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(Derivatives & Definition)






AP Calculus — 2.2 Notes ~ Limit Definition of a Derivative

Goal: To discover a formula to calculate the slope (steepness) of all tangent lines to a curved graph.
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General Limit Definition of the Derivative;

’ e fHR)=f(X)
/() = im LT

Alternate Limit Definition of a derivative

fx) —f(c)
x—c

f'(c) = lim

X—=C

Seaiint

function.

f'(x)is "f prime of x": This is the notation for the derivative

Derivative Is the slope (steepness) of a curve at a single polnt

*#The derlvative function is a slope-finding formula for a curved
graph, where the slope is of the curve is ever-changing.




General Limit Definition of the Derivative: Alternate Limit Definition of a derivative:

h-0 h x—+¢  X—C

Example 1: (a) Find the general derivative of f(x) = x?

(b) Write the equation of the tangent line to f(x) atx = 1 (point-slope form: y — vy = m(x — x4) )

(c) Write the equation of the tangent line to f(x) at x = —5

To Recap:

* f(x) is the helght-finding formula (finds the y-value of graph
at that polnt)

*Since (1) = 1, this tells-.us that when x = 1, the height of the
graph has a y-value of 1

*f 1(x) ts the slope-finding formula for the f(x) graph.

*Since f (1) = 2, this tells us that when x = 1, the slope of the
tangent line to f(x) has a slope (steepness) of 2.




®

General Limit Definition of the Derivative: Alternate Limit Definition of a derivative:
/ . fQeth)=f(x) , . FOO-F(©)
x) = lim ——t—""x ¢) = lim ==~
f1) = Jim LE £1(0) = lim £

Example 2: (a) Find the general derivative of £(x) = vx

(b) Write the equation of th,e,ptangent lineto f(x)atx =2 (point-slope form: y —y; = m(x — xq1) )
o ;_

Example 3: Use the alternative derivative definition to find slope of F(x) = x atx=2.

Differentiability: In order for a function to be differentiable (smooth curve) at a point a, then the graph
must be continuous at that point, cannot contaln a sharp turn & cannot have a vertical tangent at the polnt,

/\\,5 w/ a..../ i

a a a

Cusp / Corner Discontinuous Vertleal Tangent



Classwork Examples:

Henergl Limit Dafiniton of the Derivative:

Fi(x) = lim [lath)=f(x)

Find the derivative using limits s 3
Lo flx) e o i 2, e B ey
3oy =+Sxh2 4 flay =

st



Non-AP Calewlus 2.1 Definition of Derivative Practice Worksheet

1) Use the Limit Definition of a derivative to find £(x) if f{x) = 2x% ~ 3x + 1

_ JCeth)~1 ()
f1C) = lim ==

2) Use the Alternative definition of the derivative to find /'(2)if f(x) = V2 —x
= =IO

xX-C X —

- 3) Use the Limit Definition of a Derivative to find £(x) if f(x) = v2x — 1




4) Use the Limit Definition of a derivative to find £(3) if f(x)= gf—x-

5) Use either general or alternative method above to find the equation of the
tangent line to £(x) = 2x —3x* at x =-1, y =y =m(x —x)
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ativeof & Function Defingg

g
A ; _ 3
yaTable 4 function Y= £ (x) that 1s continyg,

i : !
. yalues of -in the interval (=1, 5), Apn M
The table below lists Sevggﬂv’ltive ateach number Pprox|l}<
5] and has a €T ,
interval [—1,5]ap

the derivative of fat2 "”7)"1”2/3’;
S ;
fx

e

i vatl function defined 1
Solution ., he derivative of a1 i
There are several ways 10 approximate : ximate the rate of change of f g 2,“.}-;

e
Each uses an average rate of change to app
change from 9 to 3, we have |

is the derivative of f at 2.
¢ Using the average rate of "
e f(3)—-f(2):33 : 12—:21
3-2

‘With this choice, f'(2) 18 approximately 21:2 _——
+ Using the average rate of change from 1 to 2,

2=1 1

|
With this choice, f'(2) is _approximately 9, ' o
+ A third approximation can be found by averaging the above two approximations. |

21 +9 :
Then #'(2) is approximately 5= 15. R |
| YA LLd Problem 51 and AP® Practice Problem 8. |
| -

2\ JASsess\YounUnderstanding : v, | )

|

' Concepts and Vocabulary 1
1. Trueor False The derivative is used to find instantancous 11, fx)= l at (1,1) 12. f(x)= «/f at(4,2) '
| velocity. x ) l
2. True or False The derivative can be used to find the rate of 13, f(x)= 1 . l . 2 [, 2 |

change of a function, fO= sl Lg W, fly=—ga|ls Ii

3. The notation f'(c) is read f .—— of ¢; f*(c) represents = 1 .

the — of the tangent line to the graph of f at the point . f&®) Ax at(l, 1) 16, f(x)= o at (1, 1) i

. -G . b b i

4. True or False  If it exists, llﬂ —x_g s the der_watWe of (n Prablems 17-20, find the rate of change of § at the indi cated

the function f at3. humbers. ' |

5. If flx)=6x—3, then /R =, 1. f()=5x~2 at(a)c=0 (h)c=2 |

6. The veloc’ity of an object, the slope of a tangent line, and the rate 18, fO) =22~ 1
of change of a function are three different interpretations of the

at () c=-—1, b)e=1
‘mathematical concept called the

E .1'2
19, f(x):m at(a) c=0, (b)e=1

i
. . - \_X i
Skill Building WI® = w@e=0, e
I Problems 7-16, InProblems 27-3 : - . vl |
, : number. 0. find the derivative of each function at the 8% |
(a) Find an equation for the tangent line to the graph of each

Junction at the indicated point, 2 f) =2 434

Fi 2 [t 22 f(x =3x -5 ﬂlz
(b) Find an equation of the normal line to each function at the 23, f)=xl=2a0 )
indicated point, 4 24, f(x)=2x2 44t 1

26. f(x)=2x2—x~73‘ =)

. ' _ 2 )
(¢) Graph the function, the tangent line, and the normal line at 25 f)=3x +2x45 at —1

the Indicated point on the same set of coordinate axes, 2. F)=yEath
7. fl)=3x2at(~2,12)

1
8 Flx)=x%+2at(~1,3) 28, f(-‘)=;-2-at2
2-5x
9. flx)=xVat (-2, -8 10, f(x)=x+1at(l,2) 29. f(x)= LT " f(x)=2+3x .
ey s
G T ———g




®

2.1 AP Practice Problems (p.171) — Rates of Change and the Derivative

1. Theline X+ y = 5is tangent to the graph of y ==
point where X = 2, The valyes ) an§ f'(2§) ;;ef (x) al the

B fO=2F Q=1 @ FQ@)=3; p2y = -
O I@Q=2SW =1 ® ;o3 py .,

2. The graph of the function £, given be)

: » OW, consists of
line segments. Find f/(3). ! three

¥
b (5.11)
104
5,4 1
( L ) 4“.
1 t 1 --'(O’}) 1 1 L ! (lus'l)
~6~4~2 | 2 4 6 8 10 12 14 15 ¥
Graph of f

A1 B2 (©) 3 (D) F3)doesnotexist
3. Whatis the instantaneous rate of change of the function
f(x) =3x* 4+ 5atx =27
A5 @B 7 <€) 12 (D) 17

4. The function f is defined on the closed interval [~2, 16]. The
graph of the derivative of f, y == f/(x), is given below.

The point (6, =2) is on the graph of y = f(x). Anequation of

:.. the tangent line to the graph of f at (6, ~2) is

RS (A) y =3 @) y+2=6(x+3)

a1 /\ o €) y+2=6x (D) y+2=3(x~06)
-3 AN i~ 16 ¥




Los

Si

6’

If ¥ — 3y == 13 §s an equation of the ine to
, , normal Jing to the g
of f at the point (2, 6), then 1/ (2) = gl
| 1 i | |
RY ot - 13

S~ f(=3)

If f is a function for which lim 4w (), theri

R T
which of the following staterients must be true?
(8) x=~3isa vertical asymptote of the graph.
(B) ‘The derivative of f at x == —3 exists.

(C) “The function f s continuous atx =3
(D) f is not defined atx e= ~3,

Y the position of an object on the x-axis .ﬂfﬁma risdi theathe

average velocity of the object over the interval 0 2% £ 518

A5 (B 20 (©40 (D) 100

A tank is filled with 80 liters of watér at 7 fm. (¢ & 0), Over the

next 12 hoitcs the water is contingously used and no water is. »
added to'replace it. The table below gives the amoiitit of

water A(f) (in Liters) remaining i the lank at selected times ;- -
where £ mieasures the number of houss after7 .. . -

Tl 0.12 | 511719 12
A() | 80 ] 71 | 66 60 | 54 | 50

Use the table to apprbx‘x'matf; A'(5).
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We
(b) See Fi o
hen % detemzieFif};mhzz' 'll"he 'functloln g is contmuotlxs at 1, which you should verify.
‘lha Form (1) ether g is differentiable at I, examine the one-sided limits at 1 using
Q) C
1 Forx <1,
"> i 808 _ . (-20-(-1) 22y
=i x—1 b x—1 ‘xl—])r?' x=1
. =2(x—1) |
= lim ——— = lim (=2) =~ Al
== x—1 xll,»r?‘( ) L ] g
Forx»>1, |
I
L 8x) —g() (= =(=1) —] I
hnt M: A s P -] £ e i
= ox—1 ,r]—lrrrl1+ x—1 _'xI—!rnl‘I*‘x 1 =2l
T'he one-sided limits are not equal, so lim M does not exist. That is, g is not |
- differentiable at 1. =l 1t

" B .Notice in Figure 21 the tangent lines to the graph of J turn smoothly around the ’
'c origin, On the other hand, notice in Figure 22 the tangent lines to the graph of g change
; abruptly at the point (1, —1), where the graph of g has a corner.

INSTAILe]( Problem 41 and AP® Practice Problems 3, 4, 6, and 7.

==

) f ~ . ‘ '
I 2 ssess\ St U R Tstanding - ] 'i|
Concepts and Vocabulary i
1 True or False The domain of a function f and the domain of its In Problems 17-22, differentiate each function f. Graph y = f (x) :
derivative function f' are always equal. and y = f'(x) on the same set of coordinate axes. nE
2 True or False If a function is continuous at a number ¢, thén it is 1 |
o differentiable at c, 17. fl)= 7% t1 18, f()=—4x -5 §
ve 3. Multiple Choice If f is continuous at a number ¢ and 19, f(x)=2x%—5zx ‘20, Flx)=—322 42 ) ] !
(€5 If lim f&-f@ is infinite, then the graph of f has 21, f(x)=x"~8x 22, f(x)=~x—38 A
e X—=0c 10
i
= [(a) a horizontal (b) a vertical () no] In Problems 23-26, for each figure determine if the graphs I i !
) represent a function f and its derivative f', If they do, indicate i i1 |
tangent line at c. ] which is the graph of f and which is the graph of f', 11|
on 4 The instruction, “Differentiate f,” means to find the — of f. il
23. 24, it
) y ¥ i
Skill Building " il ;
2 L
e I Problems 5-10, find the derivative of each function fat any real T i 1
Mamber ¢. Use Form (1) on page 171. 7 — / (i
-2 / 4 X i
"l
5 f(x)zlo 6. f(x)=~4 7. f(x)=2x+3 . :-i ]
[o I
ag biw=aros 9. fy=2-x% 0 10. flx)=2"+4 il ik
v |
, m
" Problems 1 1. 16, differentiate each, Sunction fand determine the ¥ iy
OMein of f', Use Form (2) on page 172 4
E 2 !
W i =5 12, fx)=~2 j
" ; 4 2 4 x g
M )32 oy g5 1. f)y=2"~x=1 2
I
@ S sy 16. f(x) =41 +3
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1

7—‘30 5€ I a' ! o f’v
] Problems 2 , U the 8 aph Offfo Obf it _fhe g ap 2 f
n

27

30.

In Problems 31-34, the graph of a functlon f is given. Match each
graph to the graph of its derivative f " in A-D.

32,
¥y
i y = fx)
24
=2 2 ,:( 6X
+-2
44
3. 34,
3 y
61 y=fs) a4 ¥ = flx)
4 |
-.2 >
2 -2+
——— |
=4 -2 74X
¥
I i
2..
4 | J2=r'®
-4 -3 2 4 X T""‘_“'—'——O——q——{—_o_.
1 -2 “‘———:-2——___0 2 4 X
Y =f) Sl
< |
__.;'__
(4)
®)

¥
‘1 -,
..-—--"""__—___——Q
2+
y =f‘(X)
WF—%
- T A
._2 .-
—d
(D)
(©
L h function fhasa
determine whether eac: i
) Ijm'bilian;slis;"j?:’does, what is |’ (c)? If it does not, give the
derivatly ;
reason Why.

Y 1
) 3 Fly=xate=-8 36, f(x)=2xCate=)
176 *

3. fx)y=Ix* 4l atc=2

x43 If x<l —
(i) »- f""={x‘2+4 it x>l

|
34y if x< -1 l\
1.

{

|

38. f(x)= [x2 -4 alc:.‘f

ate=—1

40. f)=

22 4+1 i x<-—1
—1—4x if x>-1

2, flx)=

ate=-1

22241 if x<-—1
2+2x  if x>-1

‘% B fly= ate=—1

—4 3-2x if xs—z— |
4. f)= | ate=3

S-2x i
44, f(x):{ e |
X if x>2 |
In Problems 4548, each

Sunction f i i rall real
numbers, J is continuous fo

and the graph of y= f(x) is given.
(a) gtoels fhe 8raph of f have any horizontal tangent lines? Ify#
. P an; why and tdentify where they occur.
ex(;elfu'rr: iugi'z;alig O{J-ch“ ve any vertical tangent lines? Wels e
) ident] ! ine W1t
ek ) 4 Jg“;here they occur, and determine’

(c) Poes the graph of fhave 4
identify where they oceyr

ds,

i

d
ny corners? If yes, explain ¥ a

0

e ———— O




L
-

Section 27 .
| ) 2 » Assass Your Understandlng 181

circular Pateh of of] 5

What are the ypjs of drgryy e With respectto e

g
<)
=
~
oo
Z.
>
-
=
==
D
=
-
IS
@

9. Units A manuf;
acturer of precigian digi i
: gital switches b a dai
cost C (in dollars) of C(x)=10,000 +3x, where x i t?]seru]?r:ger

of switches produced daj] i
: Ally. What is the rate of gharip i
fespect to x? What are the units of ¢*(x)y "efshangeof ot wi

d
)

1
'
{
|
I
[
|
|

70, Unj f isi
! nits A manufacturey of precision digital switches has daily
In Problems 49 and 50, yse 1, given poings ¢, £(c)j revenue R (in s
nPobcrs @ f (©)) on the graph of - (indollars) of R(x) =55 — 2000" Where x is the
-. - ‘ Number of switches roduced dail i
w) For which numbers ¢ does m £ (x) extse ; o ) p ed daily. What is the rate of ghap e of
( o lim S(x) exist by I isnos contingous Tevenue with respect to 9 What are the unitg of R(x)? ’
. 3 ] .
' ‘ ' . il xx0
(b) For which numbers ¢ js S eontinuous g ch ; ; L fe)= s
for Ut not differentighl, 22 if xsp
(a) Determine Wwhether £ is continuous at 0,
S " : () Determine whether £7(0) exists,

{c) Graph the function f and its derivative S
2x if x =0

2 0f xs0

(a) Determine whether S {s cortinuous at 0,

(b) Determine whether S/ (0) exists.
(¢) Graph the function f and jts derivative f/,

72

For the function fl)= {

73. Velocity The distance s {in feet) of an aytomobile from the

In Problems 51-54, find the derivative of each function. ;’ﬁgi:.’ at time ¢ (in seconds) is given by the position
unction
SL f()=mx +b 52, f(x)=ax*+bx+e (‘r) {;3 if 0<r<s
1 S=s(t)= ] "
1 . : 125 if (>5
B )= 54, /0=

(This could represent a crash test in which a vehicle i adcelerated
until it hits a brick wall att =5 g.)

Applications and Extensions (a) Find the velocity just before impact (at t = 4,99 s) and just

In Problgms 3566, each limit represents the derivative of a function f after impact (att= 501 5), I .
W some number o, Determine f and ¢ in each case. (b) Is the veloclty furiction v =4s'(r) continuous at ¢ = 57
55 10 (24 B)2—4g : @+h?3-8 (c) How do you interpret the answer to (b)?
2 /E% S " 56, (}—% h 74, Population Growth A simple modclrfor ;iopulatic‘m growth
X x4 -1 states that.the rate of change of populano‘n size P with respect (0
T dim 21 58. h_ﬂ < — time ¢ is proportional.to the pop‘ulatxodn s'lzeélExpress this
i -_—-h-l ’ mis 2 statement as an equation involving a derivative.
8+ - " i i ssure p decreases as
9, lig VSF i -3 i EF 2 herie Pressure  Atmospheric pre
;!"PD h o glj’% i B ?lt'n;?sstgnce x from the surface of Earth increases, and the rate
r I V2 5 ith respect to altitude is proportional to
- of change of pressure WiE 1esp tion involving
slox — 1 cos¥ — g the pressure. Express this law as an equatio
£ = 2 e pressue. ]
ll ‘iim ‘-___‘_-__2_ G *15?/4 & ',:r" a derivative. . T n electric
Tz L Electrical Current Under certain conditions, a 1) that s
; 3x3—2x 76 current / will die out at a rate (u'/u‘fr]l regxe::e‘sos-‘:m“}:hw Frv
= ; ning.
4 B iy 26422~ (x42) =6 64. lim ——— progportional to the Cujifta‘;?“:;a’ g
--‘-‘_-_-_‘—————-——-— , T ¢ » e .
P x x—+0 s equation involving a " ot AT RERE G AP
6 1 (34py2 Bp=1) A= w7, TapgentLine Let f(x)=x +2leslg1rough e ot
’ i el N L
' ?!lm E___‘tﬁ_)_iZ_(?:ﬂ)__—_l_S 66. ;{1-% i of f for which the tangent line pass ol ooiats o1
40 =¥ —2¢+4 1 Findall p
B h 7 . x)=x
4 Q i, £ g balloon {8 expanding 78, Tangent Line , L?\tlﬁj.;c(h )thc tangent line passes through the
S The yolume v (in cubic feet) © {me (in seconds). the graph of f for
the tiro ect point (1, ~1).

Xcorgip, here ¢ is
<ording to Y = (1) = 41, whe
g”fj the rate of change of the volume of
"Me. What are the units of V'(/)?

the balloon with resp

f

T o L e 0 e
é . i o e L O MR B UAERL B




2.2 AP Practice Problems (p.182) — Derivative as a function & differentiability

x*—ax if «x <1
ax+b if x>
are constants. If f is differentiable at x = 1, then g b o=

A) -3 (B) -2 (© 0 D) 2

1. The function f(x) == { ywhere & and b

2. The graph of the function 1 given below, consists of three line
segments. Find lim TAC +}2 i f(B‘).

hs0

T
A -1 @B -2 (C =% (D) does not exist
2».. ) :
| FoB i s
LIff()=( x=5
5 if x=5

which of the following statements about S are true?
L lim f exists.
X-+§

IL fis continuous at x = 5.
Il fis differentiable at x = %
(A) Lonly

(B) Iand I only
(C) Tand II only

(D) L 11, and 11



4, Suppose f is arfanction that s dxfferentxable: oii the open

intetval (2, 8),If £(0) =3, £(2) % ~3, and f(7) 35
whmh of thé following: must be t:rua‘?

L S has at least 2 mms

1. f Is continuous on thef: closed mterval [MI )
it F’Qrsomae,()»«tc«z'?,f(e)mwz o

(A) Ionly - (I‘;}) Iand II only
(C}) II and 11’1 only (D) I II and III

6 'rhes graph <>f'

b l, wh , h of then f‘f)llowmg qtatements
‘ about ar tmes‘?,;-;;ﬁ:_ e _

(c:) Iand m omy " (1:)) 1:11 and m

tha functmn f shtnwm in't ﬁgute bas hc)m()nml
yarigent 1inds af the pome (0, 1) and (2, 1) and & vertical
tangﬁﬂt llﬂ@ at th{e p() Ilt (1 0) p()r W }at numbets x lﬂ th@, open
interval (2, 3) éz f mt dnfferennablfz? ‘

(A) —1only (B) =1 and 1 only
' (©) ~1,0,and200ly (D) ~1,0,1,4nd?2




7. Let f be a function for which Jim S+ }’}) AC U
10 '
Which of the following must be true? z

L. fiscontinuous at 1.
II. fis differentiable at 1,
IIL. f’is continuous at 1,

(A) ITonly (B) Il only
(C) TandIonly (D) I, II, and III

8. At what point on the graph of f(x) = x? — 4 is the tangent line
parallel to the line 6x — 3y = 27

A 4,-3  ® G5 © @0 @O &4

4x+1 if x=<2
i
3x2 3 if x>2

(A) Both continuous and differentiable.
(B) Continuous but not differentiable,

(C) Differentiable but not continuous.
(D) Neither continuous nor differentiable,

5

9. Atx = 2, the function f(x) = {




®

1L A'iodoflengtl12‘_.;'-“‘-';.. e

10, Ol is leaking from a tank. The amount of oil, in galloss, in the

tank'is given by G(¢) = 4000 - -36%, where t, 0 i 1 55 24-ds the

number of hotiks past midnight.
(a) Find G/(5) using the definition of the detivative.
(h) Using appmpmam unitg; interpret the meaning 6f C:?’(.’;v) in

the context of the problesi,

o A._tabla belcw"'--ff
grees Celsus at seleoted

nges thfz te' pex:

(a) Uw tha tablea fo, appmxxmate: ’I" (&) .
(b Using: apprgpmata units, interpret ‘T' (8) in tha c:ontext of the :

-problemi;




AP Calculus — 2.3 Notes — Derivatives of Polynomials (Power Rule)
1. Constant Rule: If f(x) = c, then f'(x) = 0
Example: f(x) =5

2. Power Rule: If fix) = x™ , then f'(x) = n»x™!
Steps a) Bring Exponent down as coefficient in front of the variable

b) Subtract 1 from the original exponent value

Power Rule Conditions:

5
i) Convert radicals to rational exponents (ex: Vx5 = xz )

ii) Bring variable to the numerator before applying power rule

iii) Expand terms: resolve parentheses & fractional terms before applying Power Rule

*Important Note: Be sure the function is in the appropriate form (all conditions met!) before
applying Power Rule

Example 1: Find Derivatives of the following;

a)y= x’

b) g(x) = Vx
4

Qy= por

2
d)y = 8x%3 —3x + — 4+ 0.875
Vx



Example 2: If f(x) = xiz find f'(2)

Example 3: If f(x) = Yx2 ,write the tangent line equation to f(x)at x = 1

x2+4(3/x)
Vx

: , x*-3
Example 4: Find f'(x) if f(x) =

Example 5: Find f'(x) if f(x) = 3x(x + 1)?



Q3 Derivative Power Rule Practice/Review Worksheet

Power Rule Conditions:
Derivative Power Rule: ) . . AllRadicals converted to Ratlonal Exponents

d o, . i) . .+ All denominator variables brought up to the numerator
deX ThnEX i) All parentheses resolved, all terms expanded
Finding a Derivative . wse tho roles of

differontiation to find the derivative of the function,

o
i QT

5 F) = =22+ 3t~ 6 | 6 48

-\ .0
) v=sa Dy




Power Rule Conditlons:

Derivative Power Rule: i) All Radlcals converted to Rational Exponents
LI P ii) All denominator varlables brought up to the numerator
e i) All parentheses resolved, all terms expanded

Find the derivative of the functions below:

a4 oy - 342
1) s =12 -2 10) o) = =

ID f(x) - g*xi:,_’ﬁ | m) y = x%(2x? — 3x)

13) £6) = V3 - 633 ) £6) = 0 — 5 4 4

Findi al Ectiati ‘aT LS T Bxerd Equation of tangent line:
JFinding an Equation of a Tangent Line Ixercises i) Find ordered pair ((x ;
‘ 1,¥1) using £ (x)
-(a) find an equation of the tangent kine to the grraph of fat i) Find slope m using £ (x)

the given point,
§ () Y=y =Em—w)

ij y = x ~ 3%2 42 (1,0)

I6)_y = 33 — 3y (2,2)




4.3 Derivative Power Rule Practice/Review Worksheet #2

Power Rule Conditions: ,
Derivative Power Rule: i) All Radicals converted to Rational Exponents
i), Alldenominator variables brought up to the numerator
iii) ’/; . All parentheses resolved, all terms expanded

d i
— X" = g Pl
dx

4

Finding a Detivative In Exercises 3—24, use the rules of
differentiation to find the derivative of the function,

1) f(x) = 3x5 — 4x + 156 2) f(x) = ,3%
3) g(x) = 3V® 9 /) - g
5) h(t) = 19 r0 =25
N £ = ;% | 18) F(x) = 5vx — 3x2(2 - 5x)




0§

| Power Rule Conditions:

Derivative Power Rule: ) All Radicals converted to Ratlonal Exponents
_%:xﬂ =q gl : 1i} All denominator'variables brought up to the numerator
@x 1ii) All parentheses resolved, all terms expanded

|
Find the derivative of the functions below;

3 +1

9) f(x) =x(2 - 5x)? 10) f(x) = X
3x*—2x+1 . 2x®—4x*+5
11) f(x) = — 7 S 112) f(x) = —=

Findi ; Eauatt FaT ¢ Line In T Equation of tangent line:
inding an Equation of a Tangent Line Xercises 1) Find ordered pair ((xy, ;) using f(x)
53-56, (a) find £ the tangent line to th . L)t

, () an equation of the tangent line to the graph of fat i) Find slope m using £’ (x)

the given point.
i) y—yi=mlr-xg)

f (x) o (1,2)

at»a-

13)

) Y==K +32) (1, -4)




Use this result for now. We do not have
the necessary mathematics to prove it
until Chapter 3.
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7 O T G 0 A 4L T @
%' M’ﬁ ‘ i,

ey O,

— %, the

; d ._ ¢0 .a",.iff(x) €w dx m,‘-’r

Since =" = £ %

.ol Function y = e |

HEOREM Derivative of the Expone‘ntla! c (1.)

: ivative of the e‘xponential function ¥ =€ (c)

The derivative 0 H

o @ (e)

"

atin on Involving y = ¥
% [ETRYEREy] Differentiating an BXpress .,
“® Find the derivative of f (%) =4eF +x° 5
Solution , 4]
The fanction f is the sum of 4¢* and x°. Then ., .
d Zxt=b— A 3)62 =4g* ) "
f’(,r)=d£-(4e’+x3)T;i;(4ex)+dxx 1‘411«\78 + & 43y
¥ Sum Rule’ Constant MtlltiplqRule; Use (1).
Simple Power Rule 4

NOTE We have not forgotten y = In x.
Here Is its derlvative:

dx x

—d—ln x = 1 e A eL0g Problem 25 and AP® Practice Problems 4 and?9.
|
1]

d
Now we know —¢é”
dx

= ¢*, To find the derivative of f(x) =a*, a>0andey

we need more information. See Chapter 3.
I

-

(7] 1.

2.

4

6

Skill Building

it Problems 7-26, find the derivative of each function using the
Jormulas of this section. (a, b, ¢, and d, when they appear, are’

Concepts and Vocabulary
d 5, 4.
el T

When 7 is a positive integer, the Simple Power Rule

d
states that —x"=____,
dx

. “True or False The derivative of a power function of degree

greater than 1 is also a power function.
If k is a constant and f is a differentlable function,

d
then —(kf ()= ——.

. The dervative of f(x) =e* is —.

True or False The derivative of an exponential
function f(x) =a*, where a >0 and @ # 1, {s always
a constant multiple of a*.

constants.)
) 7 f)y=3x++2 8. f(x)=5x—n
9. flxy=x243x+4 10, f(x) =dxt+222 =2
1, fy=8uS—5u+1 12 f)=9%" —2’+du-+4
13, f(3)=a83+gs2 14, f(s)=4-ms
15, f(’)'—‘%(fs—g) 16. f(x)=%(x7—3xz+2)

L) ¥
17, fi)="2" ;’ 18, f0)=2 95"

P ox sl

9. f)= 20, f(x)=-(1:(ax2+bx+c).a#0

7
21, f(x)=ax®+bxte 22, f(x)=ax?+bxt+oxtd
23, f(x)=de* 24, f(x)-—:‘—--l—e"

2
28, f(u)=5u% =" 26. f(u)=3e"+10
In Problems 27-32, find each derivative,
d
7, E-(«/i:-!-l 26, A{F =8
de 2 Cdr\ 8
29, =24 = '
ar TAR=rR 30, 9Cec g
(f5e] . "EZ-'fV=in3 dp
. 37 32 77 it P=02T

In Problems 33-36;
a) Fi
(a) ; ind .the slope of the tangent line to the graph of each
. :‘ncnon fatthe indicared point,
- pi:Z Zn eqzlatz:on of the tangent line at the point,
m Gmphr} eqz;atzon of the normal line at the point.
in(b) and the tangent line and normal line found
. and (c) on the sqme set of axe,
3 flxy=px3 )
(35%) =535~ 1 at (0, ~1)
g: f(x)_ =x*32 1t 1,2)
< Ty =€ 1 5x gt ©, 1
36 flx)=4—gx o 0,3

SO i Y N o T L ) e AR T

SRR e — .
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Ju Problems 3742;

@ Find the points, if any, at which the graph of each function f
has a horizontal tangent line,

® Find an equation for each horizontal tangent line,
(¢) Solve the inequality f'(x) > 0.
(d) Solve the inequality f'(x) <0,
@ © Graph f and any horizontal lines found in (b) on the same set

of axes.
() Describe the graph of f for the results obtained in parts (c)
and (d).
3. FE)=3x2—12x+4 38, f(x)=x? 44y —3
B f=x+e 40, f(x)=2e* ~1
4L fO0=x>=3x+2 42, f(x) =t —4x?

43. Rectilinear Motion At ¢ seconds, an object in rectilinear
motion is s meéters from the origin, where s(f) =13 — -+ 1,
Find the velocity of the object at t =0 and at t =5,

44. Rectilinear Motion At t seconds, an object in rectilinear
motion is ¢ meters from the ovigin, where s(¢)) =4 — 2 4 1.
Find the velocity of the objectat r =Oandatt=1,

Rectilinear Motion I Problems 45 and 46, éach position function
gives the signed distance s from the origin at time t of an object in
rectilinear motion:

(a) Find the velocity v of the object at any fime t.
(b) When is the velocity of the object 0?

. 9
45, s(t)=2—5¢+12 46. s([)=t3—_§'r2+6r+4

In Problems 47 and 48, use the graphs 1o find each derivative.
47, Letu(x)= f(x) +g(x) and v(x) = f(x) —gx).
@ «'©@ (b u'@

(© V(=2 (@) v'(6)
(6) 34'5) (B —20'(3)

48. Let F(r)= f(1) + g(¢) and G(t) =g (1) — f ().

o e

= g(1) (7,6) (8) F'(0) ®) F'(3)
© F(-4 @ G'(-2)
@ G'(-1) O G'©

Section 2.3 » Assess Your Understanding 191

In Problems 49 and 50, for each function f:
(a) Find f'(x) by expanding f(x) and differentiating the polynomxal
(XS) (b) Find f'(x) using a CAS.
(c) Show that the results found in parts (a) and (b) are equivalent.

49,

51,

53.

flxy=(2x-1)° 50, f(x) = (x2+x)}
Applications and Extensions
In Problems 51-56, find each limit.
1 y B 1 8
S(=+h) —5(= _
, (2 ) (2) . 6(2+h)Y —6-2°
lim ———¢ 4 52, lim —
h—0 h h=+0 h
i LpYS . /3.85 10_
i V3B +R) -3 8 54, fim FLEMD -7
A0 h ’ h-+0 h
AV B N fyehl
lim a4__q(x+h) —hd §06. lim M
h—0 h h-+0 h

55,

In Problems 5762, find an equation of the tangent ling(s) to the graph
of the function f that Is (are) parallel to the line L.

57,
58,
59,
60
61.
62.
63.

f()=3x2—x; Liy=5x

fEy=2x+1; Liy=6x—1

fx)=e*y Liy—x—5=0

F)=-2¢"; Liy+2x—-8=0
f(x)_:%xi-—xz; Liy=3x—2

Fy=x—xy Lixty=0

Tangent Lines Let f(x) =4x> —3x — 1.

(a) Find an equation of the tangent line to thé graph of f

atx =12,

(b) Find the coordinates of any points on the graph of f where
the tangent line is parallel to y = x -+ 12.

(c) Find an equation of the tangent line to the graph of f at any

points found in (b).

{A) (d) Graph f, the tangent line found in (a), the line y = x +- 12,
and any tangent lines found in (¢) on the same screen,

64, Tangent Lines Let f(x) =x> 4222 +x— 1,

(a) Find an equation of the tangent line to the graph of f

atx=0

(b) Find the coordinates of any polnts on the graph of f where
the tangent ling is parallel to y =3x ~2.

(¢) Find an equation of the tangent line to the graph of f at any

points found in (b).

(d) Graph f, the tangent line found in (a), the line y =3x —2,
and any tangent lines found in (c) on the same screen.

65.

Tangent Line Show that the
line perpendicular to the x-axis
and containing the point (x, y)
on the graph of y =% and the

tangent line to the graph

of y == ¢* at the point (x, y)

intersect the x-axls 1 unit apart.

See the figure.

¥

"y




2.3 AP Practice Problems (p. 193) — Derivative Power Rule & exponential e*

1 Xf g(x) = x, then g'(7) =

wo ®m1 ©7 O %

2. Theline x + y == k, where k isa constant, is a tangent line
to the graph of the function f(x) = x? ~ 5x - 2. What is the
value of k7

4 -1 ®2 (€ ~2 (@O -4

3. An object moves along the x-axis $o that its position at time
is x(1) == 312 — Of - 7. For what time ¢ is the velocity of the
object zero?

&) -3 B3 (© g ) 7

4 IF f(x) = e, then In(f!(3)) = -
(AY3 B0 () & () In3

5. An equation of the normal line to the graph
of g(x) == x3 4 2x% — 2x 4 1 at the point where X = ~2 is

A x+2y=12 (B) x~2y=8
©C) 2xpye=m9 (D) x4+2y=8

6. The line 9x - 16y == 0 is tangent to the graph
of £(x) == 3x% + k, where k is a constant, at a point in
the first quadrant, Find k.

3 3 9

3
(A) 5 ® © gz Oz

16



7, 3 f() ml oo [ -'4‘1, find £7(4).
A ~1 @) 0 (©1 (D) f(4)doesnotexist,

8, The cost € (m dollars) of manufactunng X units of a product

is C(x} s 0,342 44,020 4 3500, -
What is t}m yate of c:hang& r,)f C* wheﬂ i s 1000 umts?

(A) 30’2 52 (I&) ()6040? (C) 604, ()2 (I)) 1()20

g @ © ~ mx ® 5

10, F the'fhnctm f(x) w*:eﬁ + 4
B "(a)v-‘- Find f’(l} PR :
by, Find an equatxcm of the tangant lme m the graph
L Mfwxwh L .
L (©) “Find £ - .
| (@ Rind 41 equation of the tangent lme to the graph |
| of fatxpm—d4, .

(e) Fmd the pomt of mt_ersectioﬁ ()f tm twc tangent lina& founci::;' -

‘ | m (b) and (d)

11. Whmh is an equation of the tangant line to the graph of
J(x) = % 4 357 o 2 at the point where f* ()20
(A) 3w 2% 42 (B) ym 2x 42929
(C) y=a2x41678 (D) s 2K =2929




AP Calculus Ch. J, 313 Notes: Position-Velocity-Acceleration(PVA)

Instantaneous velocity ,v(t), of the object is the derivative of the position function s(t) with respect to time

Acceleration, a(t), is the derivative of velocity with respect to time

AVERAGE rate of change of f(x) from ato b = slope of secant = UOLIC)
~g

INSTANTANEOUS rate of change of {x) at x = ¢ = slope of tangent = S

Speed = |velocity|

Displacement = how far you are from where you started
Distance = total amount you have traveled

Ex) IfItravel 10 feet to the right and then turn around and travel 3 feet back to the left, my distance is 13 feet
but my displacement is 7 feet.

Speed is increasing when velocity and acceleration have the same sign.
Speed is decreasing when velocity and acceleration have opposite signs.

Particle Motion

Particle motion (linear motion) describes the object moving along a line (usually along a horizontal line)
x(t) = Position function

v(t) = velocity function

a(t) = acceleration function

Positive velocity indicates

Negative velocity indicates

When v(t) = 0, this indicates




AP. Calculus PVA Worksheet )3}
A ball is thrown vertically upwards from the edge of a building and it eventually hits the ground next to the

building. If the height of the ball at any given time, > 0 (seconds), is
h(f) = -16£* + 64¢ + 80 (feet), answer the following:
1. Sketch a diagram and label values at important places

2. How tall is the building? 3. When does the ball reach maximum height?

4, What is the maximum height? 5. How long does it take to hit the ground?

6. What was the initial velocity? 7. What is the velocity at = 1 second? Atf=2
seconds?

8. What is the height at # = 3 seconds? 9. What is the speed when it hits the ground?

10. What is the acceleration at ¢ = 1 second? At ¢ =2 seconds?

11. Fird-the average velocity in [0, 2]

12. Find the average acceleration in [1, 2]

13. Is the speed increasing or decreasing att = 1 seconds?

14. Is the velocity increasing or decreasing at t = 3 seconds?



of

A.P. Calculus PVA Worksheet QBL Linear Motion Problems

1. An object is traveling at 20 m/sec to the left. What is its speed and velocity?

Which has the greatér speed and velocity: object A with a velocity of -20 m/sec or object B with a velocity
of -10 m/sec? ' '

. Abilliard ball is hit and travels in a straight line. Ifx centimeters is the distance of the ball from its initial
position at # seconds, then x(f) = 57 — 4¢. If the ball hits a cushion that is 12 cm from its initial position, at
what velocity does it hit the cushion? :

- If'a particle moves along a line according to the equation s = — 5¢* for all real numbers, #, then how
many times does the particle reverse its direction?

- The position in meters of a particle moving on the x-axis is given by x(z‘j =27 ~2¢+1 at all times Lt>0:
Find the acceleration when the velocity is 4 m/sec. ;

!
45
particle start to reverse its direction of motion, and where is it at that instant?

I x(f) =

is the position function of a moving particle for # > 0, at what instant of time will the




. The p031t10n function of a particle moving on a coordinate line is given by: x(7) = 28 218 + 601 + 3,

where x is in feet and #is in seconds.

a) When is the particle at rest? b) Wilen does the particle reverse direction?
¢) What is the velocity when the acceleration is zero? | d) What is the speed when the acceleration is 6
' ft/sec?

¢) What is the displacement fromr=1to ¢= 37 f)  What is fhe total distance moved from £ = 1 t0 £ =37
8. Ifv(d) = (t-5)(t — 3)"(t — 1) represents the velocity of a particle moving along a line,

a) When will the particle be at rest?

b) When will the particle move to the left?

¢) When will the particle change direction?
9. Aballis thrown vertically upwards from the edge at the top of a building 160 ft tall with an mmal velocity of 24

ft/sec. If the height of the ball (measuréd from the ground) is given by the function: h(z)= -167*+bt+ ¢, ‘

a) Find the values of b and c.
b) How long does it take the ball to reach its maximum height?
¢) What is the maximum height of the ball?
d) How long before the ball passes the top of the building on the way down?
¢) How long does it take for the ball to hit the ground?
f) What is the speed of the ball when it hits the ground?
g

‘What is the speed of the ball at ¢ = 1 second?




@

TN

)

a L .
OL._’),L PVA (Position-Velocity-Acceleration) WS Problems

- Vertical Motion In Exercises 97 and 98, use the position
Panetion s(f) = ~16£2 + y £ + 5, for Frea-falling objects,
97, A silver dollar is dmpped from the top of 8 bailding that is
1362 feet tall.
(a) Determine the position and velocity funetions for the
coin, . &)
(b) Determine the average velocity on the interval [1, 2],
"(c} Find the instantaneous veloeities when # == 1 and ¢ = 2,
(d) Find the time required for the coin to reach ground level.
(e) Find the velocity of the coin a¢ tmpact, ' '

Vertical Motion In Exercises 97 and 98, use the position
fmetion s(t) = —164% + 1} + s, for free-dabling ohjects,

Y8. A ball is thrown straight down from the top of 5 220-foot
building with an initial velocity of —22 feet per second. What
is its velocity after 3 seconds? What is its veloolty after

. falling 208 feet?

)



3‘2 Vertical Motion T Exervises 89 and 100, uge the pesition
Funtion 0} us — 492 b vyt 4 8 For fuw-ﬁmling nb;wcfs, ,

08, A projectile ds shot upward from the surfice t)f Earth swith s
initlal welocity of 120 meters per seound, What s ity velooity
after 5 seconds? After 10 seconds?

Vertioal Motion In Exercises 92 and 100, nse ‘the position
funetion st} = 4965 4yt + s, for free-falling objects,

i1 S 'ib ﬂathnaw the height of a building, & stons i dropped foom,
the top of the building into a pool of water at grovmd level,
The splask &5 seen 5.6 seconds after the stone ix dropped.
Wihat s the height of the building?
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202  Chapter 2 + The Derivative and lts Properties rectis
o ofthe falling O
The velocity v o ds ( szj = —2¢! g
V=g dt a
s
iona is 2 S
. and its acceleratton du B L _ 2 ;
1 i
t2cbygsoc=-
iy, we denote the consiar y 28 They |
which is a constant. Usuatly,
ity. For
celeration due to gravi our plg
The nmumber ¢ s, aaller ;h?rjs%, On the planet Jupiter, g~ 26 mig, | N
approximately 32 fus?, or 9.
our moon, g~ 1,60 m/s
2l4JASsess\YounrUnderstanding, Q
Concepts and Vocabula
’ 7 Ax22 24, fly=-1
1. Trie or False The derivative of a product is the product 8. fE =577 2x2 41
of the derivatives. i 26. p(y)= 1
2. It F(x)= f(x)g(x), thet F'(x) = ___ @) 5 Fw=rg B
3. Trueor False —x"=nx"*1, forany integer 2. 27, s() =13 28, Gu)=u"*
4. If f and g 5 0 are two differentiable functions, ) < i e '
4 e _ V. fo=—7 30. flx)= 4 :
dx g(x) 0 3 2 3 :
o VPR 1% [l 2 fO=5-3
5. Trueor False f(x)= :f—:— can be differentiated using the f x4 2 5
1 3
X —1,3_ =S,
Quotient Rule or by writing f(x) = % =x"2¢* and using the 3. flx)=3x 32 M. fx)=x o
1 1 | 1
Product Rule. 41 35, s(t)= S + = 36, s(t)= l + lz'*‘ =
6. If g # 0 is a differentiable function, then s ) — ot to
et #?
7. If f(x) =x, then f"(x) = 37. ,f(%“)=:r—2- a8, Fo=%
8. When an object in rectlhnear motion is modeled by the position X% 41
function s =5 (), then the acceleration a of the object M fl)= T 40, fx)= =
attime ¢ is givenbya=a{t)=____, #E x?
In Problems 41-54, fing f'and f for each function.
Skill Building 9) A FR)=3x2 4y = 2. Fx)=—S2-%
m In Problems 90, find the derivative of each function. _ B f)=er 3 M, fx)=x-¢
9. flx)=xe* 10, f(x)=x%e* 45 f(x) = (% +5)e* 46, f(x) =35t
. =203 _ A " =
= e Fe D) 12 f) =¥ +5) T FO)= x4 1y 548 ) =x-50
B f0)=0x=5)@e+1) 14 f(x)=(3x~2)(4x 45) 4, f(x>~x+ 1 ,
15. s(r)=(215—-t)(13_'2¢+1) 50, f(x)=x~;
16. F(u)= (uf =32+ 1)(u2 - 1 42) o=t :1 52 F)= ”“
)
170 f(x)=(% 4 1) (e + )] 18, flx)y=(x+ e +2) 53, o €¥ 4oy
2 41 ) e X
Bog=r7 20, F(z)= 32 x 54, flx)=— .
d 55, Find i
- * N Y and 5
2L G(u)= ; 2 2. fa)=iz® V" for (a) y— ~ and (b) y = 22,
2 T+w? 56. dy 2 5
Find —= - and 'L 9%
for (@) y = = 2 and M) y= —-—"’

w_. : ‘é
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Rectilinear N‘Iotion In Problems 57-60, find the velocity v = u(r)
and acceleration a = av‘(t) of an object in rectilinear motion whose
signed distanice s from the origin at thne t is modeled by the position
function § = s(t).

g7, s(t)=161%+201 58, 5(r) =162 10¢ + 1

50, (1) =492 +4r+4 60. s(t)=4.912 4.5

In Problems 61-68, find the indicated derivative,
6L @I ) =x3—3x242x 5
62, fOEIEF) =463 422~ |

dlly 1, o o ds
. o2 BN (R . il il 5 :
63 dr‘(ﬂt gt =t G4, e 05 =2 4-4)
d7 f X le
it N 143
65— (" +u*) 66. L (2¢%)
2 d
67. —5(=¢") 68. ——5(12x =)

In Problems 69-72;

(a) Find the slope of the tangent line for each function faithe given
point,

(b) Find an equation of the tangent line to the graph of each
Sunction f at the given point.

(¢) Findthe points, if any, where the graph of the function has a
horizontal tangent line.

(d) Graph each function, the tangent line found in (b), and any

tangent lines found in (c) on the same set of axes.

. f=a (=1, =) 70 f=— a0
.f(x)—x‘_lat -1 =3 ) = 7 N

7 oy . =2t (2 E)
. f(x)—-x-’_lat ,5 . = X !2

In Problems 73-80:

(a) Find the points, if any, at which the graph of each function f bas a
horizontal tangent line.

(6) Find an equation for each horizontal tangent line.

(c) Solve the inequality f'(x) >0,

(d) Solve the inequality f'(x) <0.

e Graph f and any horizontal lines found in (b) on the same set of
axes,

() Describe the graph of f for the results obtained in (c) and (d).

Bof)=@+D)EE-x—11) T4 fx)=0x"-2)Qx+1)

! x? +1
e flry=— 76, f(X)=
&) x+1 F& x
7. f(x)=xe* 78. F(x)=x%e
_ 2 ; &
79, f(x)=xex 3 80. f(x):m

—
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In Problems 81 and 82, use the graphs to determine each deri vative,

81. Letu(x)= f(x). g(x) and v(x) = i_((i)}

(@) v'(0) ) w'4)
(© V(-2 (d) v'(6)
d 1 d 1 3
(e) T atx =~2 ® yET ) atx=4
3 0]
82, Let F(t)= f(t) - g(t) and G(1) = 2(1)"
Y y =g (7.6)
51
y=f
-4 -2 wé t
-21 (5,-2)
(a) F'(0) ) F(3)
(€) F'(~4) @) ¢'(-2)
N 41 _
(e G'(-1) . ® & 70 tftr-3

Applications and Extensions

, 83. Vertical Motion An object is propelled vertically upward

from the ground with an Initial velocity of 39.2 m/s.
The distance s (in meters) of the object from the
ground after ¢ seconds is given by the position

function s =s(¢) = ~4.9¢2 + 39.2¢.

(a) What is the velocity of the object at time ¢7

(b) When will the object reach its maximum height?
(c) What {s the maximum height?

(d) What is the acceleration of the object at any time #7
(e) How long is the object in the air?

(f) What is the velocity of the object upon impact with the
ground? What is its speed?

() What is the total distance traveled by the object?
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84. Vertical Motion A ball {s thrown vertically upward from
a height of 6 ft with an initial velocity of 80 fi/s. The distance §
(in feet) of the ball from the ground after ¢ seconds is given by
the position function s = s(t) = 6 -+ 801 — 16/2,

(a)
(b)
(¢
(d)
(e
&)

What Is the velocity of the ball after 2 57

When will the ball reach its maximum height?

What is the maximum height the ball reaches?

What is the acceleration of the ball at any time 7

How long is the ball in the alr?

What is the velocity of the ball upon impact with the ground?
What is its speed?

(8) What is the total distance traveled by the ball?

Environmental Cost The cost C, In thousands of dollars, for
the removal of a pollutant from a certain lake is given by the

85.

. S5x :
function C(x) = =% where x is the percent of pollutant
removed.

(a) What is the domain of c?
(22 () GraphC

() What is the cost to remove 80% of the pollutant?

(d) Find C’(x), the rate of change of the cost C with respect to
the amount of pollutant removed.

(e) Find the rate of change of the cost for removing 40%, 60%,
809%, and 90% of the poliutant,

(f) Interpret the answers found in (g).

86. Investing in Fine Art The value V of a painting ¢ years after it
Is purchased is modeled by the function

2
VlfrJ:l—(m—t_‘_-f-—so-}-lIOO 1=1s5

(a) Find the rate of change in the value V with respect to time.
(b) What is the rate of change in value after 2 years?

(c) What is the rate of change in value after 3 years?

(d) Interpret the answers in (b) and (c).

87. Drug Concentration The concentration of a drug in a
patient’s bload ¢ hours after injection is given by the

function f(#) = Z_tg%T (in milligrams per liter),

Find the rate of change of the concentration with respect to
time.

What is the rate of change of the concentration after 10 min?
After 30 min? After 1 hour?

Interpret the answers found in (b).

Graph f for the first § hours after administering the drug,
From the graph, approximate the time (in minutes) at which
the concentration of the drug is highest. What is the highest
concentration of the drug in the patient's blood?

(a)
(b

{c)

B3 (@)
(&)

88. Population Growth A population of 1000 bacteria is introduced
into a culture and grows in number according to the formula
' 4 , .

= ——— |, where ! is measured in hours,
P(t)=1000 (1 + 100+12)
(a) Find the rate of change in population with respect to time,
(b) What is the rate of change in populationatt=1,r=2,t=3,

and ¢ =47

h P
@ () Grap. be graph, approximate the time (in hougg

g9, Economics T

90,

92

(fs8] 91.

-

Jerk and Sy,
o ap  Problems 93-96 use the Jol

et the answers found in (b).

(c) InterPrP — p(1), 051 <20,

[} Fromf .
© populatlonl, !
of the bacterra In

he price-demand function for a Populg,
100, 000 4< il

— ’. sAsSps 20, W
given by D(P)= 27705 +50 Vhere b,
ity demanded at the price p dollars, d

. , W
s the greatest. What is the Miaxim p:-tﬁu_!
the culture? Puiﬁ

the quant

{a) Find D'(p), the rate of change of demand wi, -~
price. r

(b) Find D'(5), D'(10), and D'(15).

(c) Interpret the results found in (b).

Intensity of Light The intensity of illunﬁnaﬁon Longg, G
js inversely proportional ta the square of the distance , fro
sutface to the source of light. If the intensity is 1000 uyjj Wiy
the distance is 1 m from the light, find the rate of change ofy,
intensity with respect to the distance when the source j 10 My
from the surface.

Ideal Gas Law  The Ideal Gas Law, used in chemistry g
thermodynarnics, relates the pressure p, the volume V, gpq the
absolute temperature T (in Kelvin) of & gas, using the
equation pV =n RT, where n is the amount of gas (in mole)
and R=8.31 is the ideal gas constant. In an experiment, a
spherical gas container of radius r meters is placed in a pressue
chamber and is slowly compressed while keeping its temperany
at273 K,

(a) Find the rate of change of the pressure p with respect to e
radius » of the chamber.
Hint: The volume V of a sphereis V = §Rr3.

(b) Interpret the sign of the answer found in (a).
(c) If the sphere contains 1.0 mol of gas, find the rate of changt

of the pressure when r = i m.

Note: The metric unit of pressure is the pascal, Pa.

Body Density The density p of an object is ifs mass m divid
by its volume V'; that js, p= % If a person dives below the

Surface of the ocean, the water pressure on the djver will steadl
;ncrc:ase, Sompressing the diver and therefore increasing body
ensity. Suppose the diver g modeled as a sphere of radius -

(a) PFind the rate of change of the diver's body density with
Tespect to the radiug - of the sphere,

Hint: The volume V of a sphere js V= ‘—LTH‘J'
‘ 3
(b) Ir.lterpret the sign of the answer found in (a),
(c) ff:gd thf: Tate of change of the diver's body density whet 3
1815 45 em and the mass is 80,000 g (80 kg).

lowing discussion’
i3 Moving in rectilinear motion 50

: Ppose that an object
that its s} ]
Lits signed distance 5 from the origin at time  Is given

Sg’tﬁ]:;ssei:ion f‘unctio‘n 9 =5(1). The velocity v = (1)
Ject at time ¢ s the fate of change of s with

Tespect to time, p, ds ,
»hamely, v =y () < i The acceleration @

Zall)




93.

9,

95

of the object at time ¢ is the rate of change of the velocity with
respeet to time, '
2
a=a(t):d-—v=i ﬁ =d_f
dr  de\ dt de?
There are alsc? physical intetpretations of the third derivative
and the fourth derivative of s =s(f). The jerk J = J(t) of the

object at time ¢ is the rate of change of the acceleration a with
respect to time; that is,

Jedn=te_d(dv\_du _d%
dr dt\dt ) de? de

The snap S = S(t) of the abject at time ¢ is the rate of change of
the jeck J with respect to time; that is,

dJ d*a d% dis

Engineers take jerk into consideration when designing
elevators, aircraft, and cars. In these cases, they {ry to minimize
jerk, making for a smooth ride. But when designing thrill rides,
such as roller coasters, the jerk is increased, making for an ‘
exciting experience.

Rectilinear Motion  As an object in rectilinear motion moves,
its signed distance s frotn the origin at fime ¢ Is given by the
position function s = sy =13—1+1, where 5 is in meters and ¢
isin seconds.

(a) Find the velocity v, acceleratlon a, jerk J, and snap S of the
object at time ¢

(b) When is the velocity of the object 0 m/s?

{c) Find the acceleration of the objectat t =2 and att = 5.

(d) Does the jerk of the object ever equal 0 m/s*?

{¢) How would you interpret the snap for this object in rectilinear
motion?

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time # is given by the

- . 1 1 ]
position function s = s(¢) = gf4 —12 4 3! +4, where s is in
metets anid ¢ s in seconds.

(a) Find the velocity v, acceleration a, jerk J, and snap S of the
object at any time £.

(b) Find the velocity of the object at t =0 and at 1 =3.

(¢) Find the acceleration of the object at ¢ = 0. Interpret your

answer,

Is the jerk of the object constant? In your own words, explain

what the jerk says about the acceleration of the object.

(¢€) How would you interpret the snap for this object in rectilinear
motion?

(d

=

Elevator Ride Quality The ride quality of an elevator depends
on several factors, two of which are acceleration and jerk, Ina
study of 367 petsons riding in a 1600-kg elevator that moves at an
average speed of 4 mJs, the majority of riders were comfortable in
an elevator with vertical motion given by

s() =41 +0.8¢2 0333
(2) Find the acceleration that the riders found acceptable.
(b) Find the jerk that the riders found acceptable.

S?!l)‘ce,’ Elevator Ride Quality, January 2007, http://www
Aift-report.de/index. php/news/176/368/Elevator-Ride-Quality
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96, Elevator Ride Quality In a hospital, the effects of high
acéeleration or jerk may be harmful to patients, so the
acceleration and jerk need to be lower than In standard elevators.
It has been determined that a 1600-kg elevator that is installed in
a hospital and that moves at an average speed of 4 m/s should
have vertical motion

s(t) =41 +0,55¢2 4+ 0.11674
(a) Find the acceleration of a hospital elevafor.
{(b) Find the jerk of a hospital elevator.

Source: Elevator Ride Quality, January 2007, http://www lift
-report.de/index.php/news/ 1 76/368/Elevator-Ride-Quality
97, Current Density ina Wire The current density J in a wire
{s a measure of how much an electrical current Is compressed
as it flows through a wire and is modeled by the

! ‘ :
function J(A) = H’, where 7 is the current (in amperes) and A is

the cross-sectional area of the wire, In practice, current density,
rather thaii merely current, is often important. For example,
superconductors lose their superconductivity if the current
densily is too high.

(a) As current flows through a wire, it heats the wire, causing it
to expand in area A, If a constant current is maritained in a
cylindrical wire, find the rate of change of the current
density J with respect io the radius r of the wire.

(b) Interpret the sign of the answer fdund ir (a).

(c) Find the rate of change of cuirrent density with respect to the
radius r when a current of 2,5 amps flows through a wire of
radius r =0.50 mm,

Derivative of a Reciprocal, Function Prove thatif a

h !
function g is differentiable, then [ S 6]

98

provided g(x) #0.

99, Extended Product Rule Show thatif f, g, and & are
differentiable functions, then

L 08B0 = £ DB )+ I W)
+ ()8 (x)h{x)
From this, decuce that
2 fP =3
In Problems 100-105, use the i?xtended Product Rule (Problem 99)
ofind y.
100, y=(x?>+1(x - D(x+5)
101 y=(x-DE2+5E ~1)
102, y=(@x*+1)° 103, y=(x*+1)°

104, y=(32+1) (1 + i-) (x=541)

o o=(1-4)(0-4)(1-4)

106, (Further) Extended Product Rule Write a formula for the
derivative of the product of four differentiable functions. That

is, find a formula for %[fl (x) fa(x) f3(x) fa(x)). Also find a

d g
formula for s [f (1%




2.4 AP Practice Problems (p. 206) ~ Product 8 Quotient Rule & Higher order derivatives @

" 1, What is the instantaneous rate of change at x = 2 of the
. X

function f(x) ws w2

n f( ) xg -,..{« 2

) -2 W5 ©5 O

POE e

2. An equation of the tangent line to the graph

oF £e) = 52 atthe point (3,4 I

(AY Tx + By ws 37 (B) Tx 3y == 33
(C) 73y w9 (D) 13x+ 3y = §1

31 f, g, and hare nonzero differentiable functions-of ,

d (eh\ .
then N ( f) t
fah' A fo'h ~ floh &'W - ghf!
@ 77 - (@) & 7 3 !
gh' -+ g'h . W fg'hd f'gh
(8] W ) Jeh' 4 f&; fM
f
4 I y = 3%, then O e
‘ dx
(A) 3xter (B) 3x* 4 e

©€) 3x*e* (x4 1) (D) x*e*(x+3)

©) % ) 4
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6 T position of an object fioving slong 4 stralght line at

ime 1, in seconds, {s given by s(r) == 1612 = 5¢ -+ 20 rmeters.
What is the accelexatioﬂ of thé ob;act when ¢ e 29

(8) 3%m/s (B Om/s () B2m/s® (D) G4t

w3

7. If’ y i Ww,«x 6”‘ WB, the: mstantanaoue ratc* t)f ghanga of‘ y e

X3
with reapeat mx at ,x i} | xs

8. I:”‘ind an equatxﬂn of thez normal lmt; to thﬁ‘ graph 01:‘ tha funcucm | B

¥
f(x)wz wmatxwxl

(A) Bx 46y = 1_11,_ | (ﬁ) iy s -5
(€) ~3x 4 4y w~] (1“:)) ax o 4y b

9, Ty = xe®, thei the nth derlvative of y is

W) & B) GAmE () ne (D) e
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02‘3." Q"" Quiz Review

1. The velocity of a function is described by the function v(t) = %t3 — 2t 43t +2

a) Find the time(s) when acceleration is zero b) Find the velocity when acceleration is zero

2. The position function of a particle moving in a straight line is x(t) = £ ~ 9 + 24t — 2 meters for t > 0
seconds.
a. When is the particle at rest?

'b.  During what time interval is particle moving to the right?

¢ During what time interval is the particle moving to the left?

3. Given function f{x) = x—ig

a. Find the equation of tangent line to the curve atx=4

b. Find the equation of the tangent line to the curve where the slope is equal to .-%

Jx

4. Givenflx)=x (1-%). Fndfx) |5 Givenf{x)=2—5%x + 12x® — 4774 6.5¢ Find Px)




01’,(:)’9,4— Quiz Review -

1. The velocity of a function is described by the function v(t) =

3 -2t 43t 42, |
a) Find the time(s) when acceleration is zero

( ) b) Find the velocxty when acceleration is zero

- k q ‘(;Z =443 V(g) (3

YA _ =3(3)-2 3) +3(3)+2 =
o O=(t-34~1> az-,isw’g:u; - [;7) i€
(i3] 12 iy )

T-2+3+2 = 12
/73 & (
2. The position function of a particle moving in a straight line is x(t) =
seconds.

t¥'— 9t + 24t <2 metérsfort >0
a.

When is the particle at rest? | VC{ 3( L'L > CJ a3 ;l) @
V()= 34754+ A4 O = 3(¢-4)(1-2)
vit)s 3(E4t %) X) + ;= F
b. During what time interval is particle moving to the right? < "

. [ ——f—3
(o,2)V( 4 o0) N

c. During what:tirne interval is the particle moving to the left?

(2, 4)
3. Given function f(x) =—

8 T(Lf’) Zf“ /Jéivrf(L% ‘f)

a. Find the equation of tangent line to the curve atx=4

‘d/bj&' m=-3
'F(x)'i [{x-3)=Xx(1) r’&)
(x~3)* §-3) 33
e X-3-% . =3 E
T332 T (33~ (‘tfj (*'H JJ‘L ""‘“ 3

b. Find the equation of the tangent line to the curve where the slope is equal to _:*_//H’/—X-'
-3 -3 =] =
Sz bk L5 A ACS)

Gl etz %y o

1

-3 ”;5- -3 )
m_)»'(/ 2 il +5=0 _a[‘[{; .5 5 ij /.:2-" //lf(k'—GB
><~3> = }éLO g WD = B 5-3 '

4, Givenf(x)=¥x (1-x*: Find f(x)

, 15, Given f{x )-T-S'i/'—+12x3' 4m +6.5x  Find f{x)
)= xE(12) L) e S it LS
?/J“z”)(’ ; )"*’K iX) o

SRR L ~A(L)x* ~‘(/4)x/*+34xm+é

x =

mmacnt

e
X% it HOR TR




4.d-04 Review WS #2

No negative exponents in answer.

2
1, Find%ify= 7x3(x~1)—3—1xl—+47rx—57r4+ V% + 2

x7

|

™
,. L
(A

re 1

4 . : . ; .
2. Iff(x) = ;;_2 find f(x) (simplify fully). Then write the equation of the line tangent to £ (x)

atx =1 in point-slope form.

3) Find the derivative of f(x) and then evaluate the slope of the graph at x = 1
f(x) = (3x° — 4/x)(2x — 57 + 9)



%)
4, Particle moves along the x-axis so that its position at time t is given x(t) = t® — 9t% + 15t — 7
where x(f) is in feet per second and £> 0. Use this to answer the questions below, Include units

with your answers
a) Find the velocity and acceleration function b) What is its velocity at = 2 seconds?

¢) What is its acceleration at t = 4 seconds?

d) Find the average velocity of particle in [3, 8] e) When is the particle at rest?

f) When is the particle moving right? When does particle change directions? (Create Sign Line) Give

justification,
g) What is displacement of particle from h) What is the total distance of particle from
t=2tot= 67 Show work. t=2tot=67 Show work.

i) Isthe speed increasing or decreasing att=4? | j) Is velocity increasing or decreasing at t =29
Justify. Justify.




