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Ch. 4.2a Notes

[. Sigma Notation

4.
Ex.1 Z i241=
=

1. Summation Formulas:

1)i1=n

2) 2 n(n + 1)

Example 2

Z(Biz +2) =

i=1

3) Z n(n -+ 1)(2n + 1)

n
4)2;'3:.”_2_(Zl+_1)i

Example 3 Example 4
10 n




I11. Limits as n approaches infinity

*Think back about finding horizontallasymptotes

Example 5: [f S(n) = %[n(nzﬂ)] , then find lim S(n)

n—co

Example 6: Find lim Z (21’> (721)

i=1

AExc-zmpl-e7 Fm;' ' i(l +Zl> (i)
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£h.4.2 Homework Problems

Using Upper and Lowsr Bums T Exorcises 31 and 32,
bownd the aven of ihe shaded wegion by approximating the
uppee and lower sums, Use rectangles of width 1,

at ¢ " © Bk

3

o W oW

Fimdiﬂg’ Upper and Lower Sums.for & Region In
Exercises 3336, wso upper smd lower sums to spproximate the
aen of the reglon nstog the given smmber of subintervals {of

equal width),
3oy E L 33, 3w 3

¥,

¥ . b
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Ch. 4.2 Continued

Appmxim-aﬁugf the ‘Area of a Plane Hegion In

( ) Foxercises 2530, nse Joft and vight endpoints and the given

wumber of voctangles to find two approximations of the aven of
he veglon between the graph of the funetion and. the Xefyxis
over the given Interval, "

25, () = 2 + 5, [0, 2], 4 revtanglés

21, glo) = 24~ x ~ 1, [2, 5], 6 réotangles

20, (s) = cos i 'i[gﬂ" '?z'”r]’ #retangles
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1 Wih e 4 . ' ‘WitnN“E ’ W' ta tinually Improve the Areg A imation undar the curve by increasing the number of
N 8 &an continually aove The Areg Approxi naa
'y ﬁ ' 3';}1’250 ! é . ':{ %2‘8']'? =fx'  rectanglesiabove{n=4) andne8, n=16.- - .
B ' m ‘F ! ; If we let n go out to Infinfty, (using imts) we wlll have sdmething better than an approximation, we will
,,' achleve the actual area under the curve.
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Review 4.2 4.6 Formulas and Definitions:

Summation Formulas:

y S

1=l N

2
e
I

5) Area of Trapezoid:

6) Width formula:

7) Limit Definition of Area under Curve




N

“ Review 4.2 4.6 Formulas and Definitions:

Summation Formulas:

5) Area of Trapezoid:

6) Width formula:

7) Limit Definition of Area under Curve

ilzn

I=1

< ; _nn+)
e 2

iiz _nn+D@n+1)
= 6

S 2’
=1 4

,Area=:%§(h14~h2)

widih =274

Tlli_')rgo Z?=1(widtli) % f(a + width # i)




AP Calculus AB 4-2, 4-6 Quiz Review ' Name

Calculators permitted.

4
2 o 3]
1. Find the sum: Z[(Hl) (2~1)
f=2, .

' 2 4 6 8
2. Use Sigma notation to write the sum; Ys-2 * s5-4 * 35_6 + 358

3. The width, in feet, at various points
along the fairway of a hole on a golf
course is given to the right. If one pound
of fertilizer covers 200 square feet,
estimate the amount of fertilizer needed
to fettilize the fairway using trapezoids,

4. Use 3 midpoint rectangles to approximate the atea of the region bounded by
%) =% + 3, the x-axis, x =0, and x = 5.




5. Use the table of values on the right to estimate ' E
the below: x (014|6]|7]|10
Flx)|5]3|2]3]|5

a, Use 3 lefi-handed rectangles with intervals indicated by b, Use 2 middle rectangles with Intervals indicated by the
the table to estimate the areg Between the curve and x-axis table 1o estimate the area between the curve and x-axis
on [0, 7] ' . on [0, 10}

¢ Use 3 right-handed rectangles with intervals indicated by | d.  Use 3 trapezotds with interval indicated by the table to
the table to estimate area between the curve and x-axis on -estimate area between the curve and x-axis on [0, 7]
[4, 10] ‘ :

-6, -Given the region bounded by g (x) = 6~ x*,, the x-axis, x = -1, and x = 2, Use the limit .
definition to find the exact area of the region.




[ B B i B L T dL T e S Ty ves—— 20 L P e STl

Calculus A, 45 Quiz R,ewiew
Caloulators pamnifted

et <2 o | {

o

L. Find 'ﬂ‘ie S

;@ﬂz g,
(‘g“) (iﬁ Q) +(§Hj) (;Lg
f}‘ -~ O - (‘"1) *ﬁg“\( 5’)

S Thé sillh, fi-foet, e viriolns pafms
. almng hex f‘airway of & holeona golf ;,
ois giyen fo fhe. ;mgléi‘c T:ﬁ”cm@( pound

wstitnate the amount of fe b
fo fertﬂnze the! faﬁrWay u&mg Trapemds

/{z: %{'U +é?/w '/Q}x ”*’ﬂJ\ ’ﬂm, ’*'/m L

4. Use.3 midpoint rectangles to approximate the area of the region bounded b L‘“"\ 5 0
f(x) =x2+3, the x-axis, x = 0, and x =5, ’ W "

vy
—

B »P(/)“qe(/) F’W/)

5




the' ’bel@W

"3, Use the table: QfV&]ﬂ@S o1 the nghft 4o egtimate |

ki
3

?s@n
*S.J

3
’B'l

f(x)

. Usp. 5 lefi-handed xectangles with Intervals indioated by

fhe tabilerte esthmate thearea babweenthe murve and xrals | f

rw%%-wgf U

4w*ﬁ®*a%@4 ﬁ&“
" %:) ¥ @m 4 108y

i ba Tt auiidle reotangles i \infemals indmated by the

x':‘x:

i "»‘)?"6:&5

table tor esﬁmate the-areahetween the curyonndaaxls
e X ¥

an [0, 101
Nl 45
;3 2

[ 'x i,@

En ol e A i
5 aE
1eda 1 * .
a

o e B eight-handed: reetangles wa“rh mteryals indicatetlihy

I
; . fhetablete estimate m‘aabatween The qurve an&x—a'xis po. '
; Ly [4a 103 . R ) r

feglelieis | o4, Ll :
! %', RS
‘; M(é) wl ?cﬂzzﬁ«r 4 p(/as)
P = D?(PZD t ’C‘g‘)% 3(51)
L " o pep
i |

d. Usa:a ﬁapezoids Wi‘ch interval jndxcated By fher taible o ]

egtnnate aneabatwasn hermve and seaxis on [0, 7] ’ B

ofr 1
y(u

! . "f HW@?

H [»?(a) *f«{?(if)jﬁ* Em ¥ »F(é)‘f, 41

mi?(ma) o+ ] (3*,&2),%,

" g(?‘)‘f‘ !(ﬁ)qu R(ﬁ“} i
& s I@g&y’ﬂ’%

o W o VPP PO IR

6. Given the region bounded by g (x) 6 —x?, the x-axis, x = -1, and x = 2, Use the limit

deﬁm‘u 110 find the exact area of theiegmn
" Sl ]

A= )W'ﬂ ),
A- ,,MZ’(')

A “‘""ﬂ,.

[6 NErN
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‘_,,-"'} AP Caleulus AB 4-2, 4-6 Morning Review ' Name

a.

Calculators pc,lmitted

1 Find the sum: Z’[(21+1) (3i”|"1)3]

i=1

2. Use Sigma notation to write the sum.

Tn

64 125 216

72J7§+7\/Z+7\/§+7«/5+'

7’13

3. Use 4 middle reotangles to approximate the area of the region bounded by
) =3+ 2x% the x-axis,x =1, and x =7,

4, Use the table of values on the right to estimate X 1 5

the below:

Use 3 middle rectangles with intervals
indicated by the table to estimate the
area between the curve and x-axis on
[1,15]

Use 3 right-handed rectangles with
intervals indicated by the table to
estimate area between the curve .
and x~axis on [5, 111

6 |8 |11 |13 |15
o4 2 17 [3 11 |6 |3
C.

Use 4 trapezoids with interval indicated
by the table to estimate area between the
curve and x-axis on [6, 15]

5. Given the region bounded by gx)=3~ 2x2 , the x-axis, x = -1, and x = 1, Use the limit definition to

ﬁnd the exact area of the region.




3
131 Find the sum: Z[(2i+1)2
f

. & Use3 middle rectangles with intervals

/ AP Caleulus AB 4-2, 4-6 Moxrning Review

(%41? (?¢i> (?“> ”GJ?B (? ) (YN) (ﬁw)

*%«vwlwmﬁ
7J” 74 7J5 7J" Taln

Calculators permitted,

2. Use S17ma notathg rite the sum:

LT

ke
Name W NVELf

g LS L{n v,k‘, u

m;w

SIS v o

‘-2’7 64 125 216

1’13

3. Use 4 middje rectangl_ s to approximate the area of the region bounded by

Sx) = 3482x?, the x-axis, x -1 and x =7,

I i, 3 oy
Wt & bﬁ "%' :2: )Y :“'r@ ‘w(;_’]{)“
W R e o e
RTINS ~
4, Use the table of values on the right to estimate  |x |1 '

the below:

indjeated by the table to estimate the
area between the curve and x-axis on [1,
15]

BoA(s)e S4(3)+ 4 1019
5()+5 (3)*4<Z)
(1]

el

5. Given the region bounded by g(x)=3- 2x2 the x-ax1s,x -1,

 find the exact area of the region.

/4 ;f! s > .’MVJ%}\ 4}2%% Wa&fﬁ\ ";'?
m e ,

241 +24]

/4,« (f‘n)(ﬁ?u)”‘“ I.5
o Rlg)+ (.5 o
»t'-us(//uu) 200G v RS 1) 3/)

e f(305)
€(e05)

6 18 11 13 15

Lpwfoad

{ypmonin I T B

x)| 4 |2

T T 13

Al ))[/[?%

]

b.  Use 3 right-handed rectangles with

intervals indicated by the table fo
estimate area between the curve
and x-axison 5, 11]

100+ AR+ 3H(n) |
)+ A(3)+3())

L]

I é’m *

———

odn®

S f” )

V=

IR

J 4 "

mw"mva o

£E

]

« dt 3 ~32

Gy

Ul 4 )14 3¢ r’(n)]

- D375
e o ey ey 43751

Use 4 trapezoids with interval indleated
by the table to estimate area between the’
eurve and x-axis on [6, 15] W(% 4 { )

w?léfu)* )] v 44 (s)rt0)]

2010+ z/@r@z(?)m/fd

[34]7

TS

and x = 1. Use the limit definition to

P el

én #




Calculus  4.1a Notas Antidérivative Formulas

If f(i) = le,what is f'(x)?

‘Using Power Rule, f;un =n*u""*, we know that f'(x) = 2x

To put the steps for. Derivatives Power rule into words:

1) Bring exponent down in front of variable and

2) - ‘exponent by 1

If f'(x) = 2x,what stepsvccm-we take to find f(x)? |

We can “undo” the previous derivative steps:

1) 1 to the-exponent
2) . : by the new exponent
. * ) . ' n un+1
Power Rule for Inteqration: f utduy = — + C .
- ' n+1 '
Antldifferentiction . ' . 3
: WOTATION: | 2ede=x*+
Notation: - _ ' ""*:[ - o, L e
- Indegral integrand identifiey the independent variable conztant of integration

Consider the below functions:

The process of integration is called

fx) = x*+5 o : .- | antidifferentiation or taking the inde’fi‘n‘i"c,e i'nt_e‘gl;al. _

fx) = x* — 13 | | L
flx) = x%* 4+ 126 The indefinite Integral results in a function,

Since we can add a constant to any of these | The definite integ.ral results in a number.

functions and.still result in the same derivative, the
antiderivative of a function will be in the form of
f(x) -+ Cto show the family of functions that
share the same derivative,




%)

Integration Formulas

. il Important:. The derivative and integral are
n s . ? o
1 fu du +1 +C Inverse operations of each other. ( \
2. fadx=ax+C 9 [ £oade= foo+C
} 3 fldu~ln|ﬁ|+6’ A rr e g
1 i 5) ([ £(x) da] = £ (x)
i Recall Power Rule-Conditions: ' '
{ i)- Rewrfte as ratlenal exponents 2)All variablesin numerator -3) Expa;md"e.xpres'sion fully
1 Class E)Zamgles:_ | o o e -
1. [ 7x dx = 2. f7x3%dx =
3. [2x+ 3x? —5x* dy= 4, f(Bx —1)?dx=
5. [Fl = 6 [——dy =
J NG o J w7 y
r3Vx(1-x%)% .

'*ue.a#')



. | Il )
Calculus _ 4.1b Notes " _ Trig Integrals and Differential Equations ' (\-/

Review Derivative Trig Rules:

a . d
1) —osinu = - B)E;cosu-—
d o a
2) —tanu = 4) —cotu =
d _ - a. _
5) Sosecu = : 6) o Cscu =

Integral Trig-Rules:

l) f Sin U*d"u — - co | '2‘)“]\.(103'“1 du =
3) j-sectudu= N ) f csc?u du'=

{ NV 5 .
5) J secutanu du = . 6) f cscu cotu du =

‘Classwork Examp'les:

tan x .
f ~—sinx dx

7. j-sh1x da

cos?%x

3. (1 + cot?x)dx




Differential Equations: These are simply equations that involve derivatives.

Steps for solving Differential equations:

1. Rewrite y’ as%
2. Separate variables on either side of equation
3. Take the integral of both sides ‘

Solve for Cif fihding a specific solution/equation to the differential equation

Example 3: Suppose y’ = 2. Solve for y.

Example 4: Solve this General Differential equation. —Z—%m x®

L}

Example 5: Solve this Specific differential equation: y* = 3x— 4 and the point (4, 10) is on

the graph of y.
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" 41,42, 4.6 Formula Sheet

Summatzon Formulas

n

0y

'1;:71,

i=1

)

=
nn

+ 1)

2

B)Ziz

N n(n +1)(2n + 1)
B 6

Zn: nz(n + 1)2 '
=1

Area using Limit Definition

nggx Z(width') * f(left endpoint + width » {)
: {=1 ‘ :

. b—a
© width =-—
n

Trapezoid Area:

drea= Sw(hy +hy)




1) Selected values of a function, f, are given in the table below:

pd 8 12 18 20
1(x) 3 3 6 10
a) Give the middle approximation with 3 subintervals for fon the interval [0, 20]
X § - 18 20
(x) 3 3 6 | 10

b) Use right-handed rectangles to approximate the area with 3 subintervals for £ on the interval

[0, 20]
K3 § 12" 18 20
f(x) 3 3 6 10
) Use left-handed rectangles to approximate the area with 3 subintervals for fon the interval
[0,91 |
X EE [VRER ST 50
1(x) 3 3 6 10

d) Use trapezoids to approximate the area with 2 subintervals for fon the interval '[()»,,. 20]




2) Selected values of a function, £; are given in the table below:

S I O 20 O 0 O O A VA
I NN N T N - O O O

a) Givethe middle appmx‘imatim with 2 subintervals forfon the interval [1, 20]

% O 2 N N N I A
e M N i IO I T O B O S -

b) Use mght~hande<§ rectangles 1o approximate the area with 3 subintervals for fon the mte:zval
[3,17]

X

12

(%)

¢) Use lﬁaft-hand@d rectangles to approximate the area wﬂh 4 subintervals fm:f on the mterval
[1,32]

X

12

fx)

18

d) Use trapezoids to approximate the area with 3 subintervals for fon the interval [3, 17]




AP Calculus AB 4-1,4-2, 4-6 Ouiz Review #1
.Calculators permitted.
1. Find the sum;

4

DG+ -2 -0
=2

8

2, Use Sigma notation to write the sum: %r__ +

}

‘-,7

+

A

3. Use3 mlddle rectangles to approximate the area of the region bounded by

Sx) = x% + 3, the x-axis, x=1, and x = 6,

4. Use the table of values on the right to estimate
the below:

x (01416710
fx) 5132135

a, Use 3 left-handed rectangles with intervals indicated by
the table to estimate the area between the curve and x-axis
on [0, 7]

Use 2 middle rectangles with intervals indicated by the
table to estimate the area between the curve and x-axis
on [0, 10]

¢, Use 3 right-banded rectangles with intervals indicated by
the table to estimate area between the curve and x-axis on
[4,10] .

Use 3 trapezoids with interval indicated by the table to
estimate area between the curve and x-axis on [0, 7]

&




®

5. Given the region bounded by g (x) 6 —x2, the x-axis, x = -1, and x = 2. Use the limit definition to find
the exact area of the region.

Find the most general antiderivative of A(x). (Find [ A(x)dx)

6. h(x) = gx — 7+ _ _1_ 7 T h(x) = 2c0sx+ Ssinx — Scscxcotx

24/ 3x

8. Find the most general expression of f(x) if f"(x) = 4x>— 5x* +3x—6,

9. Find the specific expression of £ (v) if f(x) = [ g(x)dx, g(x) = 3x? — 4z, and f(-1) =2




AP Calculus AB 4-1, 4-2, 4-6 Ouiz, Review WS #2

Calculators permitted.

"1, Find the sum: ey
A ,

v

Y 1G + 102+ 321~ 1)7]
(=2 -
2., Use Sigma notation to write the sum:

3. Use 3 left rectangles to approximate the area of the region bounded by

(%)
=

-8

+. 4 9

) =1+ 2x?, the x-axis, x =3, and x = 7.

4. Use the table of values on the right to estimate  |x |2 |5

the below:

a. Use2 middle rectangles with intervals
indicated by the table to estimate the
area between the curve and x-axis on
[5,13]

5~;/§ s-«/Z_I_ 5—«/6_1_5

16

Use 3 left-handed rectangles with
intervals indicated by the table to
estimate area between the curve
and x-axis on [2, 14]

6 |8 |12 |13 |14
f |1 (2 |8 [3 |1 |6 |5
C,

Use 2 trapezoids with interval indicated
by the table to estimate area between the

+ cutve and x-axis on [6, 14]

5. Given the region bounded by g (x) 3+2x2, the x-axis, x = -2, and x = 1. Use the limit definltlon to

find the exact area of the region,




Find the general antiderivative of g(x). (Find [ g(x)dx)

6.g(x) = 3.cosx — 5 sinx + cscx cotx — 3v/x

. 2 1
‘ .4. .

X

9. Find the general expression of f(x) if f"(x) = 3x® + 5x*— x + 5

- 10. Find the gpecific expression of f(x) if  f'(x) = 5x2+9x —4, f(0)=17




AP Calculus AB 4-1, 4-2, 4-6 Morning Review WS #3

Calculators permitted.

AN

3 -
1. Find the sum: Z[(Zi +1)" =+ (8i + 1)3]
=1 . _

w*wzgy_ﬁv_@

2. Use S1gma notation to write the sum: —— +— +

64 125 216

3. Use 4 middle rectangles to approximate the area of the region bounded by
S =3+ 2x?, the x-axis, x = 1, and x = 7.

4, Use the table of values on the right to estimate X 1 |5

the below;

Use 3 middle rectangles with intervals
indicated by the table o estimate the
area between the curve and x-axis on
[1,15]

5. Given the region bounded by g (x) = 3 — 2x*
find the exact area of the region,

Use 3 right-handed rectangles with
intorvals indicated by the table to
estimate area between the curve
and x-axis on [35, 11]

Find the general antiderivative of g(x). (Find [ g(x)dx)

6 8 11 113 ['15
fx)y[4 |2 |7 [3 |1 |6 |5
¢.  Use 4 trapezoids with interval indicated

by the table to estimate area between the
curve and x-axis on [6, 15]

, the x-axis, x = -1, and x = 1, Use the limit definition to

H



 b.g(x) = x(2% —1)?

: 1
, - 2
7.9(x) o \/¥.+ 3x "

9. Find the general expression off (x) if /"'(x) = 2x% + 3%+ x— |

10, Find the specific expression of f (X) if  f"Go) = 12%% +18x —4, f(-1)=9, and f(1)=3




AP Caleulus AB 4-1, 4-2, 4-6 Morning Review WS #3

L et Y[+ -G y] < (o?cw« (3030) 5 (o?@z

2, Use Sigma notation to write the sum:

3. Use 4 middle motamgles to-approximate the area of the region bounded by

e .;%:.!m é%wg« /WA’””” (:Z/)’" (/%) ,F(I?) 3%’( J

“Caloulators pornntted

LWy 52 7%, 3,7 m{ﬁ)
7[ 7f 7[ W18,

64 125 2]6

fx) = 3+ 2x%, the x-axis, x = 1, and x =7,

N

3 PR 3 /
" b i ‘.'4 .2,(7 /Qf’.)t (2‘//@)" (4?‘/95)#«/3‘//‘25" 375)
8 T o
4. Use the table of values on the 11g,ht toestimate {x |1 (5 |6 |8 |11 [13 |15
the below: T[4 |2 (7 [3 |1 [6 |3

ﬂ;a

a. Use3 middle rectangles with intervals b, Use 3 right-handed rectangles with 1 Use 4 trapezoids with interval indicated '
indicated by the table to estimate the intervals indicated by the tableto -by the table to esthmate avea between the :
'?rea between the curve and x~axis on - estimate area between the curve curve and x-axis on [6; 15] -

{1,151 ' andx~ax1<; on [5 11] ' o W
g Y : W: | 5’(/?"{4 [AM]
I e r“wmx . ,
i |
[é]?{ll [13] 13> } /(K/ . | é[}llm;é/}"g
(713) 1165 "uz-’-- 3 ’”“”5311 ' .:

5(,;2)«&6”(3)#4(5) [j I(7)+ 2(3)+ 3[1) m@ g[wﬂ-*53[5’%]*592“[?46]*%[‘543']@
: | |

Ot 3 7)) o3 D

5. Given the region bounded by g (x)=3—2x*, the x-axis, x = -1, and x = 1. Use the limit, definition to

find the exact area of the region.

1quw)““W“6nﬁ

)

)
Z"f\ [B*QC’" l’r‘\ta”“ s
-} ‘



———y . : -

lind the genelal antidetivative of g(x). (Find { g(x)dx) n
6 = x (2 1 %

gx) = x(2x — 1) S'x (4C-ax+1) «/?X

X(9x-1) JX B
j j‘fx3~ I ex x
jx (3003 (2x-1) dx |
| 4 1 -
7.9(0) = 7=— %+ 3%~ %\ y

¥ e lf{.?i__)“_ X 13

' -l K l/‘ 4 | =4 .
Sfo SRV X dx

3—*2\/354- Yx

T~ At K
¢ f -1, R ANR
@ .7 /2_+x/4) lde)( :?/2 %"fc_.

\Jﬁ ' <2 .T'Z/ Ll 3/ .

9. Find the gemeral expression of £(x) if f"(x) = 2x* + 3x%+ x — 1

e 2 ' lf “ . |
“F/X>mj‘1x3“+3>< tx-]dx - ‘FM“ 'M* x+*fi"£-7ﬁf+cx+k'

) < Ly 5,
)= /0>< X ”x_“”i»‘xz# cxt K

e —

10, Fmdthemi_ﬁ_exp1ess1onoff(x)1f f"(x) 124% +18x — 4, f( 1)=9, andf(l) =3

'  nf,/x‘bjmx--ng»-%fx 1 FB)=Uxk DA flicy=xt4 3x- 2+ K
N O foc -t b 3= ()" 50y-a0)+k
() B zqu - [x) lfx:?x e Fult3-2+k

= tefetc-see | £69= B B0k | isk

.




4.2 Exercises -

ding a Sum In Exercises 1-6, find the sum. Use the

9
(3i + 2) 2 2(k2 + 1)
k=3
1 53
- 4 ~
o k21 [=Y)

c 6.
< i

M- 1]

i

[G~ 12+ @+ 1)

U ing Sigma Notation In Exercises 7-12, use sigma
bstation to write the sum,

11,1 1
B L IR =
30 5@ T 50) 5(11)

9 L9 L 9 L.,

16) ]+ [7E) o) -+ [7(G) +
WL e
o[ -2

| (1 + %)2](%) teet [2(1 + 3n_n)2]<%>

W
(=3

7 14, ' —18

=1 . . i=1
< 24 16
;‘241' 16. ) (5i — 4)
=1 i=1 -
20 10

3G - 1) 18. Y (@2 ~1) -
=1 i=1
.15 25

2 ii — 1) 20, (B - 2)
=1 =1

d 10,000,
2+ 1 T n T4
T 22, ,Z‘l =
6k(k — 1) n 9B — 3 )
S &t

T By=Ja

42 Area 263

see GalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

Approximating the Area of a Plane Region In
Exercises 25-30, use left and right endpeints and the given
number of rectangles to find two approximations of the area of
the region between the graph of the function and the x-axis
over the given interval. ’

25, f(x) =.2x + 5,[0, 2], 4 rectangles

26, f(x) =9 — x., [2, 4], 6 rectangles

27. g(x) = 24 — x — 1,2, 5], 6 rectangles .
28. glx) = x2 +1,[1, 3], 8 rectangles ’

29, f(x) = cos %, [0, —272], 4 rectangles
30. g(x) = sinx, [0, 7], 6 rectangles

Using Upper and Lower Sums In Exercises 31 and 32,
bound the area of the shaded region by approximating the
upper and lower sums. Use rectangles of width 1.

3t Y 32, Y

N WS

= N W s L

X X

1 2 3 4 5

Finding Upper and Lower Sums. for a Region In
Exercises 33—36, use upper and lower sums to approximate the
area of the region using the given number of subintervals (of
equal width). '

"M.y=Vx+2




| .2 Selected HW

Using Upper and Lower Sums In Exercises 31 and 32,
bound the area of the shaded region by approximating the
upper and lower sums. Use rectangles of width 1.

Find Upper Sum on interval [1,4] Find Lower Sum on interval [1,4]

IELAR EVER

Find Upper Sum on interval [1,:6'] Find Lower Sum on interval [1,5]
32, i
dronssadn 5 -
4
3
9
,,,,,,, 1 e
- X




Finding Upper and Lower SBums for a Region In
Exercises 33--36, use upper and lower sums to approximate the
area of the region using the given number of subintervals (of
equal width). '

Find Upper Sum Find Lower Sum

Find Upper Sum Find Lower Sum
36. y =
¥ ¥
i i




264 Chapter 4 Integration

Finding a Limit In Exercises 37-42, find a formula for the

sum of » terms, Use the formula to find the limit as n — co.

T & (3\(3

. hm 2w S 2()(”)
>. n 1 Y L2 2i 2 2
= (i — 1)2 i =~ =
3. lim 2 550 = 1) 40. m;(” )()

. . : N3
41, tim 3 (1 + i)(z)- 42. lim 2(2 + ﬁ) (§>
n—00 (=4 n/j\n n—oo (=4 n n

43, Numerical Reasoning Consider a triangle of area 2
bounded by the graphs of y = x,y = 0, and x = 2,

(a) Sketch the region.

(b) Divide the interval [0, 2] into n subintervals of equal width
and show that the endpoints are

o l(g) <<t 0f2) <af2),

" (c) Show that s(n =Y (i - 1)(%)](%)

=1L

(d) Show that (i Z [ (%)](%)

(e) Complete the table,

10 | 50 | 100

(f) Show that lim s(n) = lim S(n) = 2.
n—co n—co

44. Numerical Reasoning Consider a trapezoid of area 4
bounded by the graphs of y = x,y = 0,x = 1, and x = 3.

(a) Sketch the region.

(b) Divide the interval [1,3] 1nto n subintervals of equal width
and show that the endpoints are

1<1+1<2)< -~<1+(n—1)(%><1+n<-r2;>.

(c) Show that s(n) = i[ (i — 1)(%)](%)
(d) Show that S(n) > [1 + z(i)](%)

(e) Complete the table.

];M= W

10 | 50 | 100

(f) Show that lim s(n) = lim S(n) = 4. °
, oo R—0

ST f(y)=y4 0<ys5

1 which value best approximates the area of the region

| 67. Upper and Lower Sums In your own words. andf

Finding Area by the Limit Definition In Exercg
45-54, use the limit process to find the area of the regi
bounded by the graph of the function and the x-axis over ¢
given interval, Sketch the region.

45, y= ~dx+5 [0,1] 46 y=3c—2 [2,5]

47, y=x*>+2, [0,1] 48, y =32+ 1, [0,2]
49,y =25~ [1,4] 50.y=4-x% [-2,2]
51.y=27—x, [1,3] 52y =25~ [0,1]
53. y=x*-x, [-1,1] 54.y = 2%~ 2, [1,2]

Finding Area by the Limit Definition In Exelcls?
55-60, use the limit process to find the area of the regigy
bounded by the graph of the function and the y-axis over {
given y-interval. Sketch the region.
55 f(y) =4y, 0sy=2

56. g(») =3y, 2sys4

58, f(y) =dy~y* 1sy=s?2
59. g() =42~ », 1
60. h(y)) =y +1, 1<y=<2

A

Approximating Area with the Midpoint Rule
Exercises 61-64, use the Midpoint Rule with n = 4
approximate the area of the region bounded by the graph of {
function and the x-axis over the given interval,

6L f(x) = x> +3, [0,2]
62. f(x) = 5+ 4x, [0,4]

§3. flx) = tanx, [0, :ﬂ

64, f(x) = cos;c, [O, %T]

WRITING ABOUT CONCEPTS .
Approximation In Exercises 65 and 66, determine

between the x-axis and the graph of the function over the
given interval. (Make your selection on the basis of a sketch
of the region, not by performing calculations.)

65. f(x) = 4 ~x2, [0,2] A
@ -2 ®6 @10 @3 @ 8

.66, f(x) = s1n—— [0 4]

@3 ®1 © -2 @8 (@6

using appropriate figures, describe the methods of upper .
sums and lower sums in approximating the area of a region. §

68. Area of a Region in the Plane Give the definition
of the area of a region in the plane.




310  Chapter4 Integration

4.6 Exercises

" Using the Trapezoidal Rule and Simpson’s Rule In
Exercises 1-10, use the Trapezoidal Rule and Slmpson’s Rule
to approximate the value of the definite integral for the given
value of ». Round your answer to four decimal places and
compare the results with the exact value of the definite integral.

, .
2.j<4+1)dx, n=4
f =dx, n=4

6.f Yrxdx, n=28
[

2
l.fxzdx, n=4
0 : .
2
3.fx3dx, n=4:
)
X .
5.fx3dx, n==6"
1
9
7.fJJ_cdx, n=38
4

A .
R .

10. f 22+ 1dx, n=4
o .

4
8.J(4—x2)dx, n=26
l .

4%) Using the Trapezoidal Rule and Simpson’s Rule In

Exercises 11-20, approximate the definite integral using the
Trapezoidal Rule and Simpson’s Rule with n = 4. Compare.
these results with the approximation of the integral using a
graphing utility,

2
. 1
11. | /1 + 3 dx 12.f—~dx
J(; , o /1 + 23
14.f x sin x dx
/2 .
o
16.] tan x2 dx
0

/2
18. j V1 + sin?xdx
o

1
13.f VxS =xdx
. 0 .
Va2
15.] sin x2 dx
0

3.1
17. f’cosx%ix
3

/4
, 19.f xtan x dx
0

sin X,

2, ff‘(x)dx, =] *7°

1, x=0

WRITING ABOUT CONCEPTS

integral J” £(x) dx based on polynomial approximations of [}
Jf. What is the degree of the polynomials used for each?

22. Describing an Error Describe the size of the error g
when the Trapezoidal Rule is used to approximate |§

* explain your answer,

[Estimating Errors In Exercises 23-26, use the .¢
_formulas in Theorem 4.20 to estimate the errors in approxima

*(b) Simpson’s Rule.

*0,00001 using (a) the Trapezoidal Rule and (b) Simpsen’s Rui

, 2
29. f Vx+ 2dx
' 0

1
- 33, j tan x2 dx
' 0

21. Polynomial Approximations The Trapezoidal Rule [if
and Slmpson s Rule yield approximations of a definite

f f(x) dx when f(x) is a linear function. Use a graph to [§

see GalcChat.com for tutorial help and worked-out solutions tb edd-numbered exercises,

the integral, with n = 4, using (a) the Trapezoidal Rule
3

23. f 2x3 dx
1

L
SN

Estimating Errors In Exercises 27-30, use the err
formulas in Theorem 4.20 to find » such that the error in ¢
approximation of the definite integral is less than or equal

s -
24. f (5% + 2) dx
3 0

.26, J cos x dx
0

1 ' 1
27._£;dx 28. L 1_}_xdx
/2
30.] sinxdx
0

Estimating Errors Using Technology In Exercises 31-3
use a computer algebra system and the error formulas to fin
n such that the error in the approximation of the defini
integral is less than or equal to 0.00001 using (a) t
Trapezoidal Rule and (b) Simpson’s Rule,

2 2
31.f 1+ xdx 32.'[ (x + 123 dx
0 .

0

L i

34, f sin x% dx
0

35. Finding the Area of a Region Approximate the area
the shaded region using

(a) the Trapezoidal Rule with n = 4,
(b) Simpson’s Rule with r = 4.

y y

10 C 10

8 8

6 6

4 4

20 24t

. :
1 2 3 4 5 2 4 6 8 10

Figure for 35 Figure for 36 .

36. Flndlng the Area of a Region Approx1mate the area
the shaded region using

(a) the Trapezoidal Rule with n = 8.
(b) Simpson’s Rule with n = 8.

37. Area Use Simpson’s Rule with n = 14 to approximate the;
area of the region bounded by the graphs of y = /x cos %
y=0,x=0,and x = 7/2.
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ltegration and Differentiation In Exercises 1 and 2,
® yify the statement by showing that the derivative of the right
e equals the integrand of the left side.

6 2
J.(—';Z)dx =;§+C
8x3+—1—>dx=2x4——1~+c :
2x? 2x

ing a Differential Equatibn In Exercises 3-6, find
eneral solution of the differential equation and check the

Yogp ' 4.%=5'
@ an : B _ s
fx o 6_'dx %

riting Before Integrating In Exercises 7-10,
lete the table to find the indefinite integral.

Simplify

riginal Integral  Rewrite Integrate
[ [
L AN e
AR PSR R R

ing an Indefinite Integral In Exercises 11-32, find
ndefinite integral and check the result by differentiation.

12. f(13 — %) dx

14. J.(8x3 —Ox* + 4)dx

16. f(ﬁ'kz%/'lx)dx

f@/a?dx 18. f(é/?ﬂ)ax
1 3
;dx 20. fx—.,dx
+ . - 2
x\/;dx 2. fx’* z): +5dx

f e+ 1)B3x — 2) dx 24, f e +3)2dt

(5cosx + 4sinx)dx 26 j (2 ~ cos f) dr
(1 ~ cscreotd) dt 28, J(e2 + sec?6) do

f (sec? 9 — sin 6) d6 30. fsec y(tany — secy) dy
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see CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

31, f(tmzy + 1) dy 32. f(4x — ¢8¢% x) dx
Sketching a Graph In Exercises 33 and 34, the graph of
the derivative of a function is given. Sketch the graphs of fwo
functions that have the given derivative. (There is more than
one correct answer.) To print an enlarged copy of the graph, go
to MathGraphs.com.

33 Y A 34, 7

6+ P 21
1-..
2 — -
-2 -1 12
— . +
-4 -2 2 4
-2 -2

Finding a Particular Solution In Exercises 35-42, find
the particular solution that satisfies the differential equation
and the initial condition.

35, f(x) = 6x, f(0) = 8

36, g'(x) = 42, g(—1) = 3

3. ) =88 +5, W) = —4

38, f(s) = 10s — 128, fF(3) = 2

39, f(x) = 2, f(2) = 5, f(2) = 10

40. f"(x) = 2% f10) = 8, f(0) =4 -

41 f"(x) = x73/2, f'(4) = 2, f(0) = 0

42, f7(x) = sinx, f(0) =1, fF(0) =6

% Slope Field In Exercises 43 and 44, a differential equation,

a point, and a slope field are given, A slope field (or direction
field) consists of line segments with slopes given by the
differential equation. These line segments give a visual
perspective of the slopes of the solutions of the differential
equation, (a) Sketch two approximate solutions of the
differential equation on the slope field, one of which passes
through the indicated point. (To print an enlarged copy of the
graph, go to MathGraphs.com.) (b) Use integration to find the
particular solution of the differential equation -and use a
graphing utility to graph the solution. Compare the result with
the sketches in part (a). '

L, dy dy 1
43, = =x2-1,(-1,3 44, ==—5x>0,(,3
dx (=1,3) dx ) (1,3)
y M
VIl 7e3%s—2 111 SR
L7 7=~f~—=7111 34ie
[ 11 7—~%~N—7111 VN
[ 11 Z7=~{~N~/7 111 VABIN
Pl 7=~kN—/ 1 || 1——R
L1 7=~y~=7 1] i
}—f—t—- frrifrfgr- X 1% x
“F /=N SN2 113 S ERRIN
PLdZ2=~e~—7 1 11 Tiw
VIl 7=~y ~=7 111 24\ Nw——
11 7=~fN—7 ] T RN
P17 7—=~f~=r 111 B NN
111 7-a%~—7111 R NN —
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Slope Field In Exercises 45 and 46, (a) use a graphing
utility to graph a slope field for the differential equation, (b)
use integration and the given point to find the particular
solution of the differential equation, and (c) graph the solution
and the slope field in the same viewing window.

o - 46. L =2 /5 4 12)

45, T

2, (-2, —2)

WRITING ABOUT CONCEPTS

the difference, if any, between finding the antiderivative of
f(x) and evaluating the integral [ f(x) dx?

48. Comparing Functions Consider f(x)
g(x) = sec? x. What do you notice about the derivatives of
flx) and g(x)? What can you conclude about the
relationship between f{x) and g(x)?

49. Sketching Graphs The graphs of f and f* each pass
through the origin, Use the graph of f” shown in the figure

of the graph, go to MathGraphs.com.

Josemaria Toscano/Shutterstock.com

47. Antlderivatlves and Indefinite Integrals What is |

= tan?x and [

to sketch the graphs of fand f”. To print an enlarged copy . |

V'OSS GrandCanyon-.-.............‘

.51, Tree Growth An evergreen nursery usually sells a certa1
type of shrub after 6 years of growth and shaping. The growj
rate during those 6 years‘is approximated by d#/ dt = 1.5t +
where ¢ is the time in years and % is the height in centimetey
The seedlings are 12 centimeters tall when planted (¢ = ()

(a) Find the height after ¢ years, .
(b) How tall are the shrubs when they are sold?

Population Growth The rate of growth.dP/dt of
population of bacteria is proportional to the square root o
where P is the population size and ¢ is the time in g J

52

{0 = ¢ = 10). That is,
dP '
Pkl

population has grown to 600, Estimate the population afte'
7 days.

Vertical Motion In Exercises 53-55, use a(f) = —32 fee
per second per second as the acceleration due to gravity
(Neglect air resistance.)

53. Aballis thrown vertically upward from a height of 6 feet withi
an initial velocity of 60 feet per second. How high will.
ball go?

54. With what initial velocity must an object be thrown upw
(from ground level) to reach the top of the Washmgton
Monument (approximately 550 fect)?

55. A balloon, rising vertically with a velocity of 16 feet pei
second, réleases a sandbag at the instant it is 64 feet above the
- ground.

(2) How many seconds after its release will the bag strike th’
ground?

(b) At what velocity wiil it hit the ground?

Vertical Motlon In Exercises 56-58, use a(t) —9.8 mete!
per second per second as the acceleration due to grawty
(Neglect air resistance.)

56. A baseball is thrown upward from a height of 2 meters wil
an initial velocity of 10 meters per second, Determme it
maximum height.

57. With what initial velocity must an object be thrown upw;
(from! a height of 2 meters) to reach a max1mum helght
200 meters? »

- The Grand Canyon is
1800 meters deep at its
deepest point. A rock is
dropped from the rim
above this point, Write
the height of the rock as
a function of the time ¢
in seconds. How long
will it take the rock to
hit the c'anyon floor?

il




b Lunar Gravity On the moon, the acceletation due to
avity is —1.6 meters per second per second. A stone is
opped from a cliff on the moon and hits the surface of the
‘moon 20 seconds later. How far did it fall?. What was its

scape Velocity The minimum velocity required for an
bject to escape Earth’s gravitational pull is obtained ffom the
olution of the equation

1
vdy = —GMJ;; dy

here v is the velocity of the object projected from Barth, y is
e distance from the center of Earth, G is the gravitational
onstant, and M is the mass of Earth. Show that v and y are
{ated by the equation M

ilinear Motion In Exercises 61-64, consider a particle
ng along the x-axis where x(f) is the position of the
¢le at time £, x/(¢) is its velocity, and x”(f) is its acceleration.
=P —-62+9%—-2 0<ts5

a) Find the velocity and acceleration of the particle.

) Find the open #-intervals on which the particle is moving
to the right, :

¢) Find the velocity of the particle when the acceleration is 0,

lepeat Exercise 61 for the position function
D=¢—-Dr—-37% 0=st<5

particle moves along the x-axis at a velocity of v(f) = 1//4,
>0 At time ¢=1, its position is x = 4. Find the
cceleration and position functions for the particle.

\ particle, initially at rest, moves along the x-axis such that its
ceeleration at time ¢ > 0 is given by a(f) = cos #. At the time
= 0, its position is x = 3.

) Find the velocity and position functions for the particle.
b) . Find the values of ¢ for which the particie is at rest.

Acceleration The maker of an automobile advertises that
ttakes 13 seconds to accelerate from 25 kilometers per hour
0 80 kilometers per hour, Assume the acceleration is constant.

f(2) Find the acceleration in meters per second per second.
b) Find the distance the car travels during the 13 seconds.

Deceleration A car traveling at 45 miles per hour is
ught to a stop, at constant deceleration, 132 féet from
ere the brakes are applied.

How far has the car moved when its speed has been
reduced to 30 miles per hour?

reduced to 15 miles per hour?

G)Draw the real number line from 0 to 132, Plot the points
found in parts (a) and (b). What can you conclude'?

)) How far has the car moved when its speed has been
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67. Acceleration At the instant the traffic light turns green, a

" car that has been waiting at an intersection starts with a
constant acceleration of 6 feet per second per sécond. At the
same instant, a truck traveling with a constant velocity of
30 feet per second passes the car.

(a) How far beyond its starting point will the car pass the
truck? ‘

(b) How fast will the car be traveling when it passes the truck?

68. Acceleration Assume that a fully loaded plane starting
from rest has a constant acceleration while moying down a
runway. The plane requires 0.7 mile of runway and a speed of
160 miles per hour in order to lift off. What is the plane’s

acceleration?

True or False? In Exercises 69-74, determine whether the
statement is true or false, If it is false, explain why or give an
example that shows it is false.

69. The antiderivative of f(x) is unique.

70, Each antiderivative of an nth-degree polynomial function is an
(n + 1)th-degree polynomial function.

71. If p(x) is a polynomial function, then p has exactly one
antiderivative whose graph contains the origin.

72. If F(x) and G(x) are antiderivatives of f(x), then
F(x) = G) + C.

73, I F(x) = g(x), then [g(x) dx = f(x) + C.

74, [£(3)g() dx = [£(x) dx [e() dx

75. Horizontal Tangent Find a function f such that the graph
of fhas a horizontal tangent at (2, 0) and f”(x) = 2x.

76. Finding a Function The graph of f’ is shown. Find and
sketch the graph of f given that f is continuous and £(0) = 1.

y
2 0-],—0
1_..
B e s S
1 2 3 4
] 4——0
i,

77. Proof Let s(x)andc(x) be two functions satisfying
s(x) = c(x) and c’(x) = —s(x) for all x. X 5(0) =0 and
¢(0) = 1, prove that [s()]2 + [c(x)]* = 1.

PUTNAM EXAM CHALLENGE

78. Suppose fand g are non-constant, differentiable, real-valued
functions defined on (—oo, 0o). Furthermore, suppose that
for each pair of real numbers x and y,

15
fl+y) = f@f(y) — gx)g(y) and &
glx +7y) = f(x)g(y) + gWf(y). §

" If £/(0) = 0, prove that (f(x))? + (g(x))* = 1 for all x. %
This problem was co}nposed by the Committee on the Putnam Prize Competition, rc
© The Mathematical Association of America. All rights reserved, E‘E




