—2-x S50 12
A Ty 4
=x2 - x4+ —x
moS G ) )=
76 = e+ 1) 70 = -
@ = 2x+ 1) /") =2
(%) = -6(x + 1) "(0) = -6
FOG) = 24(x + 1) 790) = 24
FOx) = —120(x + 1)°® 79(0) = -120
B(x) =1 2% 6x'  24x*  1205°
5(x) = Tty Tt 5!

S

1) = 2
70) = -
S/ "(I) =4
70 = -

4 2 12 3
-ﬁ(x—l) —Ex—l)

=2-2x-1)+20x~1)7 = 2(x - 1)

) =14
1) = -4
/() = 38
I"(2) = -3/4

792 =158

x-2)+%(x—2)2—3—§;1-(x—

( -z)+%(x'- 2)’-%(;;-2) +-éz(x-2)

)3

15/8
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x+1-1
2 W= n e 00
=1-(x+ 1)_l
@ =G+)? re=1
f'(x) = =2(x +1)° (0) = -2
() = 6(x + 1) (0) = 6
() = 24(x +1)° r90) = 24
6, 24,
Py(x) = O+l(x)-——-x + 6x ——274—x
=x-x+x-x
23. f(x) = sec x f(0) =1
S(x) =secxtanx (=0
S"(x) = sec® x + sec x tan®x ') =1

1 1
Pz(.:u:)=l+0x+ax2=1+—.x2

2
24. f(x)=tanx f(0) =0
f(x) = sec’x =1
f"(x) = 2 sec?x tan x r'0)y=0

S"(x) = 4sec’xtan®x + 2sec’x  f"(0) = 2

P3(x)-0+l(x)+0+ 2,3 —x+;x3

=2

blicly accessible website, in whole or in part.
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924 Chapter 9 Infinite Series

27, f(x) = \/3 = xV? f(4=2
1) = 3" 1) - %
1) = —;x-m =5
1) = 2x% 1) = 5=
B(x) =2+ %(x —4)- ‘/ﬁ(x Sy s i;ﬁ(x -4
=z+_(x_4)__(x-4)2+-5-:—2(x-4)’
f(x) = A @) =2
@)= =t
() - %x_m 7E) = 1414
R A O
B(x) =2+ ——(x -8 - ﬁ x-8) + 20,5736(3( -8’
29. f(x)=Inx /@) =2

fx) = -;]: =x Q=12

S(x) = —x7? /(2) = -1/4
SM(x) = 2x73 2) =14

FOx) = -6x* 79@2) = -3/8
PG =2 -2 - B - Loy By oy
=02+ (= 2) = 2x - 2 + (- 2) - Lx -
30. f(x) = x*cosx f(7) = -=?
S'(x) = cosx — x? sin x f(7) =27

S'(x) = 2cosx — 4xsinx - x*cosx  f"(n) = -2 + x

-2 .
)

P(x) = -2* - 2z(x - 7) +

3. () B(x) = 7x + ”Tf

-05
Py

7o

—4
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Section 9.7 Taylor Polynomials and Approximations 925

. . — _2_ 03 244_ g2 4
32.@) &(x)—l+0x+2‘x MR 1-x* +x
V.o /A
9 _F»%Q\%\L_q
)
o
[ AN

i)

33, f(x) =sinx

R(x) =

P3(x) =x-1x

P(x) = x = &x* + 135%°

@ X | 0.00 0.25 0.50 0.75 1.00 V

sinx | 0.0000 | 0.2474 | 0.4794 | 0.6816 | 0.8415
R(x) | 0.0000 | 0.2500 | 0.5000 | 0.7500 | 1.0000
P(x) | 0.0000 | 0.2474 | 0.4792 | 0.6797 | 0.8333
P(x) | 0.0000 | 0.2474 | 0.4794 | 0.6817 | 0.8417

(b) 3

TR
ik

3

2w

(c) As the distance increases, the accuracy decreases.

34. (@) f(x) =¢" ) =e
f(x) = e () =-e

L) = () = fO(x) = e*and £7(1) = S7(0) = S O) =
B(x) =e+e(x-1)

P(x)=e+e(x-1)+ %(x— I)2

&(x)=e+e(x—l)+§(x—l)2+§(x— Iy +—x-—l)

X 1.00 | 1.25 1.50 1.75 2.00

e* e 3.4903 | 4.4817 | 5.7546 | 7.3891

B(x) e 3.3979 | 4.0774 | 4.7570 | 5.4366

P(x) | e | 34828 | 44172 | 55215 | 6.7957

P(x) | e 3.4903 | 4.4809 | 5.7485 | 7.3620
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‘Chapter 9 " Infinite Series

92
(b 7
iV
B
-6

(c) As the degree increases, the accuracy increases. As the distance from x to 1 increases, the accuracy decreases.

35. f(x) = arcsin x

x3
(a) P;,(.x) =X+ ?
(b)
x -0.75 | -0.50 | -0.25 025 | 050 |0.75
f(x) | —0.848 | —0.524 | —0.253 0.253 | 0.524 | 0.848
B(x) | -0.820 | -0.521 | -0.253 0.253 | 0.521 | 0.820
©
B N
Py
é I
36. (a) f(x) = arctan x
x
B(x) = x - 5
(b) .
x 075 | -050 [-025 |0]025 |050 |0.75
S(x) | ~0.6435 | 04636 | —0.2450 | 0 | 0.2450 | 0.4636 | 0.6435
P(x) | -0.6094 | —0.4583 | —0.2448 | 0 | 0.2448 | 0.4583 | 0.6094

38. f(x) = arctan x
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Section 9.7 Taylor Polynomials and Approximations 927

40. S(x) = 4xe™

L f(x) = € » 1430+ 357+ 32 & Hat
/() ~ 43984

2. f(x) = 2% & x? -2+ 1x

/(%) ~ 0.0328

e f(¥) = Inx~In(2) + Hx - 2) - 3x - 27 + 5lx - 2) - 4lx - 2)*
£(2.1) = 0.7419
- 2)(" N ”)2

2
44 f(x) = xPcosx » -7 - 27(x - 7) + (ﬂ
f(lg.) ~ —6.7954

45, f(x) = cos x; fO)(x) = —sin x = Max on [0, 0.3]is I.

Ri(x) < g(os)f =2025x10°

Note: you could use Ry(x): f*)(x) = —cos x, max on [0, 0.3]is 1.
1 6 —

Ry(x) < —(03)° = 10125 x 10

Exact error: 0.000001 = 1.0 x 10°¢

46. f(x) = ¢ fO(x) = ¢ = Maxon[0,1]is €. , 24x{x* + 1
; f( ) f ( ) [ ] 48. f(x)‘= arctan x; f(4)(x) = x(_x_)
1 » 1-
Ri(x) < (1)° ~ 000378 = 3.78 x 107 (=)
6! = Max on [0, 0.4] is/@(0.4) ~ 22.3672.
6x* + 9 2. 3672
47 f(x) = arcsin x; fU(x) = )(C—(—f—-;)—”T) => Max on Ry(x) < Z22(04)" = 0.0239
1-x '
[0,0.4]is £¥(0.4) ~ 7.3340. 49. g(x) = sin x
(n+1)
R(x) < 22%(0.4)" ~ 0.00782 = 7.82 x 102 The g"(x)| < 1forallx.
exact error is 8.5 x 107, [Note: You could use Ry.] R(x) £ ———(0.3)""" < 0.001

(n +l)'

By trial and error, n = 3.
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928 Chapter 9 Infinite Series

50. f(x) = cos x

| 7#9)| < 1 for all x and all 5.

f(n+l)(z)xu+l
(n+1)

n+l
< Q— < 0.001

(n+1)

By trial and error, n = 2.

| )] =

51. f(x) =€
f(n+l)(x) = ¢
Max on [0, 0.6] is e°¢ ~ 1.8221.
1.8221 n+l
< 0.6)"*" < 0.001
(n+ l)'( )

By trial and error, n = 5.
52, f(x) = Inx, f’(x) =
"“( ) ( )" n+|

The maximum value of If(’”')(x)l on[l, 1.25) is n!

xL f(x) = =x2,

——(025)"" < 0.001

nls 2

(0‘25)»“
n+1

< 0.001

By trial and error, n = 3

53. f(x) = In(x +1)

f(””)(x) = —b)i = Max on [0, 0.5] is n!.

(x + 1!

' n+l
R, < (—’1—'15;( ) = (OLZI— < 0.0001
n : n

By trial and error, n = 9. (See Example 9.) Using 9
terms, In(1.5) ~ 0.4055.

54. f(x) =e™, £(1.3)
716 = (e

f(n+l)(x) - (_”)"“e—nx Sl(_”)'“" on [0, 1.3]

n+1
&)< 35 < G000

(n+ 1)
By trial and error, n = 16. Using 16 terms,
e 5 0.01684.
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55.

56.

57.

58.

f(x)=e"z1+x‘+£2—+—-—

Ry(x) = %'—x“ < 0.001

ext < 0.024

< 0.3936
03936

|| < =~

zf4

Ixe
< 0.3936,z < 0
-0.3936 < x < 0

f(x)-;sinxzx—f—

3
IRJ(x),=Fi—rLz—x4 Bl B
a a
xt < 0.024
|x| < 03936

-0.3936 < x < 0.3936

' 2
S(x) =cosx~1- —27 + f fth degree polynom

If(ﬂ*')(x)l < 1for all x and all n.

1
| R(x)| < a]xF < 0.001

|x|6 < 0.72
| x| < 0.9467
—0.9467 < x < 0.9467
Note: Use a graphing utility to graph »
y = cosx - (l -x3[2 + x“/24) in the viewing
window [-0.9467, 0.9467] x [-0.001, 0.001] to veri

the answer.
S(x) =e™ ~ 1 - 2x + 2x% — §x3

f'(x) = —2r f"(x) -—”\
I(x) = -8e7, f"“)(x) = 16e7

4(., —2z
Ry(x) = fT(;)(x -0) = toe va - %e‘z’x“
e 2x%.< 00015

1/
< (0'02:5) ~ 0.1970e% < 0.1970, for z < 0

—
So, 0 < x < 0.1970.

-2x

In fact, by graphing f(x) = e and
=1-2x + 2x% - %x{you can verify that

| £(x) - ¥ < 0.0010n (~0.19294, 0.20068).




50, The graph of the approximating polynomial P and the
elementary function /° both pass through the point

(c, f (C)) and the slopes of P and fagree at
(c, f (c)) Depending on the degree of P, the nth
" derivatives of P and fagree at (c, /(c)).

60. 7(c) = P}, £(¢) = B(c) and f"(c) = B(c)
61. See definition on page 638.
62. See Theorem 9.19, page 642.

63. As the degree of the polynomial increases, the graph of
the Taylor polynomial becomes a better and better
approximation of the function within the interval of
convergence. Therefore, the accuracy is increased.

65. (a) f(x) =
P.,(x)=l+x+lx2+—]—x3+—]-x4
2 6 24

X

g(x) = xe
= 2 Vs, la 1os
Os(x) = x + x *ox et b o
Os(x) = x Ai(x)
(b) f(x) =sinx
E
A(x)=x-=+=

g(x) = xsinx

, xt
Os(x) = x Ps(x) = x ——3—l+§

sinx | x2  x

© 8() === = LAl) 3"
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| 3 5
66. (a) Pi(x) = -—37+-§'-forf()=sinx
P’ ) =1- ﬁ + 14..
s =1-F %
This is the Maclaurin polynomial of degree 4 for
g(x) = cos x.
6
(b) Os(x) = 1—-—— + I— -6—-for cos X
3 5
0;() =+ 5~ 2 = =)
2 X
(c) R(x) = l+x+ TR

The first four terms are the same!

2 2 2
67. (a) Oy(x) = -1+ ”—(’53;-—)—
I G

®) Ro(x) = -1+ =

(c) No. The polynomial will be linear. Horizontal
translations of the result in part (a) are possible only
at x = -2 + 8n (where n is an integer) because the

period of f is 8.

68. Let fbe an odd function and P, be the nth Maclaurin
polynomial for /. Because fis odd, /” is even:

f(—x+h) /(=)

h—>0

,mﬁﬂx—h)+f&)

h—0 h

10

J(-%) =

h—0
Similarly, /" is odd, /™" is even, etc. Therefore,
£, £ 119, etc. are all odd functions, which implies that

f(0) = /(0 =

= O So, in the formula

P(x) = £(0) + £(0)x + O ( ) 4 all the
coefficients of the even power of X are zero.

69. Let fbe an even function and P, be the nth Maclaurin
polynomial for f. Because /" is even, f"isodd, /" is
even, ™ isodd, etc. All of the odd derivatives of fare

odd and so, all of the odd powers of x will have
coefficients of zero. £, will only have terms with even

powers of x.
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