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0. For the series ). ¢,x",

A a . xn+l .
lim nrlf o lim LAY - = hm le = R
n—wol g, no|  c,x nsw| ¢, c"_”
For the series ) c,x*",
. b i e x2n+2 .
lim | 22! lim [t ——|= lim nily2l < 1 :|x2|< = R =|x|< JR
n=>e b" noel CpX nded I Cp+l
, . o
81. At x = X + R, D c,(x - %) = Z R", diverges.
n=0 n=0
o0 n o0 "
At x = x5 = R D cu(x - )" = c,(-R)", converges.
n=0 n=0

Furthermore, at x = x, — R,
)
=0

So, the series converges conditionally at x, — R.

cn(x = Xo) \ Z C,R", diverges.
=0
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S-S0 -5 - - B
This series converges on (-4, 4). This series converges on (-2, 2).
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4/3 a
a = 4.
()3+x 1-(=x/3) 1-r
-4 (;x.) Sy s
n=0 303 n=0 3”“
The series converges on (-3, 3)
4 4 4x?
—— X —— = e
3 9 27
(b) 3+ x)4
4+ —x
4
4. .
4 4x?
—-—_x — —
3 9
a2
9
4x*  4x°
—_— + —
9 27
&
27
1 1 1/2 _a
3-x 2-(x- 1)

= ]_(x;i)_ 1—r
S

i (x -1y

foer] 2n+l
Interval of convergence: |1 < 1 = [x-1]<2=(-1,3)
2 2 a4 a
6-x 8-(x+2) ]_(x+2) 1-r
8
N °°.(x+ 2)"

Sl (x+2
Z)Z( 8

Interval of convergence:

I €K
l—3x 1—-r ;

-3

J n=0
%—2—'<1=>]x+2|<8:(—10,6)

3x)ll

23n+ 2

Interval of convergence: [3x| < 1 = (; ;J

1
1-5x

Interval of convergence:

n

|5x|< 1= (% %]

2 2/5 a
R o R
235 X5
This series converges on (-5, 5).
2 2x | 2x?
e e i RN
S 25 125
(b) 5-x)2
2 - —2—x
S
2
=x
3
5 25
2
z
5 5 - -5/9 __a
2x -3 —9+2(x+3) I—%(x+3) 1-r
= ——Z (—(x ) g(x +3)| <
n 0 9

-SZ 9"+l(x +3)

15 3
Interval of convergence: <= —7, E

%(x +3)
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Section’9.9 Representation of Functions by Power Series 945

10. 3 _ 3 - 1 __a 13. 4x _ 3 1

2x-1 3+2(x-2) 1+(23)(x-2) 1-r x*+2x-3 x+3+x—l
[__x_z)] ST s
2= (2] S -5 -

1]
i Ms

]
i MS

n=i n=0 n=0 (—3)
Interval of convergence: |x — 2| < % = (—;—, %) Interval of convergence: |>| < 1and |x|< 1= (—1, 1)
L3 3 Y4 a o 3-8 _ 2 3
" 3x+ 4 143 B (3 - "3 +5x-2 x+2 3x-1
+ =X 1 -1-=x
) 3
© 3 3 n @ (_I)” 3Il+l x" . 1- (—X/Z) 1 - 3x
= Z 3 (_Z'x) = Z T w x
"% = - z(__) . 32 (3x)’
Interval of convergence: ' n=0
‘—-i—x <1=|3x|< 4 =|x|< % = [—%9 - go (_%) + 3 |
12. 4 - 4 _ 4/11 _a

Interva] of convergence < land

Ix+2 N4+3(x-3) 1-(311)x-3) 1-r

45 [ialcl;a_)] | I35 < 1 = (_% %)

n=0

2 (-3)'(x-3)" 2 1 1

=4z

+
117! 1 - x? l-x 1+x
n=0

<l= (3, 2_30) ”Z:(l + (__,1)”)xn - 252 X2

Interval of convergence: —%(x -3)

n=0

Interval of convergence: |x2| < lor (-1, I) because

=1+

2 2n+2

= lim|—s—
2x2"

n—owc

hm
nh—r0

u,

Interval of convergence:

—<l=>—5<x2<5=>(—\/§,\/§)

1. —— i(—l)"x”
20 - Z(I)Z"" z

1-x ”

—
8

-2 1 1 i i)+ Z" 3
- X n=0 n=0 n=0
22, %"

=
~

¢
N’

1]

[ + 1]

, (=1, 1) (See Exercise 15.)

x2-1 1+x

2406 +2x2 +0x° + 2x* +0x° + 2x5 4 . =
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946 Chapter 9 Infinite Series

1 1 1 ksl ” 1 © )
18. & * - - ANy IS (seeE 17
() # -1 201+ x) 2(1-x Z( ) x ZZ%X (See Exercise )

1

= —ii [(‘—1)” - l:l-x" = %[0 —2x + 0x% - 2x% + Ox* - 255 + ]
n=0

1

- Ei (_2)x2n+l = _i x2"+l, (—l, 1)
n=0 n=0

_.19. By taking the first derivative, you have i[;] = 5 Therefore,
. dxlx +1 (x +1
1 s = 4 i (=1)'x"| = i (—1)‘"nx"‘I = i (—l)"”(n + 1)x", (-1, 1).
(JC + l) dx n=0 . on=l n=0

2
20. By taking the second derivative, you have d 5 [—l——] = “La' Therefore,
dx (x+1)

R P e B D Fl EOWC LD 3 ) + 2+ D 1)

(x + 1) n=2 n=0

21. By integrating, you have I : " dx = In(x + 1). Therefore,
x

)" n+l
,—~l<x <L

In(x + 1) = ILZ( 1)'x" | dx = C+Z(

To solve for C, let x = 0 and conclude that C = 0. Therefore,

In(x + 1) = Z( l)" (-1, 1}

n=0
22. By mtegratmg, you have

j——dx In(1 + x) + C and j-—-—dx -In(l - x) + C,.

f(x) =m(1- xz) = In(1 + x) - [~In(1 = x)] Therefore,
1

In(l - #?) = ijdx-j
© . © ( 1)" n+l 2y

= |2 - f| 3 xm|ar = |G+ Z -+ Y

=0 n=0 a0 H+ 1

. i [(-—l) - l] © _ny2n+2

n+1 =0
To solve for C, let x = 0 and conclude that C = 0. Therefore,

ln(l - xz) = -

1-x

1, 1).

=0

23. -x71+—1=§(—1)”( x) = Z( 1)"x2, 1, 1)‘

n=0
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Section 9.9 Representation of Functions by Power Series 947

2x2 (=1)"x*" (See Exercise 23.)

Z (_ 20+

=0

Because %(ln(x2 + 1)) = x—zzi—-l-, you have

. . ( ” 2n+2
ln(x2 + l) = ‘[[Z(-—]) 2x% ':|dx C+ .,Zo o —— 1< x <.
To soive for C, let x = 0 and conclude that C = 0. Therefore,

—l) x2n+2
In(x? +1 ( -1,1}.
n(x + ) ,;, e J[-1.] |
& ™ l 2 n n & nan 2n i n 2n ] 1
25. Because, —7" ";)(—1) x", you have yrcanie ”go (-1 (4x2) = "z:;)(—l) 4ny?n = za(—l) (2%) ,(—5, EJ

26. Because I 4—1—— dx = l arctan(2x), you can use the result of Exercise 25 to obtain
X .

241 2
arctan(2x)=2j ! 2[2(])4” 7 dx = C+2Z( Y4 LR
4x? +1 = 2m+1 72 2
To solve for C, let x = 0 and conclude that C = 0. Therefore,
(_ 4n 2n+1 ( l ]:|
arctan(2x) = 2 | == =
an(2) Z(:) 2n + 1 2’2
2 2 3
2 x-Z <im(r+)gx- 4 X
2 2 3
T
y Zl .
N,
\.,LS::
-3
x 00 |02 |04 |06 |08 |10
2
S, = x —~ x? 0.000 | 0.180 { 0.320 | 0.420 | 0.480 | 0.500
In(x + 1) 0.000 { 0.182 | 0.336 | 0.470 | 0.588 | 0.693
x2 x3 N
Sy =x - 5 + 3 0.000 | 0.183 | 0.341 | 0.492 | 0.651 | 0.833
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948 Chapter 9 Infinite Series

2 3 4 2 3 4 5
Box- 4+l X e sx- a2 X X
3 4 2 3 4 5
P
4 x 8
I'|.5.¢
-3
X 0.0 { 0.2 0.4 0.6 0.8 1.0
2 X x
Sy =x-—+ —3— - T 0.0 | 0.18227 | 0.33493 | 0.45960 | 0.54827 | 0.58333
ln(x + l) . 0.0 | 0.18232 | 0.33647 | 0.47000 | 0.58779 0.69315
2 X XX
S =x-—+ -? - _‘T + ? 0.0 | 0.18233 | 0.33698 | 0.47515 | 0.61380 | 0.78333

A IS D QICED B R

| n 1 2 3

n=

(a)

(b) From Example 4,

PR O &

n=0 n+1

=lnx,0<x<2 R=1.

3L )M( V2 Z‘(V 2+ 003147

n=| n=1

(d) This is an approximation of ln(-;-). The error is approximately 0. [The error is less than the first omitted term,

1/(51-2°") = 87 x 10%.]

s, 20T 2 S
& (2n+) 38
(a) 4

2n+l

(b)- Z =sinx, R =

n 2n+1
© 3 (_1) U 2)1)' ~ 0.4794255386
n=0

(d) This is an approximation of sin(%). The error is approximately 0.
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Section 9.9 Representation of Functions by Power Series 949

2n+1

00
. n X
.In Exercises 31-34, arctan x = "Zﬂ:,)(—l) il
P (17 S N () 11 !
31 arctan L o : L L ST
arctan 2 "go( ) 41 g m o+ 1 42n+1 4 192 + 5120 +
Because L < 0.001, you can approximate the series by its first two terms: arctan 1 ~ 1oL ~ 0.245.
5130 4 4 192
% ) © | " x4n+2
. t =
arctan x ;( ) on 1
) dx 0 x4n+3 O
t —+C,C =
Iarcanx Z;,( )(4n+3)(2n+1)+
¥4 2 S L 3t
t dx = Vo5 -
[ o 2 e = 3 00 S 2 e
27 2187 177,147

—_— - +
192 344,064 230,686,720

Because 177,147/230,686,720 < 0.001, you can approximate the series by its first two terms: 0.134.

2n+]
arctan XZ 1& . "(xz) © 2 x4n+l
33. —_— -1 = -1
x x,;o( ) 2n + 1 ,é)( )2n+]
arctan x* & xn+2
—dx = ————————— + C (Note:C = 0
I x Z:( )(4n+2)(2n+1)+ (Note )
/2 arctan x* Z n 1 11
dx = 1 = - -
'[0 x z;( ) (4n + 2)(2n + 1)2*+2 8 1152 "
Because L < 0.001, you can approximate the series by its first term: I/Z arctan x* dx =~ 0.125.
x
) o 2n+3
34. t =
x? arctan x g 2n "
ol x2n+4
_[xz arctan x dx = Z

(2n + 4)(2n + 1)

v, 3 I Lo
[ dx I —
Jo " arctan x 2N (2n P PR R VR TT

Because %2— < 0.001, you can approximate the series by its first term: I;/Z x* arctan x dx ~ 0.016.

1+x 1

Z "<t I T
i("'+x) |x| <1

(27 + 1x", |x|<1

® (vl—le:%['—x] 2E|- S

In Exercises 35-38, use

]
M8 II

o© n=0
36. an =y x| <1 ' '
( n=| ) n=| 38. -;(1 + -x) Z M+ l)x" = Z(zn + ])xn+l, I_xl <]
n=0 n=0
(See Exercise 37.)
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950 Chapter 9 Infinite Series

39. P(n) = (%)” , 42. Because1 _l == ﬁ, §ubstitute (xz) into the :
1 (1Y geometric series.
E(n) = ZnP(n) Zl ( ) Zn(i) .
n= =] o
1 1 43, Because —— = 5 ——— |, substitute (=) into the -
=St = T+ x 1-(-x) _
[l - 2)] geometric series and then multiply the series by 5.

Because the probability of obtaining a head on a single 1 .
44. Because ln(l - x) = —IT—_ dx, integrate the series
~ X "2

toss is -1-, it is expected that, on average, a head will be
< ' and then multiply by (~1).
obtained in two tosses. .

45. Let arctan x + arctan y = 6. Then,

1& o2& (2 2 1
40. () },'nz:: "(5) = EE "(3) - 5[1 _@ /3)]2 =2 tan(arctan x + arctan y) = tan @
. tan(arctan x) + tan(arctan y)
1&(9Y 9& (9) : = tan 6
0 =Yn=| ==>n= 1 - tan(arctan x) tan(arctan y)
104 \10 1004 \10 N
9 1 ad y = tan @
" 100 [1-©/10)]
arctan( ) = 6.
1 1 . .
41. Becausc-l—+—;- = s substitute (-x) into the Therefore,
geometric serics. arctan x + arctan y = arctan[ ) forxy = 1.
46. (a) From Exercise 45, you have
arctan l—g—q — arctan ——l— arctan -]E-Q + arctan (—-—l—] = arctan (120/ ! ]9) * (—1/239)
119 239 119 239 1 - (120/119)(-1/239)
28,561) n
= arctan = arctanl = —
28,561 4
2(1/5 ,
(b) 2 arctan 1 = arctan 1 + arctan l = arctan (—/)2 = arctan 10 = arctan —
5 5 5 1- (1/5) 24 12
. 2(5/1
4 arctan 1 = 2 arctan 1 + 2 arctan 1 = arctan 3 + arctan 3 = arctan| ———— ( / ) = arctan 120
5 5 5 12 12 1 - (5/12) 119
4 arctan - — arctan —— = arctan 120 — arotan —— = 2 (see part (a).)
5 239 119 239 4
1 1
1 1 1 773
47. (a) 2arctan — = arctan — + arctan — = arctan| —<——=—| = arctan —~
2 2 2 1-(12) 3

25 V.4
= arctan — = arctan | = —
25 4

(4/3) (1/7)]

2 arctan l — arctan —1- = arctan i + arctan(-l) = arctan
2 7 3 7 (4/3)(1/7)

(b) = = 8arctan 1 garctand ~ g1 (03) + ©3) - 03 L 7y + 7y - 7’
2 7792773 5 7 7773 5 7
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48. (a) arctan -;— + arctan 3 = arctan l(l_/-zz]/2 )((11//?)

(b) 7 = 4[arctan 1 + arctan 1
2 3

Y LU e Ve I L))

Section 9.9 Representation of Functions by Power Series 951

53

2 3 5 7 3 3

49. From Exercise 21, you have

e+ = 500 SO0
=ik

=
n

So, Z,( 1)"+' - g(—l)“n(lﬂ)"

ln(l + 1) =In 3 ~ 0.4055.

2 2 »

50. From Exercise 49, you have

R - O (5}

> g = R

n=1 n n= n

ln(l + l)
3

51. From Exercise 49, you have

Z( l)n+l 2" _ Z( l)“ (@/5)

n=1

ln(3 + 1) = lnl ~ 0.3365.
5 5

i ~ 0.2877.
3

52. From Example 5, you have arctan x = Z -1y
jovarc 2n +1

Ms
are
|
e’
3
-
]
Ms
|
.
-
=
|~
~
o
[
X
+

=Z 507854
4

i
2
g
=
-

53. From Exercise 52, you have

o0 l 0
Z 22n+1 M+ 1) - g

n=0

(1/2)2n+1

2n+]

arctan% ~ 0.4636.

Ly
7

; ~ 4(0.4635) + 4(0.3217) ~ 3.14

54. From Exercise 52, you have
& 1

Z( I)M?;—‘(_z——j = Z(")"m

n=1 n=0

1 /3)2n+l

(3
Z( ) 2n +1

= arctan% ~ 0.3218.

55. The series in Exercise 52 converges to its sum at a
slower rate because its terms approach 0 at a much
slower rate.

56. Because -i—[z a,,x”:| = )" na,x""", the radius of

n=0
convergence is the same, 3.

n=1

57. Because the first series is the derivative of the second
series, the second series converges for Ix + ]| < 4 (and

perhaps at the endpoints, x = 3and x = -5.)

S NG
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