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Calculus Chapters 4.3/4.4a 15t Fundamental Theorem of Calculus

()

J| f@ate=F®)-F(a)

where F is the antiderivative of £,

Recall:

*The general derivative is a slope-finding function er formula : (ex. f‘(x) =2x + 1)

*The speciﬁc ;ierivative is the actual slope at a point (ex: £°(3)=7)

Likewise...

The indefinite integral is an Area-Finding Function-or formula (Ex: f 2xdx=x*+C ) |

The definite integral is the Actual Area of the region for an interval (Ex: f 2xdx =8 )

*If a function is continuous on a closed interval, then the function is able to be integrated on that interval

Class Tixamples:

4
1. Evaluate J.l (3x2 +4x—1)dx

**NOTE: For definite integrals, we don't need to worry about the constant of integration “ +C “. It will always

wash out.

‘ 1 _
2. Evaluate le‘ 2xdx

0




Integral Properties;

[ FG)de=0
2) [£(d==[[ £ ()

3) Lff (x)dx = Lc J(x)dx + J;b S (x)dx (.gi;/en that ¢ is between a and b)
3 6 .
Example 3: If Jf (X)dx =4 and If (x)dx = ~1 find the below:
0 3
6
a) | £(x)dx
0
3
b) [ f ()
s
,
o [fGs
3.

d) j(~5 F(x) +3)dx

B 4 If ) f/()dx = 10 and f(8) = 6, find £ (3).

*Reminder that the FETC can be used as an equation solving tool to find the value of an antiderivatlve at a

spedific point. Recall that J.: S (x)dx = f(b)- f(a)

Ex.5: The area for sach region is ghvm_l Find j; Flx)dx




Differential Calculus vs Integral Caleulus Summary Sheet

Differential Calculus (Derivative)
Explores rates of change

Integral Calculus (Antiderlvative)
Explores the accumulation of change

Slope m = 22Xt

Area = (xy~ %) X (¥2 — ¥1)
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F(x) = 3x?
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# The area under the derivative graph is equal to
the rise In height of the antiderivative graph

+ The average slope of the antiderivative graph
Is equal to the average helght of reglonunder derivative graph

1 b
Avg value f(c) = 5o af fldx

econd Fundamental oremof Caleulus (SFTC

4 [ f Pe j’(t)dt] = F(p()) * p'(x)

First Fundamental Theorem of Calculus (FETG)

b
fa f'(x)dx = £(@) - £(b)




Rifferential Colculus ve Integral Caloulus Summary Sheet,
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Calculus Chapter 4.4b Average Value Theorem (MVT for Integrals)

If function f Is integrable on the closed interval [a,
b], then the average value of f on the interval is_

. 1 &
f@)=5= ] s

*There exists a rectangle such that the aréé of the rectangle is the same as the area under the curve
(shaded region). £ (¢) is the height of the rectangle

' Example 1: ~ a) Eind the average value of f{x) = x*+1 on[2, 5]. b) find the ¢ value



2™ Fundamental Theorem of Caleulus ( .SFTC) ‘ K

Definite Integral as a Function.
. To recap, wo’ve covered:

1) Indefinite General Integrals (Area~finding functions)
2) Definite Integrals (Finds Area between 2 x-values)

Thete is also now a function that is the integral itself. Instead of going from a constant to another
constant, we are going from a.constant to a moving value of x,

Consider: J (%) = _[f Odt /[’\l\ w-*/ﬁ%m
a | L L .

2" Fundamenta) Theorem of Caleulus **Very Important““*-

Applies the concept that derivative and integrals are inverse operations of each other,

4 [# i :
1) ;l; ] f®dt | = f(p(x)): p'(x) (a is a constant)
d':p(gr) - " ) |
2 % | f@adt |= f(p))-p'(x)~f(gx)-q'(x)
1a() A -

‘ Example 2:

a) %[ j vt +4dz‘}= b) %ﬁ«/ﬂdr]m ' | "

)

d

ik ¢ 1
AN WA 0) | [——at|=
o dx[l-[) t ldt:l— | )dext+2 J

o) gx—[ | (2t+.3)d‘t]= -



«wv) f6 b (42) drnday
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Calculus Chapter 4.5a U-~Substitution Method for Indefinite Integrals

U-Substitution is the reverse of the derivative chain rule. We want to look for a function and its
derivative to be in the integral,

Example 1:
Suppose f(x) ;\sin(Bx)
¢ 3" . ‘
f'(x) = cos(3x) + 3 _
f'(x) = 3 cos(3%) [3cos(3x)dx = sin(3x) + C

This means that;

U-Substitution Steps:

1. Assign the ‘v’ value to the expression inside the parentheses.

13 » * d
Find the derivative of u: a—:f

2

3. Solve for dx.

4. Rewrite the integral in terms of wand du. (Check to make.sure no *x” or ‘dx’ remains)

5. Evaluate the Integral

6. Write the answer in terms of x, _

7. **Not all Integral problems require U-Substitution. Check first to see if expansion/rewriting
problem will allow problem to only need the Power Rule*#*-

Ix, 2: ‘J..x(xz + l)lsdx

Ex. 3: _f x sécz(2x3)dx, |

Ex. 4 IxB\/S—x4dx



Ex. 5: f tan® x sec® x dx

Ex. 6: J.(3 - y)

Change of Variable U-Substitution Method:

Ex. 7T: jxv x+3dx

. Ex. 8: J.XZ\/Z—*xdx



Caleulus Chapter 4.5b U-Substitution Method for Definite Integrals
U-Substitution with definite integrals: Be sute the bounds matches the variable of the problem

2
Ex. 1: J,Z.X‘(JCZ -2)3dx
1




Integrals of Qdd and Fyven Functions

3 3 19 .
Review: Suppose: f fx)dx=9 and J' S(x)dx =5, find f Fx)dx
10 ~1 v u -1

EvenZOdd Rules:

Even: jl. S(x)dx ij! J(x)dx

odd: j FE)db=0

L 3 -3 3
Ex. 3: Suppose g(x) Is an even function where .f g(x)dx =2 and _'[g(x)dx =4 Find _f g(x)dx .
) 0 ~4 =4

(Sketch a possible graph using the above given information)

3 -3 3 "
-~ EX;4t -Same as-Example 3;-but g(x-)-'is--anroddfunetio.nzlf--g(x)dx«mvz -and---«-.f-g(x).dx~m-»4 «Find- J' gldy - - e e
0 -4 C -4

_ o L e 3 6 '
" £, 8:° 1 Is even and | f(x)dx="7 and [ f(£)dx =12, find [ f@ax
3 =) e 0

3



Non-AP Calculus Chapter 4.5

Integration and U-Substitution Worksheet

1)
/ (52 -+ 4)® dx

2)

/ (L3 4 4P di

3) 4)
S 52
/ Vi e B d _[ ““‘“L““dx
NVx® -2
5) 6)

‘ f cos(2z -+ 1) dz

/ sin'%(x) cos(x) da
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Non-AP Calculus Chapter 4.5 Integration and U-Substitution Worksheet
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AP CALCULUS AB Integral Unit Additional Notes

Displacement is how far you are from where you started. displacement = f: v(t)dt where v (7)
is the velocity function. ( displacement = integral of velocity )

Distance is the total amount a particle has traveleé‘.' 'distancé = f: [v(t)|dt .
(distance = integral of absolute value of velocity)

Ex) Suppose the graph below represents an object’s velocity function. The numbers inside of
each region represent the area of that region.

10 |

a - 2 b

\ 4

Based on this graph the object’s displacement from a to b would be the integral of this function
fromatob:

The object’s distance trayeled would be the integral of the absolute value of this function :

Position, Velocity, Acceleration

the derivative of position is velocity, the derivative of velocity is acceleration

So, the antiderivative of acceleration is velocity and the antiderivative of velocity is position

Acceleration s’’(t) -+ + - -
Velocity s’(H) + - o+ -
Speed | increasing | decreasing decreasing increasing

Speed is decreasing when s’(t) and s’(t) have opposite signs



Example 2:

The derivative of f(x) is graphed above. Use this graph to answer the following:

a) Find the x-coordinates of all relative
extrema. Justify your answer. ~..""

b) Find the x-coordinates of all points of

inflection. Justify your answer.

o) Ef(0)=1,find /(1)./(2),/ (), and f (4).

d) State the absolute extrema and the x-values
where they occur.

e) -Find total distance traveled from t =0 to
L ot=4

f) Find total displacem,eﬁt-from t=10to
o t=4

g) Ontheinterval 1 <t<3, is speed
" increasing or decreasing? State reason:

h) Onthe interval 0 <t <1, is speed
' increasing or decreasing? State reason

i) "Using the data from parts a, b, and ¢, sketch a graph of ' (x) below




‘ fromatob

AP CALCULUS AB Inteeral Unit Additional Notes

Diplacement is how far you are from where you started. displacement = f: v(t)dt where v (£)
is the velocity function. ( displacement = integral of velocity )

Distance is the total amount a particle has traveled. distance = | : |[v(t)|dt .
(distance = integral of absolute value of velocity)

Ex) Suppose the graph below represents an object’s velocity‘function. The numbers inside of
each region represent the area of that region.

(t)

\4

Based on thlS graph the obJ ect’s dlsplacement from a to b would be the mtegral of this function

M‘;

Xva)afit 2i6.293 = [/

The object’s distance traveled would be the integral of the absolute value of this function :

g lV(i‘ﬁb‘a{‘t = ][ ~+ & ~t 3 /S— S(t) = fp;){'ff)'?\ ‘(ZM( /7%\
Posmon, Velocity, Acceleration VC"‘{) Ve /a ,—/ ’/0 Ua Q'f 5,
the denvatwe of pos1t1on is velocity, the derivative of Veloc1ty is acceleratmfl(f) —d ‘dé’&/}ﬂ{ 1 7(2’“ (’A 0l

Aste)= 57y - V() Lot =vid)= ale)

So, the antlderlvatlve of acceleraﬁon is velocity” and the antiderivative of velocity 4s position

et = v(»¢3+<., [ueadk= steee

Accelerauon I ’(t) o+ + - -
Velocity s’(t) - + - + -
Speed increasing | decreasing decreasing increasing

- Remember: Speed is increasing when s°°(t) and §(t) have the same signs

Speed is decreasing when s”’(t) and s’(t) have opposite signs




©

E;(ample 2:

v 5/933:;( N

ng. N ]
-1
15

]

The derivative of / Qxlris‘ graphed above. Use this grég“h to. answer the following:

a) Find the x-coordinates of all relative
extrema. Justify your answer.

Xzl é/c:‘ £) hay s fom
() —

b) Find the x-coordinates of all points of
inflection. Justify your answer. -

x=2 U £ @éfgfg ;jf;s'

c) f(0)=1, fmdf (1),/(2),f(3), and f (4).

£0) = f(é}“ﬁ*’j“ﬁ’(x)s&wﬁ =0
UAROF 54“(’)@ =04[= |

?(3) ’F‘(Qj«%jif?x}jx o [+ 32l
il = “F(?}%Yﬁf(x}«{)\ yaq =4

d) State the absolute extrena and the x-values
where they occur.

£()=0  Pu)=¢

e) Find total distance traveled from t= 0 to

=4

) Find total displacement from t = 0 to

t=4

g) Ontheinterval 1 <t<3, is speed

11,101‘@&1511‘10 or decreas ? State redson:
i ﬁé&ﬁ vty

£ 650 ;?“;e)*?ﬂ- |

h) Onthe interval 0 <t<1,is speed
increasing or decreasmg‘7 State reason

fffﬂfﬁgi’ (,4? .f!/eﬁ
"(x}"i x) 7

et

4

1) Usmg the data from parts a, b, and ¢, sketch a craph of f'(x) below '




Basic Differentiation Rules

d _ o,
1, dx[cu] = ¢y 2,
dlul v’ —w’
4 dx[v] Y 5
d
7. dx[x] = ] 8.
mflm 8| o pliy,! —_
10, dx[e 1= e*n 11,
13. %[sin u] = (cos u)u’ 14,
4 e — (056 1)/
16, T [cot u] (csc? w)u 17.
19 i[arcsin ul = o 20
" dx 1 =2 '
d _—u
22 dx[awcot ul = 5.7 23,
dr. - ,
25, T [sinh «] = (cosh u)u 26,
28. %[coth u] = —(csch® ' 29,

L
31, dx[smh u] =

34, —(!-[coth"1 u) =

Basic Integration Formulas
1, f kf(u) du = k | f(u) du
du=u+C

etdu=¢" 4+ C

4

w
— — ——

7. |cosudu=sinu -+ C

9, fcot wdi = lnfsinu| + C
11, fcsc wdu = —Inlescu + cotu| + C
13, f esc?udu = —cotu + C
15. fcsc weotudu = —cscu + C

17, fazf_lll_l ) 1a1ct'm +C

«

d
—lu :t —_ 4 ?
d [Ll V] =y Ly

dra

clx[c] N

dy

2Ll = ) w0
u’

ds [log,u] = (In a)u

}%[cos u) = —(sin u)u’

d _ ,
o [sec u] = (sec u tan w)u

—u’

V1= u?
uw’
|u|vu? -1

d e ,
= [cosh ] = (sinh w)u

arccos u] =

d
dx [

d
o [arcsec u] =

4 - ,
p [sech u] = —(sech u tanh 1)u
4 R RS
dx[cosh LL] - m
—{L[sech"l ] = o
dx U1~ 12

»

3 —d%[uv] = v’ + v’

d
6. ~—[u?] = nur-u’
6 —Lu]

d
dx[ln u] =
12, *‘i[a”] = (In a)au’
dx
15, [—l[tan u] = (sec® w)u’
dx -
18. %[csc u] = —(csc u cot uu'
d o u
21. a[arctan w) = 7
d _ i
24, dx[drccsc ul = ——-~—~l TP

27

%[tanh u] = (sech® u)u’

30

.

.i -] -
33, a,x[tanh u] T
droovt 1o —u
36, dx[CSCh 1) PN

2. f () + )] du = f Fu) du + f g(u) du

4, f atdu = (—1~>a" + C
1t
6. |sinudu= ~cosu+ C
8. [tanudu = —In|cos u| + C

10.

14.

—

6.

18.

J
f
J

12. f sec? u duy =
/
[z
o=

1
= - arcsec
/““__2
U — @

sec u du = In|sec u + tanu| + C
tanu + C

secutanudy = secu + C

= arcsm + C
Fm a

Ly

d P
T [esch u] = — (csch u coth u)u
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