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BC Calculus — 10.5b Notes —Alternating Series Error Bound

o 4L
Use the alternating harmonic sﬁﬁﬁsz ) to fill in the table below.
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Iternating Series Error Bound \

If you have an alternating series that converges, we can approximate the sum of the series!

= <
S:  Sum of the series
Sye Partial sum
R,: Remainder (or error)
R, =8~8,

Upeq = next term (Error Bound) /
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1. Determine the number of terms required to approximate the sum of the series Z )

with an error less than 1073, =

ey is approximated by the partial sum with 10 terms, what is

the alternating series error bound?

i
2. Ifthe series ) (~1)n4
.

o
. . . . 4
3. Calculator active. Approximate an interval of the sum of the series Z(» 1B+l 73 using

the Alternating Series Error Bound for the first 5 terms. na1
= (W}L}ﬂx@ﬂ xg x‘% xﬁ i X
4. Let f(x)= wﬁw w1 e + Ty + ., Show that 1 - 5 approximates )

with an error less than 0.01.




0 k
e . . . 4 .
5. If the infinite series § = Z(_1)n+1 4 is approximated by P, = Z:(—l)"+1 e what is the least value of k for
n
n=1 n=1

which the alternating series error bound guarantees that |S — Py | < I;_o?

(A) 55 (B) 56 (C) 57 (D) 60

=] k
. 1, . . 1 .
6. Ifthe series S = Z(—l)"+1 5 is approximated by the partial sum S, = Z(—l)"+1 et what is the least value

n=1 n=1

of k for which the alternating series error bound guarantees that |S — S| < 10200 ?

(A) 10 B) 11 ©) 12 D) 13

0 n
7. The series z:(—l)"+1 aj, converges by the alternating series test. If S, = Z(—l)"“ak is the nth partial sum of
k=1 k=1
the series, which of the following statements must be true?

(A) Ai_{{}osn =0 B) 711_{1010 ap =S (C) IS =53l < aze D) |5 — S5 < aze



8. If'the series Z(— nr is approximated by the partials sum with 15 terms, what is the alternating series
n=1

Sn41

error bound?

) = B) — © o D)

o (D

9. The function f is defined by the power series f(x) = ) ———
o 2n+ 1)

for all real numbers x. Show that 1 — % + %

approximates f (1) with an error less than ﬁ.

Alternating Series Error Bound Test Prep

nyn

10. Calculator active! Let f(x) = Z ad

for all x for which the series converges.
n=1 )

n!

a. Use the first three terms of the series to approximate f (— g)

b. How far off is this estimate from the value of f (— g)‘? Justify your answer.

0 7
. . . . . 1 .
11. Ifthe series Z(—l)"+1 % is approximated with the series Z (—1)ntt 3 what is the error bound?

n=1 n=1
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10.5 AP Practice Problems (p.765) — Alternating Series Test & Absolute Convergence

L wm{;h of the fallawmg series converge?

I Ziml}*

ezl

IL. Z(mn*( )

kel

bt , 1
L 1)
1l ;i o

(A) Tonly (B) Tand Il only
(€) IandMTonly (D) I, 11, and I

Wj k
3, The alternating series g ( k “Tap converges. What is
k=1

the maximum error incurred by using the first three nonzero
terms to approximate the sum of the series?

(A) —~0.083  (B) 0.003 (C) 0.0004 (D) 0.0826

R AT
3. What is the fewest number of terms of the series i ( ki)
k=1 K°

that must be added to approximate the sum so that the error
is less than or equal to 0.001?

(A) 7 B) 9 <) 10 ®») 11



4. Which of the followin

g series converge conditionally, but not

absolutely?
> 3
;‘z =

=]

= 3
L > (=1 (2>
ke=()

(A) Ionly (B) Iand I only
(C) Iand I only (D) LI, and 1N

k

i’ - k41 1 i
1L o ) AR
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|

o0 £ 1%k
5. (a) Write out the first five terms of the series | LZ%L
k=0 :
(=D

k!

o
(b) Show the series Y
k0

converges.

@ (¢) How many terms of the series are necessary to approximate
the sum § with an error less than or equal to 0,0001?

6. Determine whether the series ) i?%?%k«l converges absolutely,

kel
converges conditionally, or diverges. Show your work.




BC Calculus — 10.10a Notes - Finding Taylor Polynomial Approximations of Functions

Taylor polynomials are created fo help us apprexxmate other functions. Why would we do this?
Because polynomials are easy to work with in calenlus (i.¢., taking a derivative or integral).

A Maclaurin polynomial is a special type of Taylor polynomial.

To start, we choose an x-value to center our polynomial
approximation. Let’s call that x = ¢. Our approximation will have /
the same y-value as the original function at x == ¢. /

We expand the approximation about x = ¢. Another way of P
saying this: “the functions are centered at x = ¢.” /

Explore with an example: f(x) = ¥, Let¢ = 0. | — /

We want 1o make the graphs have a similar shape at the point /
x == ¢. They should have the same slope. That leads us to

In this example, that means *

The polynomial approximation will look like this:

Or rewritien:

This is called a approximation. It works for a small interval around our point of center.

To improve the approximation, make the second derivatives agree at X = ¢, / /

We want £(¢) = p(c), £'(c) = p'(c), f*(c) = p"(c). /
For our example this is £{0) = p(0), £/(0) = p(0), f(0) = p""(0)

If we worked through a similar process, we'd end up with the following:

Second-order approximation:




. If we are centered at x = 0, then we have the following pattern:

b Y o . 1 Z 1 3 1 7
pn(x)mi+x%2x L TR et

ﬁ*“ Tavlor Polvnomial
If £(x) is a differentiable function, then an approximation of f centered abou

X = ¢ can be modeled by

Palx) =

where n is the order of the approximation.

“\
t

J/

fgﬁaciauﬂn Polynomial
A Maclaurin polynomial is a Taylor polynomial centered about x = 0. It can
modeled by

pa(x) =

kvhere n1s the order of the approximation.

N

1. Find the third-degreec Maclaurin polynomial for f(x) = ¢%*

Evaluate at £(0.2) and p4(0.2)

2. Find a fourth-degree Taylor Polynomial for f(x) = Inx centered at x = 1.

Evaluate at £(1.1) and p,(1.1)



Coefficlents of a Taylor Polynomial )

The coefficient of the ath degree term in a Taylor polynomial for a function f cenetered at x = ¢ is

A

b 1
3. Let f be a function with third derivative f//(x) = (8x + 2)i. What is the coefficient of (x ~ 2)*
in the fourth-degree Taylor Polynomial for £ about x == 2,

Practice Problems

1. Find the fourth-degree Maclaurin Polynomial for e**,

2. Find the fifth-degree Maclaurin Polynomial for the function f(x) == sin x.




3. Find the third-degree Taylor Polynomial for f(x) = In(2x) about x = 1.

4. Find the third-degree Taylor Polynomial about x = 0 for In(1 — x).

5. Find the third-degree Taylor Polynomial about x = 4 of vx.

6. The function f has derivatives of all orders for all real numbers with (1) = —1, f'(1) = 4, f"(1) = 6, and
f"'(1) = 12. Using the third-degree polynomial for f about x = 1, what is the approximation of f(1.1)?



7. A function f has a Maclaurin series given by 3 + 4x + 2x2 + éxB + -+, and the series converges to f(x) for all

real numbers x. If g is the function defined by g(x) = /™), what is the coefficient of x in the Maclaurin
series for g?

3
8. Let f be a function with third derivative f"''(x) = (7x + 2)2 . What is the coefficient of (x — 2)* in the fourth-
degree Taylor Polynomial for f about x = 22

9. Let P(x) = 4x* — 6x3 + 8x* + 4x5 be the fifth-degree Taylor Polynomial for the function f about x = 0.
What is the value of f"(0)?

10. Let P be the second-degree Taylor Polynomial for f(x) = e~3% about x = 3. What is the slope of the line
tangent to the graph of P at x = 3?

I1. Let f be a function with f(4) = 2, f'(4) = —1, f""(4) = 6, and f"(4) = 12. What is the third-degree
Taylor Polynomial for f about x = 4?




12. Let f be a function that has derivates of all orders for all real numbers. Assume f(1) = 3, f'(1) = -2,
f"(1) = 2,and f"'(1) = 4. Use a second-degree Taylor Polynomial to approximate f(0.7).

13. The function f has derivatives of all orders for all real numbers with £(0) = 4, f'(0) = -3, f"(0) = 3, and
f'""(0) = 2. Let g be the function given by g(x) = f;c f(t)dt. Find the third-degree Taylor Polynomial for

g about x = 0.

14,

X

f'&x)

—4

fx)
1

-2

fI'x)
—4

flll (x)
2

Selected values for f(x) and its first three derivatives are shown in the table above. What is the
approximation for the value of f(—3) about x = —4 obtained using the third-degree Taylor Polynomial for f.

Taylor Polynomial Approximations

15. Which of the following polynomial approximations is the best for cos(3x) near x = 0?

(A 1+32x

®) 1-2x7

© 1+x

(D) 1—§x+xz




16. Consider the logistic differential equation
differential equation with £(0) = 6.

ay
dt

%(4 —¥). Lety = f(t) be the particular solution to the

a. Write the second-degree Taylor Polynomial for f about ¢ = 0.

b. Use the results from part a to approximate f(1).

t (seconds)

0

4

10

x'(t) meters per second

5.0

5.8

4.0

17. The position of a particle moving along a straight line is modeled by x(t). Selected values of x(t) are shown
in the table above and the position of the particle at time t = 10 is x(10) = 8.

a. Approximate x"'(8) using the average rate of change of x'(t) over the interval 4 < t < 10. Show

computations that lead to your answer.

b. Using correct units, explain the meaning of x"(8) in the context of the problem.

¢. Use aright Riemann sum with two subintervals to approximate fo |x' ()] dt.

d. Lets be a function such that the third derivative of s with respect to t is (t — 3)7. Write the fourth-degree

term of the fourth-degree Taylor Polynomial for s about ¢t = 1.




BC Calculus — 10.8a Notes — Radius and Interval of Convergence of Power Series

Power Series
o3
Z Ay X™ = Ay + X0+ ayx2 4 ayx® ook a,xt
nzi

o

Z (X — )" =g + ay (x ~ O + ay(x — )% + ag(x —~ ¢)® + o 4 ap(x — )

nz=l

The domain of a power series is the set of all x-values for which the power series converges.

Note! The center is always part of the domain,

Three ways a power series may converge: )
1.
a.
2.
3.
v

The Interval of Convergence is the set of values for convergence. We use the Ratio Test to
find the interval of convergence.

|fRatio Test for Interval of Convergence A
o
If you have a power series Z ap, find lim |[<Bi),
n-n i dn

n=i

. a .
e lim |-} < 1, then the series converges
n-en 1 dy

Ed & ®
e lim |- = 0, then the series converges
i {1}1

s U .
e lim [-*2| = oo, then the series converges

\_ e y,




| Find the radius and interval of convergence,

1. %(x -5 2. Z 3(x = 2)"
nzl nui
3 o (x o+ 2)H1 4 o (2n)! 227
' n3 ' n!
fnel Bzl




|
O 10.13 Radius and Interval of Convergence of Power Series

Calculus
| Find the interyal of convergence for each power series. E
o (e — 1) N (o + )"
LY I 2. 3
n=0 n=0

©0 o]

3. Z(—nn:z(:—z)n 4, Z(Zn)!(g)n

n=1 n=0




| Find the radius of convergence for each series. -

s (4x)" i (x — 4)n+t
5. — 6 2 o

n=1 n=0

oy 2n > (2n)! x?n
7. Z(Zn)' 8. z n!

n=0 n=0

| What are all values of x for which each series conversg

n

> ()

n=1




o (x —2)" @ 5
) S 2. 5
n=1 n=0

__Radius and Interval of Convergence of Power Series Test Prep

, R I : :
13. The radius of convergence for the power serlesz G=H™ is equal to 1. What is the interval of
convergence? e B

[s2]

14. 1If the power series Z a, (x ~5)" converges at x = 8 and diverges at x = 10, which of the following must be
true? n=0

I.  The series converges at x = 2.
II. The series convergés atx = 3.

III. The series diverges at x = 0.

(A) Ionly (B) Monly (C) TandIIonly (D) I and I only




<o

15. The coefficients of the power seties z an(x —3)" satisfy ay = 6 and a,, = (%) ap_q forallnm > 1. What
n=0

_ is the radius of convergence?

et (_1)n+1(x - S)n

16. The radius of convergence for the power series =
n

is 5, what is the interval of convergence?
n=1

(A) -5<x<5 (B) —5<x<5 (€ 0<x<10 D) 0<x<10

1
xlnx’

17. Leta, = —i—n forn = 3 and let f be the function given by f(x) =

nl

a. The function f is continuous&) decreasing, and positive. Use the Integral Test to determine the convergence

or divergence of the series Z Ay,

n=3




b. Find the interval of convergence of the power series Z

n=3

(X — 2)n+1
nlnn’




BC Calculus —10.9 Notes — Finding Taylor & Maclaurin Series for a Function

@gier Series \

If £(x) has derivatives of all orders at x = c, then a Taylor Series may be formed that is
equal to the function for many common functions,

\}ffﬁm{}itisa J

You need to know the following series:

The Taylor series of these functions are exact when we go to co, They must be memorized!

[ Maclaurin Serles for e, i __ Maclaurin Serles forsinx, -~ |

Memorize the following!

Function . Serics (expanded) | Series Notation | Int. of Conv.
o
X Xz xs xn B
21 31 ot T
3 5 7 hod (—1)Ry2ntl
. x° x° x -1)"x
oty oot Ly~ @n ¥ D))
2 4 6 =2 Na2n
N o ox? Xt x 1 (1) ,
, , ' 21 41 6l £ (2n)! ,




The function f(x) = ;3;; is actually a geometric series.
@
Recall: z,g;gﬁ =
ik

| Find the Maclaurin Series for each of the following functions,

3. sinx? 4, x%eX

Practice Problems:

2x%
1. What is the coefficient of x® in the Taylor Series about x == 0 for the function f(x) = %m?




2. If f(x) = x sin 3x, what is the Taylor Series for f about x = 0?7 Write the first four non-zero terms.

3. What is the Maclaurin Series for ﬁ ?7 Write the first four non-zero terms.

4. What is the Maclaurin Series for the function f(x) = % (e* 4+ e™*) ? Write the first four non-zero terms.

5. Find the Maclaurin Series for the function f(x) = cos+/x . Write the first four non-zero terms.




6. Find the Maclaurin Series for the function f(x) = sin 5x. Write the first four non-zero terms.

7. What is the Taylor series expansion about x = 0 for the function f(x) = %—{ ? Write the first four non-zero

terms.

. 3 32 33 3",
8. The sum ofthe series1 + =+ =+ —+ -+ 4+ =15
1 20 3l nl

(A) In3 (B) &® (C) cos3 (D) sin3

2
9. What is the sum of the series 1 +In3 + @ + ot M ?

! n!

10. What is the Taylor Series about x = 0 for the function f(x) = 1 + x2 + cos x ? Write the first four non-zero
terms.



T\ 21

11. What is the sum of the infinite series 1 — (E)Z (i) + (E)4 (i) - (5)6 (%) + et M?

2 3! 2 5! 2 2n+1)!

12, Find the Maclaurin Series for the function f(x) = e~3%. Write the first four non-zero terms.

H 2
13. Find the Maclaurin Series for the function f(x) = s";x

14, Which of the following is the Maclaurin Series for the function f(x) = x cos 2x?

( 1)n2x2n ( 1)n22n 2n ( 1)n22n 2n+1 ( 1)n2x2n+1
(A) Z O (B) 2 @) © Z —ao - ® 2




-
| Finding Taylor or Maclaurin Series Test Prep

x2ntl

@2n+1)!

represents which function f (x)

3 5 7
15. The Maclaurin series x -+ % + £5|— + J;—I + et

(A) sinx (B) —sinx © %(ex—e“x) D) e*—e*

16. The function f satisfies the equation f'(x) = f(x) 4+ x + 1 and f(0) = 2. The Taylor Series for f about
x = 0 converges to f(x) for all x.

a. Write an equation for the line tangent to the curve of y = f(x) at x = 0.

b. Find f"(0) and find the second-degree Taylor Polynomial for f about x = 0.




c. Find the fourth-degree Taylor Polynomial for f about x = 0.

d. Find £ (0), the n*" derivative of f about x = 0, for n > 2. Use the Taylor Series for f about x = 0 and
the Taylor Series for e* about x = 0 to find f(x) — 4e*.




@

10.9 AP Practice Problems (p. 799) — Taylor Series

1. The coefficient of x® in the Maclaurin expansion for
fx) = (3x)%cos x is
1

1 R R 3
N B Og o2

2. The Maclaurin expansion for f(x) = e*/3 is

2 xk o
*) Zg»g ®) ;%

e 1,
is

3. The Maclaurin expansion of f(x) =

& 9kt ok
(A) }_': (B) }_:(k iy
k=0 ‘

k=0

@x)k 2
© Z( P (E)‘;(kw}«»l)!

2§t Kk




4. The Taylor expansion for [¥ cost df about = is

F\ 2k
(#) Zwﬁﬁgm;i

(2k)!

2

W

g)ﬁk%‘i

(®) Z( )*(

— 2k +1

2k+1
®) Z(”’“‘D*( ”“”7)

pors (2k + 1)1

5. What is the first nonzero term of the Maclaurin expansion

of f(x) = In(2x® 4 1)?

(A) In(3x%+1) (B) 6x?

© 2x* (@) 3x2




: o0
6. The Maclaurin expansion of f(x) = 2«»{»«}»»55 equals }: apxk,
i k=0

(a) Find the coefficients of the first four terms of the Maclaurin
expansion,

(b) Given the Maclaurin expansion of g(x) = SE

(o]
equals E brx¥, express by in terms of ag.
k=0




BC Calculus — 10.8b Notes — Representing Functions as a Power Series

Recall:
Function | Serfes(expanded) | Scries Notation | Int. of Conv.
. 2]
x% x8 xt
22 32 ﬂ%ﬁ 1
£
. X3 xﬁ X? Z iwi}nxia%i < <
TR T T Zi" G+ DI
f-]
2 4 6 (Wl}ﬂxzn
COsSX = 1,,”5;,“ fmm§m+ ZW i} & X <0
217 41 6l L (2m)!
,1 f213
et 1 x4+ %2 — x3 4 o ZEWQ%ﬁ “l<x<l
1+ x “

o BN
;AQ@mZ%wmf@m

L]

2. Write the first 4 nonzero terms for the Maclaurin series that represents f; sin(t?) dt.



) Practice Problems:

1. What is the coefficient of x? in the Taylor Series for the function £(x) == sin® x about x = 0?

@ B
2. If the function f is defined as f(x) = Z = then what is £/(x)? Write the first four nonzero terms and the
general term, e i

3. Use the power series expansion for cos x8 to evaluate the integral ]; cos t® dt. Write the first four nonzero
terms and the general term,

{’”1}7};{21‘1

% % &
4. Forx > 0, the power series defined by 1 - %{ + % o E;; S R “Gnani converges to which of the following?

(A) cos x (B) sinx ©) fi{*ff D) e~ ~eX

x




00

5. Itis known that the Maclaurin series for ﬁ is z x™ Use this fact to assist in finding the first four nonzero

n=0
terms and the general term for the power series expansion for the function

X
1-x2’

1

6. Let f be the function with initial condition £(0) = 0 and derivative f'(x) = —

terms of the Maclaurin series for the function f.

Write the first four nonzero

7. Find the Maclaurin series for the function f(x) = 3%, Write the first four nonzero terms and the general term.

8. Ifa function has the derivative f'(x) = sin(x?) and initial conditions £(0) = 0, write the first four nonzero
terms of the Maclaurin series for f.




9. The function f has derivatives of all orders and the Maclaurin series for the function f is given by
hod (—1D)nx2n+1

e Find the Maclaurin series for the derivative f'(x). Write the first four nonzero terms and the

n=0
general term.

10. Let the function f be defined by f(x) = 1—:; Find the Maclaurin series for the derivative f’. Write the first
four nonzero terms and the general term.

CosXx
about x = 0.
1-x

11. Find the second-degree Taylor Polynomial for the function f(x) =

2
12. What is the coefficient of x2 in the Maclaurin series for the function f(x) = (1—1—’;) ?



13. Find the Maclaurin series for the function f(x) = x cos x?. Write the first four nonzero terms and the general
term,

14. Given that f is a function that has derivatives of all orders and f(1) = 3, f'(1) = =2, f" (1) = 2, and
f"'(1) = 4. Write the second-degree Taylor Polynomial for the derivative f' about x = 1 and use it to find the
approximate value of f'(1.2).

15. Let the fourth-degree Taylor Polynomial be defined by T = 7 — 3(x — 4) + 5(x — 4)2 — 2(x — 4)% +
6(x — 4)* for the function f about x = 4. Find the third-degree Taylor Polynomial for f’ about x = 4 and then
use it to approximate f'(4.2).

Representing Functions as Power Series Test Prep

16. Given a function defined by f(x) = %

a. What is the limit of the function f(x) as x approaches 0?

for x # 0 and is continuous for all real numbers x.




b. Write the first four nonzero terms and the general term of the power series that represents the function
h(x) = cos 2x

cos(2x)—-1

c. Use the results from part (b) to write the first three nonzero terms for f(x) = 2

cos(2x)-1

d. Use the results from part (c) to determine if the function f(x) = "

relative minimum or neither at x = 0. Justify your answer.

has a relative maximum, a



10.8 AP Practice Problems (p. 788-789) — Power Series

o0
1. If 5 agxf converges for x = —8, then which of the
k=z0
following must be true?

o0
L Z agx® converges for x = 8

k=
o0

XL, E " agx* converges for x = 0
k=0

e s ]
11l Zﬁgxg converges for x = =6
k=0
(A) Tonly (B) I only
(©) HandWonly (1) L I,andllI

00
2. If the radius of convergence of the series 3 ax(x — 3)* is 2,
k=0

then which of the following must be true?

1. The series converges for x = I.
II. The series converges for x == 2.
III, The series converges for x == 5.

(A) Tonly (B) I only
(©) YandIlonly (D) I, II, and 1




s

: . oo (Z 4 3)£ is
3. The interval of convergence of the power series Z‘; 7
kuz)

A) (-4,-2)  ®B) [-4, ~2)
©) [-4.-2] (D) x= -3 only

L3

4. Which series has an interval of convergence [~1, 1]7

e ke ’% Xk i xk
1. Zicz L. Z - I }: 3
ke kel kol
(A) Tonly ®B) only

(C) Tand 1 only (D) I and I only

o2 ng rges.
5. Find all numbers x for which the power series . o converg
=0
11 |
@ [‘”"‘é‘”’ ‘:‘;‘} ® L1 (© (3,3 @ 3.3




¢, The power series Tepresentation of a function

fasz

Then the power series for f(x) is k=p k
X k=l 00
X ’ Xk
(A) Z &-n1 & ?;{}W

7. (a) Find the radius of convergence for the power series

Pt
%
kuzl 3
(b) What is the interval of convergence for the power series?




8. (a) Use the power series
00 (WI)S: ke
In(l 4 x) = :
(14 x) ;% Py,
series representation for f (x) = In(1 + x2).
(b) Use properties of power series to find the derivative of S
(¢) What s the interval of convergence for f?

» =1 < x =1, to find the power




BC Calculus —10.10b Notes — Lagrange Error Bound

Exact value = Approximate value + Remainder

Error:

£# LY | fifz. SPLY 2€:31 PRt}
f@) = £+ () (x — ) + L LDy L2ECRD 4 R(x)

{ggfangg Error Bound ' \
Let f(x) be differentiable through the order n -+ 1. The error between the Taylor Polynomial
and f(x) is bounded by:

IR, ()] <

W;ere z is some number between ¢ and x. /d

%
1. The fourth degree Maclaurin polynomial for cosx is given by py(x) = 1 = 4? + %., If this
polynomial is used to approximate cos(0.2), what is the Lagrange error bound?




LaGrange Error Bound Summary:

Max|f®*D(2)]
(n+ 1)!

|Rn(x)] = (x — )™+

* R, (x) is the error bound or the approximation between the Taylor polynomial & the function f(x)
e x = the given value

® ¢ = the center of the function. For instance, a MacLaurin Series would be ¢ = 0

e n =thedegree of the polynomial

® z = some unknown x — value between c and x where the maximum y — value of (n + 1) function lies.

When applying Taylor's Formula, we would not expected to be able to find the exact value of z. (If we could do
this, then an approximation would not be necessary). Rather, we are merely interested in a safe upper bound
(maximum value) for the |f @+ (2)| between x and ¢, from which we will be able to tell how large the
remainder R, {x) is.

e We want to maximize the {n+1)" derivative on the Interval from x, ¢] or le,x]. The maximum error bound Is the worst
case scenario for the interval In which our actual approximation can live




2. Use a third degree Taylor polynomial on the interval [0, 1] for e* centered about x = 0 to
approximate ¢*, What is the error bound of this approximation?

3. What is the smallest order Taylor Polynomial centered at x = 1 which will approximate ¢*~* on
the interval [0, 3] with a Lagrange error bound less than 17

Practice Problems:

. . f e x* . st ]
1. The third Maclaurin polynomial for sin x is given by p(x) = x =~ R If this polynomial is used to approximate
sin(0.1), what is the Lagrange error bound?



@

x4

. T . x2
2. If the Taylor Polynomial for approximating cos x is given by 1 — ETRITE.

in the approximation of cos(0.3)?

what is the upper bound for the error

. T - x2  x® x| xS
3. If the Taylor Polynomial about x = 0 for the approximation of e* is given by 1 + x + T a T what

is the upper bound for the error in the approximation of e?

4. Let f be a function that has derivatives of all orders for all real numbers and let P;(x) be the third-degree Taylor
Polynomial for f about x = 0. |f ) (x)I < n—:l_-l-, for 1 < n < 5 and all values of x. Of the following, which is

the smallest value of k for which the Lagrange error bound guarantees that | (1) — P3(1)| < k?

® 21 © 2%z D)

A 3

*

Tl [
L

5. The function f has derivatives of all orders for all real numbers, £ (x) = e°5* | If the third-degree Taylor
Polynomial for f about x = 0 is used to approximate f on the interval [0,1], what is the Lagrange error bound?




6. The Taylor series for a function f about x = 3 is given by Z(—1)" an-: 1 (x —3)* and converges to f for 0 <

=0
x < 5. If the third-degree Taylor Polynomial for f about x=3is used to approximate f (14—3) , what is the

alternating series error bound?

7. Let f be a polynomial function with nonzero coefficients such that f(x) = ag + a;x + a,x? + azx% + a,x* +
asx5. Ty(x) is the fourth-degree Taylor Polynomial for f about x = ¢ such that Ty = by + by (x — ¢) +

by(x — )% + by(x — ¢)® + by(x — c)*. Based on the Lagrange error bound, f(x) — T,(x) must equal which
of the following?

(A) x B) (x—c)’ (©) as(x —c)’ D) as(x—-c)s

5!

8. Let P(x) be the sixth-degree Taylor Polynomial for a function f about x = 0. Information about the maximum
of the absolute value of selected derivatives of f over the interval 0 < x < 1.5 is given below.

0222)1(_5|f(5)(x)| =93 max_|f(®(x)| = 62.1

0=sx<1.5

max |f(7)(x)| = 481.3

0sx<1.5

What is the smallest value of k for which the Lagrange error bound guarantees that |f(1.5) — P(1.5)| < k ?

9. The function f has derivatives of all orders for all real numbers, Values of f and its first four derivatives at
x = 2 are given in the table.

X f(x)
2

f'(x)

f' )

flll(x)

f® )

6

-12

18

~24

34

a. Write the third-degree Taylor Polynomial for f about x = 2, and use it to approximate f(1.5).



. ' b. The fourth derivative of f satisfies the inequality | f@ (x)| < 48 for all x > 1. Use the Lagrange error
bound to show that the approximation found in part (a) differs from f(1.5) by no more than %.

10. Let h be a function having derivatives of all orders for x > 0. Selected values for the first four derivatives of A
are given for x = 3. Use the Lagrange error bound to show that the third-degree Taylor polynomial for h about
x = 3 approximates h(2.9) with an error less than 3 x 1074,

X h(x) h' (x) h" (x) h'" (x) h®) (x)
] 217 753 1383 3483 1125
4 4 8 16

Lagrange Error Bound Test Prep

11. Calculator allowed.

X fG) f'(x) £ e W)

3 4 —8 14 —22 30

The function f has derivatives of all orders for all real numbers. Values of f and its first four
derivatives at x = 3 are given in the table.
a. Write an equation for the line tangent to the graph of f at x = 3 and use it to approximate f(2.5).




b. Write the third-degree Taylor polynomial for f about x = 3, and use it to approximate f(2.5).

c. Is there enough information to determine whether f has a critical point at x = 2.5? If not, explain
why not. If so, determine whether f(2.5) is a relative maximum, relative minimum, or neither,
and give a reason for your answer.

d. The fourth derivative of f satisfies the inequality | f@® (x)| < 48 for all x > 2. Use the Lagrange

error bound to show that the approximation found in part (b) differs from f(2.5) by no more than
1

g

e. What is the coefficient of the (x — 3) term in the Taylor series for f', the derivative of f, about
x = 37
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Question 6

Let fix) = sm(xl)_ +o0sx. The graph of y = l j”{'”(x)l 15

J
shown above. \ 'Y f
- ,
(a) Write the fizst four nonzero terms of the “Taylor series for \ 120 }i
sinx about x =0, and write the Rrst four nonwere terms ‘ .
of the Taylor series for siu(xz) ghouf x = 0. : 80

\ / A

UL a0 TN

m....__ﬁ%

v N

- {3
Graph of y = [j’m(x)’

{b) Write the first four nonzero ferms of the Taylor series for
eosx about x = §. Use this series and the setes for
sm(xﬁ ), found in part (a), o write the first four nonzero
terms of the Taylor series for f about x = 0.

(c) Find the value of f¥(0).

(d) Let B(x) be the fourth-degree Taylor polynomial for f about x = 0. Ustng information from the graph of

y = l f(‘S}(x)‘ shown above, show that {&(—«3«) - f] (»}{}] < 3’6%5

V e




CAPYCALCTHUS BG
20171 SUCHING QUIDELINES AP® CALCULUS BC
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mestion g
Question 6
Lt fiz) = sind wrwlgn, lwwm&mwgmuww 5 ww
. EY 5 2
: : i Eet f{x}= mmnhauv +cosx. Thegraphof y = m,\.mXMwm is 4
il " shown above. w 120 }
of the Taylor series dor sinly” § dhomit x =5 ) o ic \\\.../ m {a) Write the first four nonzero terms of the Taylor series for 26
. ¢ Mw . S f.mw i sin x about x = {), and write the first four nonzero terms

&) Wiite the Fest four phniey s of S T semies for X ,. ey ; . . 5.

(cos gt e ﬁﬁﬁmﬁwﬁ&&%ﬁm for z B = of the Taylor series for mE?NV abouf x = 0. M \\l///;d \\\\/ M

sinf "}, Sousd ingast {2, to write thefirstfoor nonzes Crphol y = M ¥ (b} ‘Write the first four nonzero terms of the Taylor serfes for v ¥ .,

cosx about x = 0. Use this series and the series for - 4

ferens of the Tavlarsases for fabout x =9,
&} Find hevabieof FO01 .
3 berihe fontls degres Tavitrd polynbeil for f abont x = 0 w&g%gggmmﬁmmwaw

s A £ Ry mw:
eyt -
o % >, . 2 B amm A
4 & % g e % b4 b4 .lv{ﬂ*\. (uwma
&) siox = x-FeE g ARG

X gobae
S mx.m&wﬁ%
ELxd L

sin{*}, found in part (s), to writc the first four nonzero

terms of the Taylor series for f about x = 0.
{c} Find the value of F1%(0).

{d

R

m »&Xavw shown above, show that TA v \.ﬁ L A

Graph of y = | F9 ()]

Let F{x) be the fourth-degree Taylor polynomial for f vaE x = 0, Using information from the graph of

@ siax =x—o- % T — Tt

JERNE
) oomal_|ﬂ+x|lm%.+

¢ s
121x
= ~+I|+Mm R

%@
{c} is the coefficient of x° in the Taylor serjes for £ about
x = 0. Therefore £©& {G) = -121.

(&) The graph of y =| 7))} indicatos that max | £ < 4.

o<t
Therefore
max | FOn)
o)}« = <o <o
4 4 51 4 126.4° 3072 3000
£ 2011 The College Board.

5 1 : series for sin x
* | 2 : series for mSAHJ

3. 1 : series for cos x
" | 2 :series for f(x)

1: answer

N. A Twoan,mﬁwogvoﬁm
"1 1:analysis

Visit the College Board on the Web: www.collegeboard.org.




10.10 AP Practice Problems (p.806) — Taylor Polynomial Approximations & Lagrange Error Bound

1. Use the Taylor polynomial P4(x) of y == cosx at 0 to
approximate cos 0.2.

(A) 1 (B) 0980 (C) 0.803 (D) 0.801

2. If afunction f can be represented by the Taylor polynomial

Py(x) = 4 +2(x — 2) -+ 3(x — 2)% + %(x - 2)3
then f7(2) =

@1 ®2 ©3 D6

3.0 f(=1) =4, f/(~1) = -3, S(=1) =3, and f"(~1) =2

then the Taylor polynomial P3(x) of degree 3 of f at —1is
(A) Ps() =4 =3+ 1)+ S04 1P (x4 17

B) P3(x)=4—3(x-+1)+ %(x +1)2 - %(x +1)3

(©) Pys) =4 =30 = 1)+ 30 = D24 LGz — 1)

3

D) P3(x)=4—3(x+1)+ %(x +1)2 + %«l(x + 153




4. The polynomial f(x) = x® — x2 — 4 expressed in powers
of (x 4 1) equals

(A) =4+ (x +1) 4 4Cx + 12 +6(x + 1)
B) —6+50x 4+ 1) +4(x + D2+ (x +1)3
(©) ~6++5(x+1) = 8(x + 1)+ 6(x + 1)3
D) ~6+5(x + 1) = 4(x + 1) + (x + 1)?

5. The Lagrange error bound in using a Taylor polynomial of

2?{ 2, * »
= Sir Z_. to approximate sin 2 is no more
degree 5 for f(x) = sinx at 3 to app
than

gyiwzﬁ ggmzé
| |2 6
© }cas%”%ﬁﬁzf o) lsxrz%»»} Z 2|

R




6. (a) Write the Maclaurin series for f(x) =™,
(b) Approximate e~%! with the Taylor polynomial Py(x)
of f(x)==e™*,
(¢) How many terms are necessary to approximate e~ 01 with
an error less than or equal to 0.00001?




7. The standard normal probability distribution density function

; =%/ {5 defined for all real numbers.
Ie

fx) =

(a) Write the first four nonzero terms of the Maclaurin
expansion for f.

(b) Use the Maclaurin expansion from (a) and properties of a
! e 2.

2

(¢) Find the maximum error in using the first four terms of the

1
power series to approximate /
a P

} ]
Maclaurin expansion to approximate f gy,
Jo V2r

(d) Justify the method used to find the error in (c).



"Ch. 10 Unit Review AP Practice Problems (p.813) — Infinite Series

and f¥(2) = —2. Then the Taylor p
of degree 4 of f at 2 is

=5 f"(2) = —4;
olynomial Py(x)

5
) (x) = 3(x — T 4
(A) Pax) =3(x = 2) + S (x 2)2mg(xm2>3m % (x = 2)f
o By e g D 2 »
€B)?4(*’:3”3”*’gfxmz}zmg(x%zﬁmé{xmg)é
(€) Pa(x) =3+ (x - 2) + %{x ~2)2
2 , 1

a9 4 2
O) Pal) =3+ 57 =27 ~ 7 x =27 4 2 2!

) o0
110 < ax = by forall k and 3 a; diverges, then which
kel
statemnent must be false?

(A) ;zlj’a&rga an =0 (B) f:jgga b =0

WA
T

s 2] 2]
© b=1 (D) 3 (~1)*a; diverges
f2 k)

13, Which of the following series converge?

2] oo o5
LY ¥ L Ykt o Yot
kel

k=) ka2l
(A) lonly (B) Ilonly
(C) Iand Il only D) LI, and II




o N
4, Determine whether the infinite series Y (w%)
k=) ,

converges or diverges. If the series converges, find its sum §.

(A) converges; § = w% (B) converges; § = %
(C) converges; § = 6 (D) The series diverges.
@ (x —2)
)5. The interval of convergence of ;% & W ) 1s

A) -l<x<1 (B ~l<x=l
€C)1<x<3 D) 1<x=3

'6. For which integer n do all three infinite series converge?

00 0 . ik 0 k

S 2S5 ()

ko) ke k=1
W2 ®3 ©4 O3

@




). 1 a function f is continuou
interval [1, oo) and if ax =
then the infinite series

s, positive, and decreasing on the
! 2.4 %
f (k) for all positive integers k,

[
(A) 3 ay converges.
kel

5 o [ - CONVErges.
B) 3 = [ fendxif [ @€
fuml

e
(C) Z{};{ = f(x)

F % |

? 0
) f:g; converges If 7 f(x)dx ¢
b=l

nverges.

oo

3kHl 4 4k
DB

(A) e+2 (B) 3¢e~1 (O 364«% D) 3e+2

’ e el
9. Find bounds for the sum of § —ee .
i (2k)*

1 N 3
(A) «i«g«:;%a

!
4
3 3 4 1




10. Which of the series diverge?

1 1 1
2; 2” sl s wh B BB
53713
- 4 6 8
, 8§ 16 32
I}I? é”éwgm"g’*m%m:a;
(A) Tonly (B) Uonly

(C) TandIonly (D) Iand Il only

o0 k
. , ; -1
11. The interval of convergence of the power series E (%w) is
kusl)

(A ~1<x<1 (B) -4=<x<4
) ~4<x=<4 (D) —-3<x<3

112, Which series is the Maclaurin expansion of f(x) == x? sinx?

4 6 8
gm’f%ﬁ immfw» Y
A) =+t
6 10 14
zmi{«m X%miwra %% %
(B) x*=gp+gr—gy
5 7 9
3”%%“ fw%fm E I
O TR T

3 5 7 9
4 X X b 4
@ F-Fty-gt




00 Ak+2

13. Determine whether the series ) 5~ converges. Ifit
kel

converges, its sum equals
(A) converges; 5 (B) converges; 64
(C) converges; 80 (D) The series diverges.

o] 6 .
14. Determine whether the series g% TEDED) converges. If it

converges, its sum equals

(A) converges;1  (B) converges; 3
(C) converges;6 (D) The series diverges.

15. A Maclaurin polynomial for f(x) = €* is used to
approximate '/, What is the degree of the Maclaurin
polynomial needed to ensure that the Lagrange error bound is.
less than 0.00001? *

@3 ®»s ©71 MY




16. A fourth degree Taylor polynomial for f(x) = sinx at % is
used to approximate sin 35°. The Lagrange error bound

guarantees the error in using the approximation is less than
1 7m\? 1 7my\*

NS S (o

@ 7 (3) ® 5 (3)

@53 o)

| , e & (Ink)?
17. Determine whether the infinite series T
kel
diverges. Be sure to show all your work.

converges or

o0

$ e L
ko=l k +1
absolutely convergent, conditionally convergent, or divergent,

Show your work.

18. Ijezerfnine whether the infinite series




19. (a) Writa the first five nonzero terms of the Maclaurin

expansion of f(x) = tan™! x,
(b) Use properties of power series to obtain the Maclaurin series

for g(x) = Jy tan”™ £ dl.

(¢) Using the fact that the radius of convergence R of the
Maclaurin series representation for f(x) = tan™! x is 1, find
the interval of convergence of the series representation of g,

(d) Use the result from (b) to approximate j{f” ¢ tan~lx dx so
the error is less than 0.001.




function’s values in & regfon that is niearby the “center” Power Series: Written in foim Z a,(x~¢)" where 6!
*a tangent line is essentially a first degree taylor polyriomiat, o 10 et
~ cand a, (cosflicionts) are numbers:

The series-converges only at o (ALL power series
converge at least at their center) (Radius of
' nee = ()

$ converges for all x (function: and: infinite

 have exast saing valies everywhere) =

U = o _

3 setles converges within & certain Radius of

| Convergenes such that sefies converges for |x ~¢| €« R
~»The interval of Convergenee(1.0.C.) s

[(e~R,e+R)] .

*“Bie sute to TEST convergence of endpoints

*Typically, you want to use the RATIO TEST to

determine Radius of Convergence

Geometric Series below based ob

8y 1

i :f{;ftﬁgﬁﬁ& tetm partial §

he first unused

8= o0t <x<]
4

AR 1 1 ' T 3 .
| 5 7 P Y e e T s o i | e R obe X0 e +(.~.1)"x" .
sin xwxmfw»kﬁmwi%g)mwwm 10C: All Redls I+x  1-(-x)
24 8 n-2) SR | ] o
2 3 n | e Lo (= D) (- 1 (D (1)
fe Lt ek 2+ 100 Al Resls * -1
e AT ) S R B oc: 0 <x <2
3 5 7 p sl dn-l .
At g «fn-gf—«wﬁw % - vy —1\? e TV A VN T
tap™ x= X 3 + 5 e onoD) 10C:-15 ¥ 1 | ,lngmfédxm(x—l)ﬁw(x ,1) PG (1) (=1

PR - .

- TOC: All Reals

LaGrange Error Bound_*This is similar to the Alternating Series Remainder. However, this method offers a way to determine the
maximum error (remainder) when we do a Taylor polynomial approximation vsing a certain number of terms for a specific

fanction.
x) = Wlf"’“) (Z)' (x~c)y™ < %Wmaﬂf("*” (Z)}

(n+1)! S SR

the (n +1)* (fixst unused) derivative at “z”  *We are not expected to find the exact value of z, (If we could, then an
approximation would not be necessary) *We want to maximize the (n+1)* derivative on the interval from [x, ¢] in order to find

a safe upper bound for the ‘ £ (2)

RM (

(x—¢)™| * The remainder for an ' degree polynomial is found by taking

*The maximum error bound js the worst case scenario for the interval in which our

actual approximation can live. **Cpllege Board will provide strictly increasing and decreasing functions. (So we only have to
choose between f( ¢) and f(x) (the endpoints). This will allow us to determine the max value much more accurately.

Alternating Series Remainder: e @

Suppose an alternating series converges by AST
| (such that lima, =0 and @, is decreasing) , then-
. H-—>0

R,|=|S =S,

*This means that the maximum error for the n™ term

partial Sum S, is no greater than the absolute value of the
first unused term a,.;

s Ianﬂ ’




