BC Calculus

Unit 3

Differentiation Part 2

(Composite, Implicit, & Inverse Functions)
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AP Calculus — 3.1 Notes - Chain Rule

Composite Functions:

f(o(x))

sin(x?)

Inx

cos(sin(5x))

d ,
= f(9) =

\.

/
The Chain Rule (derivative of a composite function)

| Find the derivative

L f0)=0-5 2 300 VB3

R(x) = sin? 5x

4. vy =In(x3)

|
5. y=In(x*)

6. /(= (52

2t~5



7. If g(x) = 2xVI = x find g'(—3).

8. Given the following table of values, find f'(4) for each function.

X g(x) g'(x) h(x) h'(x)
3 | 7 =2 -3
3 = 9 5

F) = ()’

Practice Problems:

f(x) = Jh(x)

f(x) = h(g(x)

| Find the derivative of each function.

1. gix) = (3x*-1)°

2. y=sin2x

3. h(r)=V5r2 =2r+1

4 — cos (x*)

5. h(x) = In(5%)

6. g

(x) = In(2x3)

7. f(x) = Jtan(2x)

8. y=cosx

9.y

T (7x3-1)2
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e df]?:aﬁve ofa Rc;)l:lposue function (f o &)(x) can be found 39, y=sec(dx) 40, y=cot(5x)
using ) ‘
grue or False 1y =f(u) and u = g(x) are differentiable a1 y=eli a2, y=e'l
e X " functions, then y = S (g(x)) is differentiable, ' { 3
2 frieor False  Ify = f(g(x)) is a differentiable function 43 y= sy 4. y= Y2l —3
* ey =G ). ’ 2 ,
. find the derivative of y =tan(1 4+ cos x), using the Chain R 45, y= e 46, y=——
¢ Eeogin with y = and u=  fe Hhein Rule 1+99e7 T+2e~
5 [fys(x3+4x+ D', then y = 47, y=2sinx 48, y = (v/F)co5*
, 5 )
6 1t £ =¥ 5 then fl(¥) = 49, y=6cr 50, ys=3unx
7, True or False The Chain Rule can be applied to multiple 51, y=>5xe® 52, y=xde™
composite functions.
p ) 53, y=x?sin(4x) 54, y=x?cos(4x)
g, —Siix*=
dx In Problems 55--58, find y'. Treat a and b as constants.
skill Building 55. y=e¢™%sin(bx) 56, y =& cos(—bx)
—ax
In Problems 9-14, write y as a function of x. Find dy using the 57, y= e —1 58, y= e 41
, dx ax . | ebr — 1
Chain Rule.
S ey R : d ,
b y=wu=xitl 10. y=u, u=2x+5 In Problems 59-62, write y as a function of x. Find (—1-;1 using
fh y= u u=x241 12. y::u_ u=x? o1 the Chain Rule. 4
n utl (354} 59 y=u3,u=3v2+l,v=ﬁ
=1, ) % .
2 13 y:(u—}-l)z,u=1 14. yz(u2—1)3,u=~l_-

x x42

In Problems 15-32, find the derivative of each function using the
Power Rule for Functions.

15, f()= (Bx+5)2 16, f(x)=(@2x~5)

1% f(x)=(6x —5)~3 18. f()=(4+1)7"
19, gr)=(x?+5)* 20, F(x)=(x3—2)
(] 1 3 1 :
21- f(u)=<u——> 22 f(x)=<x+—>
u X
B o) =(dx +e*) 24, F(x)=(e* —x%)?
B, f(xy=tan’x 26, f(x)=secx
2 f(2)=(tanz + cos z)? 28, f(z)=(e* +2sinz)?
Doy=(2 44203 -1 30, y=(x2-2°@x*+1)*
. 2 ; 5
' y=<8_xr1§) ., y:‘__(x%—cosx)
X x
" Problems 3354, find y',
8, Y=sin{4x) 34, y=cos(5x)
%, Y=2sin(x? +2x — 1) 36. y=-;—cos(x3—2x+5)
@ /A .3
Y sm; 38. y=sin—

1
60. y=3u,u=3v2-—4,v=;
2 4 2
61, y=u +1,u=—5,v=x
2
62. y=u3—‘1,u=-—;,v=x3

In Problems 6370, find y'.
63, y=e¢"%cos(3x)

65, y= cos(e"z_)

67, y= ecos(4x)

69, y=4sin’(3x)

In Problems 71 and 72, find the derivative of each function by:
(a) Using the Chain Rule.

(b) Using the Power Rule for Functions.

(c) Expanding and then differentiating.

(@) Verify the answers from parts (a)—(c) are equal,

T y=(x3+1)? 72, y=(x%~2)3

64, y=e™ tan(mwx)

66. y= tan(e"z)

68, y= ecsc2 X

70. y=2cos?(x?)

In Problems 73-78:
(a) Find an equation of the tangent line to the graph of f at
the given point,
(b) Find an equation of the normal line to the graph of f at the
glven point.
(¢) Use technology to graph f, the tangent line, and the normal line
on the same screen,




T T T 0 00 Y B ENE S e orse Function’ fired hori
R Tl icit, and InV A bullet is fired horizontyy, .
) osite, Implicit 0 the bullet tr: Mo aj
« The Derivative of COmP tilinear 5 (in meters) Vels intg %,
232  Chapter 3 96. Rec¢ distance > Ao g ey,
aper '1:: ; seconds 18 gner (; 1 0<y ;
Sat(1,0) of pap® () =8—(2— =tx2
73, f(x)_:(xz—-ZX'l'l) a §s=S5 )
7. Foy=(—a2x—D0at 0. 1) ihe velocity ? of the bullet at anly time ¢,
' Find the . he bulletatr=1.
2 @ Jocity of the -
x : velo .
75 flx)= T at (2- §$> (b) Find thhe © celeration @ of the bullet at any i ,
’ ind the . bulletats =1.
() Fin Jeration of the bu
22 4 Find the accel® er did the bullet t;
e a
S O=ETE (2' 9) ((‘3 How far into the bale of PaP . vely
) Lat© 1) : Motion Find the acceleratIOI'l @ ofacap 3
7= 77. f(x)=sin(2x)+cos 5 2t @ 97. Rectillneaf et it has traveled along a hxghway at timg,
" distance 5, 11 #50 o
78. f(x)=sinx+cos’x at (5 1) seconds is given Y
, o 80 . 3. (%,
In Problems 79 and 80, find the indicated derivative. s(t)= k) Lt T s 6
d? ) 80 d’ sin x
79. — cos(x 1 . . -
2 dx ; t moves In rectilinear mqe
& 08. Rectilinear Motion An objec Motigy

81. Suppose k= f o g. Find K'(1) if £'(2) =6, f(1)=4,
8()=2,and g'(1) =—2.

82. Suppose h= f og. Find h'(1) if f'(3)=4, f(l)=1,
g()=3,and g'(1) =3.

83. Suppose h=g o f. Find h'(0) if £(0) =3, f'(0)=—1, g(3) =38,
and g'(3) =0.

84. Suppose h=go f.Find #'(2) if f(1)=2, f'(1) =4, f(2)=-3,
F'@)=4, g(-3)=1,and g'(~3) =3.

d
85 ffy=u’+uandu=4x3+x -4, find d_i atx=1.

d
86 Ify=e"+3u and u = cos x, find d_y atx =0.
X

Applications and Extensions

PACE |
99,

h.//

that at time ¢ > O seconds, its position from the orig,
so =
is s(f)=siné', in feet.

i ionao :
(a) Find the velocity v and acceleration a of the object 5 ay

time ?.
(b) At what time does the object first have zero velocity)

(c) What is the acceleration of the object at the time ¢ foyg
in (b)?

Resistance The resistance R (measured in ohms) of
an 80-meter-long electric wire of radius x (in centimeters)

0.0048
is given by the formula R = R(x)= =2
given by x =0.1991 + 0.0000037 where T is the temperature
in Kelvin. How fast is R changing with respect to T
when T =320 K?

. The radivs x is

o o 100. Pendulum Motion in a Car The motion of a pendulum
in Problems 87-94, find the indicated derivative. swinging in the direction of motion of a car moving at a low,
87. —d~f(x2+ 1 88. if(l —x2) constant speed can be modeled by
dx dx
Hint: Letu =x? 41, S=S(t)=0.0531n(2t)+3t O<t<rm
. i p (x i 4 " _‘if - where s is the distance in meters and ¢ is the time in seconds:
de’ \x—| "dx? \ T4z (a) Findthevelocityvatt:z 1L gidr=2,
d d 8 ' 4
91. 7 J(sinx) 92, o fltanx) (b) Find the acceleration q at the times given in (a).
a2 p 1(¢) Graph s =S, v= (). and a= a({) on the same ST
23—y - x Source: M : s
v gezd (cosx) 94, dT-Zf (e%) 101, Eco athematics Students at Tripe University, Angola, Indmﬂmr
N ‘ : Nomics T, functj =021 penresenls
. Rec.tflmeal.' Motion  An object is in rectilinear motion and jts relationship between 4 l(t)}l,] £ =100 9002 p etril
Posttion s, in meters, from the origin at time ¢ seconds is gjven by the latest generat; ' - Pereentage of the market Pen ars
by =5(6) = A cos(wr + ), where A, », and ¢ are constants, Where 1 = COrrespcl)?lgsSItT(l)atrl': e SOt e ]
; . . € year 2020,
((1!:)) Find the velocity v of the object at time ¢ (a) Find lim A(#) ang inte }; . 0
When is the velocity of the object 07 e Tpret the result.
ject 07 B®) Grapp i

(¢) Find the acceleration q of the object at time ;.
(d) When is the acceleration of the object 0?7

netion A = 4y,

h
and explain how the g%
answer in (a)

Supports the




103

¢ Find the rate of change of A with respect to time,
@ Evaluate A'(5) and A’(10) and interpret these results.
me Graph the function A’ = A'(¢), and explain how the graph
supports the answers in (d).
2, _pfeteorology The atmospheﬁc pressure at a height of x meters
{ abaye set Jevel is P (x) = 10%~0%012¢ ko2 \what is the

' até of change of the pressure with respect to the height
atx=500 m? At x =750 m?

Hailstones Hailstones originate at an altitude of

" about 3000 m, although this varies. As they fall, air resistance
slows down the hailstones considerably, In one model of air
resistance, the speed of a hailstone of mass 1 as a function

, m ,
of time £ is given by v(t) = -If:(l —e~RImy s,
where g = 9.8 my/s? is the acceleration due to gravity and k

is a constant that depends on the size of the hailstone
and the conditions of the air,

(a) Find the acceleration a(t) of & hailstone as a function
of time ¢.

(b) Find :l-lfgo v(t). What does this limit say about the

speed of the hailstone?
(c) Find Jim a(t). What does this limit say about the

acceleration of the hailstone?

104, Mean Earnings The mear earnings E, in dollars, of

workers 18 years and over are given in the table below;

Year

Mean
Earnings 8,552 12,665 17,181 21,793 26,792 32,604 41,231 49,733 48,000

1975 1980 1985 1990 1995 2000 2005 2010 2015

105,

Source: U.S. Bureau of the Census, Current Population Survey.

(A3 (a) Find the exponential function of best fit and show that it

equals E = E(t) = 9854(1.05)", where ¢ is the number of
years since 1974,

(b)’ Pind the rate of change of E with respect to .

{¢) Find the rate of change at £ =26 (year 2000).

(d) Find the rate of change at ¢ = 36 (year 2010).

(¢) Find the rate of change at z =41 (year 2015).

(f) Compare the answers to (c), (d), and (e). Interpret each
answer and explain the differences.

Rectilinear Motion ~ An object moves in rectilinear motion so
that at time ¢ > 0 its position s from the origin is s = s(t). The

- L, ds . ;
velocity v of the object is v = o and its acceleration

. dv d%s . .
i85 — = =" [fthe velocity v = v(s) is expressed as a
dt — dr
function of s, show that the acceleration a can be expressed
g dv
$q = p—,
ds

106.

Section 3.1 ¢ Assess Your Understanding 233

Professor Miller's student approval rating

2
10sin nt

is modeled by the function Q(f) =21 4 ———=,
¥ 1210} 7%

Student Approval

where 0 <t < 16 is the number of weeks since the semester
began.

(a) Find Q'(t).

(b) Evaluate Q'(1), Q'(5), and Q' (10).

(¢) Interpret the results obtained in (b).

(& (@) Use technology to graph O (:) and Q'(1).

107.

108.

109.
110,

111

112,
113.

(¢) How would you explain the résults in (d) to Professor
Miller?

Source: Mathematics students at Millikin University, Decatur,

Nlinois.

Angular Velocity

If the disk in the figure is rotated about

a vertical line through an angle 6, torsion in

the wire attempts to turn the disk in the opposite

direction, The motion @ at time ¢ (assuming

no friction or air resistance) obeys the equation

1 [2%
o) = g— cos <5 ?r>

where k is the coefficient of torsion of the wire.

| SER——

; 49
(a) Find the angular velocity w = T of the disk at any time ¢,
(b) What is the angular velocity at £ =37

Harmonic Motion A weight hangs on a
spring making it 2 m long when it is
stretched out (see the figure), If the weight
is pulled down and then eleased, the weight
oscillates up and down, and the length /

of the spring after ¢ seconds is given

by I(t) =2+ cos 2mt).

(a) Find the length [ of the spring at the
. 1.3 5
=0, =, 1, =, =
times t =0, 5 1 5 and g

(b) Find the velocity v of the weight at time ¢ = 11—‘

(c) Find the acceleration a of the weight at time ¢ =

o]

Find F/(1) if f(x) =sinx and F(t) = f (2 —1).
Normal Line Find the point on the graph of y =™ where
the normal line to the graph passes through the origin.

Use the Chain Rule and the fact that cos x =sin (% - x) to

d
show that — cos x = ~sinx.

dx
If y = ¢?*, show that y” ~4y =0,
If y =2, show that y’ — 4y =0.
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114, If y= Ae¥ 4+ Be~%, where A and B are constants,
show that y” —4y =0.
If y = Ae® + Be™, where A, B, and a are constants,

115,
show that y” —a?y =0.
116. If y = Ae® + Be>*, where A and B are constants,
show that y” — 5y’ + 6y =0.
117. If y = Ae™% + Be™, where A and B are copstants,
show that y” + 3y’ +2y =0.
118. If y = Asin(wt) + B cos(wt), ughere A, B,and w
are constants, show that y” + w°y =0.
d o d
119. Show that o) =2xg(x?), if Tx fx)=g(x)
and A(x) =x2.
120. Find the nth derivative of f(x)= (2x +3)".
121. Find a general formula for the nth derivative of ¥
(@) y=e¥ (b) y=e*
le
122, (a) Whatis 0 sin(ax)?
d?ﬁ
(b) Whatis e sin(ax)?
(c) Find the nth derivative of f(x) =sin(ax).
dll
123. (a) Whatis —— cos(ax)?
dx!l
dl‘!
(b) What is i) cos(ax)?
(¢) Find the nth derivative of S (x) =cos(ax).
124. Ify=e~[4 sin(wt) + B cos(wt)], where A, B, a,
and w are constants, find y’ and y”.
125. Show that if a function [ has the properties:

® fu+v)=f(u)f(v) for all choices of u and v
* flx)=1 +xg(x), where Iima glx)=1,
then f' = f. :
Challenge Problems —

-—
1

126.
Ix—4

Find the nth derivative of fx)=

127. Lf:t Ji(x), ..., fu(x) ben differentiable functions.
Find the derivative of y=filf2(f5¢... (falx).. 0.
128. Let

.1
f(::):{"zs‘“; S0

Show that f/(0) exists, but that £’ is not continuous at 0,

and Inverse FUN

oL L ikt

by
129. pefine f eV x g
f@=

130.

131.

132.

133,

ctions

. iable on (—00, ©0) and f;
is differentiab nd g1,
Show that fis Ur%\
value of x-

Hint: To fin

show that l<x
)_—_x

d f/(0), use the definition of the derivagi,,

281/1‘2 for x # 0.
2 and g(x) = jx—1|. The function,

Suppose f (¥ their domains, the set of 4] ey

and g are continuous 0N
pumbers.

(a) Is f differe

ist?
does f’ not ex1s
Is g differentiable at all real numbers? If not, wher,

atiable at all real numbers? If not, Where

) ‘ o
g‘(;is [ﬁenco}: :i’:;tule be used to diffefcntiate the — %
function (f 0 8)(x) fo.r all x? Explam" ‘

(d) Is the composite function (fog)x) dlfferemlab]e?lfsﬂl

what is its derivative? . .

Suppose f(x) —x* and g(x) =x3 The functions f i
continuous on their domains, the set of all real number,

(a) Is f differentiable at all real numbers? If not, where =

does f not exist?
(b) Is g differentiable at all real numbers? If not, where

does g’ not exist?
(¢) Can the Chain Rule be used to differentiate the composite

function (f o g)(x) for all x? Explain. L
(d) Is the composite function (f o g)(x) differentiable? If g

what is its derivative?

©

The function f(x) = e* has the property f/(x) = f(x). Given
example of another function g (x) such that g(x) is defined ford
real x, g'(x) = g(x), and g(x) # f(x).
Hax:monic Motion The motion of the piston of an automoti E
engine is approximately simple harmonic, If the stroke of 2 £
biston (twice the amplitude) is 10 cm and the angular velocitys
15 60 revolutions per second, then the motion of the piston is
given by s(t) =5 sin(12071) cm.

{a) Find the acceleration g of the piston at the end of its swoit

1
= -
( 20 sccond).

(b) If the mas of the

(g |

exs al P
-G Law, that is, F=mu.




3.1 AP Practice Problems {p. 235) — The Chain Rule

L )= ( +3)(x? = 2), then f'(x) =
A) 8x(x* - 2)3
@) 8x(x -+ 3)(x* — %)3
(©) 8x(x*+x +%b(x/% -2y
D) ©Ox? + 24x = 2)(x? ~2)3

2, If f(x) = sec(4x), then f* (fé;) -

A) ? ®) 2v3 (©) 8/3 (D) ~8/3

3, £€w32X w2

dx
‘ ¢ ew3fx i
A) —75 (B) —3e3*

3e~3%

2 3%
© =5 (D) —3x?e~3/

d
4, —tane™* =
dx
(A) secte™™ (B) —x sect ™"

©) e*secte™ (D) —e*secte*

5, An equation of the normal line to the graph of
f(x) = 2(10 — x)? at the point (9, 2) is

1
W) y-2=7G=9 @ y-2=-3&=9

© y-2=—4(x=9) (D) y—-2=4(x~9)




ed: B
6. Ify = (E , the instantaneous rate of change

of y with respect to x is:

(4x — 1)e** 2x — 1)e**
A) i b S M- £ i
(A) 523 (B) =
4x — 8x _ 8x
© (4x 3I)e D) (x i)e
X X

7. An equation of the tangent line to the graph

of g(x) = sin(2x) at x = g— is

2 —

d
8. If y = cos®(x2), then A
dx

(A) —6x cos?(x?) (B) —6x cos?(x?)sinx?

(C) 6xcos?(x?)sinx? (D) -3 cos?(x?)sinx

9. If f(x) = ¥, then f'(x) =
sinx (sin x+2cos x)

(A) 2e5 X sinxcosx  (B) e

(C) 2&°sinxcosx D) & sin® x

10. An object is moving along the x-axis. Its position (in kilometers)
at time ¢ > 0 (in hours) is given by s(t) = sin(31) — cos(4r).

What is the acceleration of the object at time ¢ = %?
(A) 7 km/h? (B) 9 km/h’?

(C) —=7kmmh? (D) 25 km/h?



, d o

5%
(A) 5*In5  (B) G*NHx  (©) 51 D)

In5

d’k
12, If y = ¢**, then «(g«g(eﬁ) =
(A) ke (B) ke¥  (C) kke** (D) kleM

13. If the functions f and g are both twice differentiable and if
h(x) = (f 0 g)(x) = f(g(x)), then A" (x) ==

&) [Fe) - g

(B) f'(g(x)) - g"(x) + ') f"(g(x))
(© f'(g(x)) » g"(x) + [ ()P f"(g(x))
(D) f'(gx)) - g'(x)

14. The velocity v (in meters!sacond) of an object moving on a line

is given by v(t) == 3 - 1'5”“2, t = 0. What is the acceleration of
the object at ¢ == 4 seconds?

(A) 0.005m/s>  (B) ~0.005 m/s?
© 0.012m/s2 (D) 2.998 m/s?






AP Calculus — 3.2 Notes — Implicit Differentiation

Recall;
Explicit equation Implicit equation

Chain Rule and Implicit Dxfferentlatto

Intermsofx | Intermsofy
d x = d .
ax” dx”
d .2 .. d o
cixx dxy
d ,5% .. d oy
—e we” =

Implicit Differentiation Example: Fmd fc}r y? — 5x% = 3y

Step 1: Take the derivative. Each time the derw*ztwe of *y" is involved, include a %35»
Step 2: Gather all terms with «';% on the left side, everything else on the right.

, ayv . .
Step 3: Factor out the d% if necessary, to create only one % term.

Step 4. Solve for %ﬁ,

1, y3 - 2x = x% + 2y 2. sin(xy) = 10x




ity

(. . .

Horizontal and Vertical Tangent Lines )
Horizontal tangent lines exist when the slope, % 5
Vertical tangent lines exist when the slope, %ﬁ* is

\ J

4, Find all horizontal tangent lines of the | 5. Find all vertical tangent lines of the
graph 3x* + 2y? = 16. graph 3x* + 2y? = 16.

Practice Problems:

3. sin(x+ y) = 2x




4. 4x + 1 = cosy? 5, 6532 e g 6. In(y?) = Sx + 3

7. x* = 4y* + 5y° 8. 5x3 = 2y = 5y° 9. Iny* 4 cos*x =1~y
: I |
10. sin (5‘1)»%63’ w4 1L x# o y3 = 6xy
2
12, s § 13. Inxed = 2y°
siny




| Find the slope of the tangent line at the given point. Show work.

14. 2 =3x* +xy*tat(-1,1)

15, xIny=4-2xat(2,1)

[ Find the equation of the tangent line at the given poin

t.

16. x2 +y2 +19 = 2x + 12y at (4, 3)

17. xsin2y = ycos2x at G,g)

| Find the equations of all horizontal and vertical tangc'nt lines. Calculator allowed. Round to three decimals.

18. x* +x +2y? =38

Horizontal:

Vertical:

19. x+y=y?

Horizontal:

Vertical:




20. Find the slope of the normal line to y = x -+ cos(xy) at (0,1).

(A) 1 (B) -1 © 0 (D) 2 (E) Undefined

21. The graph of f(x), shown below, consists of a semicircle and two-line segments. f'(1) =

I i
’ FG |
I maa
/1 L™\
R 12 3 4 s 6 7
] :
- (A) -1 (B) M% © —«é (D) 1 ®) V3

22, Find the value(s) of % of x*y 4 y? = Saty = 1.

(A) = % only (B) W?; only (€) §~ only (D) ig‘ (E) & :i?






242 Chapter 3 » The Derivative of Composte, Implit: Ztions Using the PO‘:er Rulg
s_os4 1)P= 3(5 ~2s+ I)Z/Z%GL 2+D)= é-(s:‘«gs + 1)2”(3,1‘ #
— (57
@) 7 d 4 x+5)1/3’31‘(’“4'—336""5)&2/3%&4\3“
B ®) %W = 2;(;3 B |
| =

(© %[tan(SG)]

NOW,WORK [dellld

d =———[tan(39) ~T4
/“#ﬂuan(w)] 7/4ﬂtan(30) ] seczm)‘

~ 4tan(30)1

i .and 7.
m 39 and AP® Practice Problems 2, 4, an

N

Concepts and Vocabulary

1. Trué or False Implxcn differentiation is a technique for finding
the derivative of an implicitly defined function.

2. Trueor False If y9.=x” forintegers p and @

then gyt~ = pap=1,
. T 3 l/3 =
3 dx( x1°)

4. Ify= (224 1)¥2, then y/ ==

Skill Building

d
In Problems 5-30, find y* = 3% using implicit differentiation,

5. 3x+2y=3 6. 2x—5y=17
32 py2eg 8 yt—dxt=yg
9 e¥=sinx 10. ¢ =tanx
11, &ty =y 12, ¥y =y2
13, x%y=5 14, x’y=3
PAGE
[36) 15, 22— y2—py=2 16, 2% ~dxy gyt y
B Ll 1.1
& x oy 18. x y~4
2
2 Y 2
19, x +y2=-;— 20, x2+y2___2__)’2_
21, & siny- ey .
. y+elcosx =4 22, e”cosx+e"‘siny=10
23, (x? 3=
Gi9)i=y 24, (x+yM3 =3y
i 'Ml . "
25 y=tan(x — y) 26, ¥=c0s(x +)
27, y=uxsi
y=xsiny 28, y=xcosy
2y
29, xly=ev 30, yer=y_y

T

In Problems 3146, find y'.
3L y=x?3+4 32 y=xf-1
B oy=VYx2 3. y=/xs
1 1
35, y=Jx —= 36. y= 7=
y=vx 7 y \/;‘{"«/;
3. y=(xd - yl2 38, y=(x2-1
39 y=xy/x2 -1 40, y=xv/x3+1
Vx2 -
4 y=eVai-9 42, y=a¥
4. y=(x2cos x)312 4. y=(x*sinx)?
4s. y=(x2~3)3/2(6x+1)5/3 46. =M
(Bx +4)"
In Problep 47-52, find y and V!
T 242, '
48, x%—y?=]

Boatoyagys,
51, y=m

50, 4xy = x2 4y

52, y=\/'4—-x2

In PrOblems
535
@) Find i, slop ’J;’t;leach implicitly defined equation:
equatiop, € tangent line 1, the graph of the
) Write ane ndicateq point,
®) Graph €quat zonfor this tangent line.,
o the eq " line on the same axes as the graph

oAb AT T Y.
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i

S =34 (yrayz=ns
at (0,0)

5 xi-y'=8at (. 1)

Y ¥

t

2
58, x2+y7=1 at (%«/5)
4 1
K (E'ﬁ)
= K :

%9. Find y' and y" at the point (—1, 1) on the graph of

3x%y +2y° =522

60. Find y’ and y” at the point (0, 0) on the graph of
442y =x+y

Applications and Extensions

In Problems 61-68, find y'.

Hint: Use the fact that x| = /2.

6L y=3x 62. y=I5°|

B y=px_q 64. y=15—-x7
. Y=[cos x| 66. y=|sinzx|
6. y=sinja) 68. |x|+]yl=1

69,

70.

71.

Section 3.2 « Assess Your Understanding 243

Tangent Line to a Hypocycloid The graph of
x5
is called a hypocycloid. Part of its graph is shown in the figure.

Find an equation of the tangent line to the hypocycloid at the
point (1, 8).

1
Tangent Line At what point does the graph of y = — havea
x

7
tangent line parallel to the line x + 16y = 57 See the figure.

Tangent Line For the equation x 4+ xy +2y?=6:

(a) Find an expression for the slope of the tangent line at any
point (x, y) on the graph.

(b) Write an equation for the line tangent to the graph at the
point (2, 1).

(c) Find the coordinates of any other point on this graph with
slope equal to the slope at (2, 1).

(d) Graph the equation and the tangent lines found in parts

72.

73.

(b) and (c) on the same screen.
Tangent Line to a Lemniscate The graph of
o +y?) P =x2 -2

called a lemniscate, is shown in the figure. There are exactly four
points at which the tangent line to the lemniscate is horizontal.
Find them.

Rectilinear Motion An object of mass m moves in rectilinear
motion so that at time £ > 0 its position s from the origin and its

. ds . .
velocity v= F7) satisfy the equation
m (v2 . vé) =k(sg' -—sz)
where & is a positive constant and vp and sg are the initial
velocity and position, respectively, of the object. Show that

if v >0, then

ma=—ks
d%
wherea =

2

is the acceleration of the object.

Hint: Differentiate the expression m (v? — v} )=k (s — 5%)
with respect to f.

=

—

PENNC  L A
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T

P(t)=
W
6
(2) Find P'(0)
(b) Find P'(16) and P .
(3 (¢) Graph P = P(r), and explain how the grap
' answers in (b).

interpret the resulis.
/(49) and interp I supports the

75. Production Function The production of colrruréotli;tézsr,
sometimes requires several resoprces such as an "amounts )

and machinery. If there are two inputs that rc.quueIc o

and y, then the output z is givefl by the function 0t S,
variables: z = f(x, y). Here, z is called a produc o the
For example, if x represents land, y repre‘sents capital, oo
amount of a commodity produced, a possible product:ion .

is z = £99y%4, Set z equal to a fixed amount produced an

show that i = Z—X This illustrates that the rate of change
dx X ' )
of capital with respect to land is always negative when the amount

produced is fixed.

76. Learning Curve The psycliologist L. L. Thurstone suggestf:d
the following function for the time T it takes to memorize a list
of n words: T'= f(n) = Cn+/n — b, where C and b are constants
depending on the person and the task.

(a) Find the rate of change of the time T° with respect to the
number 2 of words to be memorized.

(b) ‘Suppose that for a certain person and a certain
task, C =2 and b =2, Find f’(10) and ' (30),

(c) Interpret the results found in (¢).

77. The Folium of Descartes The graph of the
equation x* + y* = 2xy is called the folium of Descartes.

(a) Findy',
(b) Find an equation of the tangent line to the foljum of
Descartes at the point (1, 1),

(¢) Find any points on the graph where the tangent line to the
graph is horizontal, Ignore the origin.

(d) Graph the equation x3 + y*=2xy. Explain how the graph
supports the answers to (b) and (c).

78. Ifnis an even positive integer, show that the tafigent line

tf’ the graph of y = ./ at (1, 1) is perpendicular to the tangent
line to the graph of y = x" gt L.

79. At what point(s), if any, is the line y=x-1 parallel to the

tangent line to the graph of y=4/25-x29
80, What is wrong with the following?

Ifx+y=e"+7 then | +y =ety( +y'),

Since e*+7 5 0, then Y =

1for all x, Therefor =gt
mustbealincofslope-l. ATy

81 Show that if a function y i differentiable, and

by the equation x" Y xyn = k, where £ is
9y _ 30+ myry

a5 = " s g

X and y are related
a constant, then

where Feg ey

L Jﬁ ‘;;:yé‘l‘ ions
l i g 'A,l . e Functio
n‘}(ﬁnl L. ‘{ s it and Invers le’s law states
The Derivative of Composite- lmp“c't' s For idf’.al %lstf)s;OBl?r’ne’ A more realti];?itc :EsSureh
244  Chapter 3+ he 82. ?I"ﬁ; jsel mpom(;n and volume V' is given by thq ngl:;)ﬂsh;b
nvel SUire '
ths from now I een pressur By
. . is estimated that ¢ mont betwe .
74. Price F ““,“t;o(?n dI(;ﬁZrZS) of a tablet will be given bY equationt a C H
ric , e
average p 300, 00 05r=60 Prya =y o

... the constant of proportio;il{ty, a is a copg I
is ion, and b is a congt
where € Jecular attraction Ant thay g, ‘

Bnds on mo - d V N
depm i2¢ of the molecules. Find 7, which meagyre,
on the &

I gas.
<ibility of the g ) 7
compres w that an equation for the tangep, I @

g3. Tangent Line Sho 2y xm g T,
) on the ellipse a’z‘+b—2 =lis PRI

poi]’]t (x01 Yo
w that the slope of the tangent ine £
%3 = q%3, a >0, at any point

1/3
for which x #0, is v N
Tangent Line Use implicit differentiation to show thyt [

et line to 2 circle x24y?= R? at any point P‘on thecimlg'{
pi écn dicular to OP, where O is the center of the circle,

$4. Tangent LinemSho
hypocycloid x4y

85,

by

Challenge Problems

86. Let A={(2, 1) and B=(5,2) be points on the graph
of f(x) = +/x — 1. A line is moved upwar(_i on the graph so
that it remains parallel to the secant line AB. Find the coordin
of the last point on the graph of f before the secant line
loses contact with the graph,

Orthogonal Graphs Problems 87 and 88 require the following

definition:
The graphs of two functions are said to be orthogonal if the
tangent lines to the graphs qre perpendicular at each pointof
intersection,

87. (@) Show that the graphs of xy=c and —x2 + yz =cp e

orthogonal, where ¢; and ¢, are positive constants.
(b) Graph each function on ope coordinate system
. fore; =1, 2, 3and =1, 9, 25.

88. Finda >0 g that the

are orthogonal,

S.llow that if p and
dlfferentiable funet

We say that
satisfies ap

Parabolas y2 = 2gx +- 42 and ¥ =d'-¥

89, .
q >0 are integers‘ then y =xPlisa
ion of .
90, . s
718 an algebraic function of x if it is a functiol

€qQuation of the form

B n
I R@Y L Ly gy R

y :0,1,2’.‘. n . FOY
example, y /7 satisig are polynomials.
2
. Yr—x=(
Use Implieit g ri\rali“'

ifferentiat . .
of an algebyyj, fUn?;itg;t]on t0 obtain a formula for the &¢
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@eparing for the m

ractice Problems

pP*P
5 dy dy ,
. Ifsinx y) =, then = equals 6. Find i the point (3, 8) on the graph of 5xy¥? —x?y = —12.
1 x
1 28
2y 2xy +1%)  (B) ———— _ _8
() cos(xy OBy T w2 ®17 © -1 O -3
© S_ef_(fi’)TﬁQ D) m 2] 7. What is the domain of the derivative of f(x) = 3223 (x 4+ 5127
x 2x
d d?y (A) The set of all real numbers (B) {x|x =0}
Y _9y3 il i3
G g = V! TP e g caet (© el £0) D) {rlx #0, x # =)
3yt i s . dy
@ 3 ® 3y Q) —— (D) —6)> 8. Ife’ =tanx,0 <x < 7, what is — in terms of x7

Vx—2y3

<) 1. The slope of the tangent line to the graph of xly —xy? =10

(A) secxcscx (B) sectx (C) secx (D) sinxsecx

BV gt the point (—1,2) is o, fif 3x+h—3/32=
4 4 12 ! h
@ -2 ® -5 ©-7 O 3 ]
13 &)~ A0 B 3z ¥#0
@ 4. For f(x) = (x> — 4x +32)'55, find f'(0). 2
1 x
1 1 1 1 © 35m *Z 0 O ==
&) -7 ® -5 ©g OF
10. Consider the equation x2y + 3y* = 24.
5. Find y'if x* + 4xy + 6y* = 12. 4
3 3 (a) Find =2.
x’+y x>+ 3y dx
(A) i 3y ®) - T+ 12y (b) Determine the points, ‘if any, where the tangent line to the
3 - graph of the equation is horizonial.
© I @ T2
x+3y x+3y

3.3 Derivatives of the Inverse
Trigonometric Functions
OBJECTIVES When you finish this section, you should be able to:

1 Find the derivative of an inverse function (p. 245)
2 Find the derivative of the inverse trigonometric functions (p. 247)

NEED TO REVIEW? Inverse functions
are discussed in Section P4, pp. 37-40. The Chain Rule is used to find the derivative of an inverse function.

1 Find the Derivative of an inverse Function
Suppose f is a function and g is its inverse function. Then

g(f(x))=x

for all x in the domain of f.

If both f and g are differentiable, we can differentiate both sides with respect to x
and use the Chain Rule.

d d
T8N ="x

gf ). flx)=1 Use the Chain Rule on the left.

Since the product of the derivatives is never 0, each function has a nonzero derivative
on its domain.



3.2 AP Practice Problems (p. 245) — Implicit Differentiation

§ ;{}}
3 0 sin(x2y) = ¥, then - equals

1

) cosEN@xy +x7) - (B)

cos(x2y)(2xy + x2)
sec(x®y) — 2xy sec(xy)
€ — 5 @) 2x
dy . JT=2y% then d’y equals
2, If T T dx?
2 2 3»)22 £ 2

@ 3y @ -3 (C) ——==== (D) —6y

vV x =2y}

3, The slope of the tangent line to the graph of X2y = xy? = 10
at the point (—1, 2) is
4 12

, 4
A 12 (B) T © ST B

4, For f(?«’) w (X3 - X 32)155’ find f}(()),

1 1 1
(A) M;} ® -5 ©g5 O 5

5., Find y' if x* ++ dxy -+ 6y% = 12,

Xy x4 3y
® -5 ® iy

3 ‘““x3+
o XXX o y

X+3y x+3y



6. Find % at the point (3, 8) on the graph of Sxy¥

3 x?y = ~12.

28
@a?2 ®»17 © -7 O -7

7. What is the domain of the derivative of f(x) = 3x23(x + 5)Y b

8.

9.

(A) The set of all real numbers B) {x]x =0}
(C) {x|x 50} (D) {x|x #0, x # -5}

d '

T . ;
Ifey =tanx,0<x < 7 what is ;1-2- in terms of x?
X

(A) secxcscx  (B) sectx  (C) secx (D) sinxsecx

lim \/x+ 3"_

h=0 f
3 1

(A) i x#0 (B) FWTIR x#0
I 2/3

(&) TR x=20 (D) 3

10. Consider the equation x%y + 3y® = 24.

.. dy
Find —.
(a) Find =

(b) Determine the points, if any, where the tangent line to the
graph of the equation is horizontal.



AP Calculus — 3.3a Notes — Derivative of Inverse at a Point

Inverse Function: A function’s inverse is found by swapping the input (x) and output (y) values.

(Domains and Ranges are also swapped between a function and its inverse)

Example A:
Find the inverse of f(x) = 6x + 2

Three ways to say the same thing:
1. g(x) is the inverse of f{x)
2. g0 =f(x)
3. flg(0) =xand g(f(x)) = x

Evaluate derivative of inverse at a point: (find (f ~1)(a)

Ex: Graphical example of function f(x) & its inverse f~1(x)

)

Derivative of an Inverse Function:
h) = —1 = d s —
f(b) (f~H)(a) @] =
f'b) = F (@)=

Example B: f(x) = x® +4x+2  find (f7)'(=3) | Example C: f(x) = Vx3 —7 find (F~H'(1)




Example D:

The table below gives values of the differentiable functions f, g, and f at selected values of

x. Let g(x) = f—.l(x)' Evaluate derivative of inverse at a point: (find (f_l)'(a)
x f(x) f'(x)
1 2 24 f)=a FHa) =b
2 1 -2 1

")y =n (@) = n
3 o o £ = ‘
4 0 -6
1. What is the value of g’ (1)? 2. Write an equation for the line tangent to
latk =%,
|
3. Let g be a differentiable function such that 4. If f(x) = 3x3 + 1 and g is the
g(12) =4,9(3) =6, g'(12) = -5, and inverse function of f, what is

g'(3) = —2. The function h is differentiable and the value of g'(25)?
h(x) = g~'(x) for all x. What is the value of
h'(6)?

|
| For each function g{x), its inverse g ix) = f(x). Evaluate the given derivative.
13. g(x) = cos(x) + 3x2 14. g(x) = 2x3 —x? — 5x
g (E) = %T" Find ' (%T") g(—=2) = —10. Find f'(-10)

2

19. A function h satisfies h(3) = 5 and h'(3) = 7. Which of the following statements about the inverse

of h must be true?
A) (' (G)=3 (B) ("D =3 €y Y G)=7

(D) (A™1)'(5) = B) (') =<



AP Calculus — 3.3b Notes — Derivatives of Inverse Trig Functions

Quote from the AP Exam:
“Notation: The inverse of a trigonometric function x may be indicated using the inverse
function notation £~ or with the prefix “arc” (e.g., sin™1 x = arcsin x).”

Inverse Trig Derivative Rules:

1) f;arcsinu = 2)(—%arccos U=
3)%arctan u= 4)%arccotu =
d d
S)EaI‘CSEC U= G)aal‘CCSC u =
|'Find the derivative. Ly
) d g d -1 2 d
I. —sin (3x) 2.——tan (2x%) 3.+ arcsec(5x)

Simplifying sec™! x Denvatwesi

Ssmphfy the following expressions.. .

,5 4x

4. }3x31$‘3x&m1 232 [Vax?-1

Domain of an mversa tr:g function.
L y=sin(x) | y=cosTi(x)

Domain: -1 <€x<1 Domain: -1 <x<1 Domain; — £ ¥ <

Range: m%ﬁ)fﬁ% ' Range: 0y <n Range: w»«;féy(%




| Evaluate each function at the given x-value. |

6. f(x) ;—-‘ arcsin(x) at 7. f(x) = cos™? (%) at 8. f(x) :larctan(x)
V3 2 2 = =
x_':? x:_z dlx-—\g
Practice Problems:
| Find the derivative of each expression.
LIPS a2 & ~1r4,5 2 M 4 A4 o103
l. T sin (5x) 2. —-csc (4x>) 3 —a ctan(2x) 4. —-sec (x*)
a 2. -2 4 ot~ (—x
5. T cs¢ 6x 6. = arccos(3x<) 7. e cot™(—x)
| |
l Find the tangent line equation of the curve at the given point.
11. y = arcsin(x) at the point where x = -'-23 12. y = cos™1(4x) at the point where x = —\g
19. Ifarctany = Inx, then % =
1 B) tan(lnx o 1#y? = oy Y2
A) tan(2) (B) tan(Inx) © 2 D) 735 {5 =



R Ty

K N
e -+ and Inverse Function’s
% he Derivative of Composite, Implicit, 2
| 250 Chapter 3+ TheDertet diff centiable when x = 1. In fact, ag
-1 x js not 1€ =sec™Lx has vertj oleqy b
Notice that y = 8¢¢ J ?1 0), the graph of ¥ = sec™ X ertical tangem”n‘e}:;‘ 5(
at the points (-1, ) and o '
R Problem 12: ¢
- - three remaining inverse ¢
las for the derivatives Of. the. ities: mgo"omﬁb
The formolas for e ©° C ' owing jdentities: ‘ 5
functions can be obtained using )
d L
T 0§ X = ===, Where |y 3
e Sincecos™ x=7—sin & then dx vl—xz’ W<t 5
. : 1
Figure 4 y =sec!x, x| > 1, 7 d =y — " . where ~
n 3 « Since cot~tx == —tan™ x, then dx cot 142 Q<rey 5
0Sy<—2~0r7r5y<-5- 2 p '
4 _ g
e Since CSC—IX ::—2—- — §€C I.Xy then d—; cse X ;x\/xT—TI—’ where IXI>],
&
l 5!
Concepts and Vocabulary
1. .Truf or False 1If f Is a oie-to-one differentiable function and 23, f(x)=tan~!(1 —2x%) 24, f(x)=sin~'(I- )
'!ff. (x) >0, then f has an inverse function whose derivative is '
positive. ., 1 25, f(x)=sec™!(x?+2) 26. f(x)=cos™!x?
2. True or False ~— tan~! x = hete —
dx 1+x2» where —oo < X < 00, 27, F(X) =Sil‘l—l o* 28, F(x) :tan‘l &
3, TrueorFalse If Jf and g are inverse functions, then )
, 1 29, 2(x) =tan~! 1 an 4 Bl
8 (y0)=m X 30. g(x)=sec™! /¥
o :
d 31. =y gin |
4 Eﬁn_u: where —1 <x <1, 80 =xsin™x 32. gl =xtaa!(r41)
33. =f2gec—1
‘ §(t)=rsec—1 3 34, s(r)=r2sin~! 12 A
; Skill Buildin 35, F(x) =tan—1(g
{ X) =t
! € () =tan™!(sin x) 36, f(x)= sin~!(cos) ) 1
In Problems 5-8, the functions fand g are inverse functions, 37 Glx) = sin{tan=1 X) 5 1
(33%6] 5 I £(0) =4 and £/(0) = — ! 8. G(x)=rcos(tan™ 1
§ o f(0) = ~2, find g’ (4). 39, F(x) = etan=lgany
6. If f(1) =—2 and Fia =4, find g’(_z)‘ ) ) 40, f(x) =esec"lx2
7. X g(3)=~2 and ¢'(3 1 ' 41, g(:C):i“iL’i sec~lx
&'®)=3, find f'(-2). VTZ4Z 42. 8(x) = —ms ; ‘
. x —
8, —-1) = 3 - 1 F
fg(~1)=0and g ("1)——~§,ﬁnd 7). I”PVOblems4346 T p
In Problerns 9-16, f and ; 2 ' implicit diferentiation fo find 2,
Fid gy, »Jand g are inverse functions, For each function ! 4. y 4 sin-! Y2y 44 +tan! d’g
» XY --tan™ y=
X S g 45, -1
URARREERE 10, f(x)=x%y=27 0y 2y 2 46. sec-! x
. C —xy =
1L f@=x2+2,x20 Yo=6 . g-he function S () = 53 yo 3 :
2. f)=x%~5x> 0; yo=4 48 nd £'(0) ang g'3) +2x has an inverse function g
) 48, funer: .
13, f)=x' y0 ° function f(y) . 3
15, f(x)=3 4/3y0 ’ 14, f) =22 yo=4 Find /(3 and ;'(O)Zx % —3 has an inverse function &
" X} = . — .
FUHENSI 16 f0) = 45, gy Applicat
InpP X catj
1 Problems 17-42, find the dertvative of each function, ONs ang EXtensi 4q
17 y o~ 49 T ons\\_.______'//
- F0) =sin~) (dx) o 7+ langent 14
18, f(x)=sin {(3x —2 . e
19, g(x)=sec™1(3x) 9 ® Find an ®quation £,
i i 20 gtx) =cos~!(2x) Of y = gin=1 X " the tangent Iine to the graph
% atthe o
2 () =tan-! L . 2 3t the origiy
(1) =tan 2 22 s()=sec—! L @(b) Use technolg
) 3 8Y to graph y
00 O AR A . i
N f'|“if ";)'i‘!/ l% !
LR
2t “r‘l ,"
Akl

1 ‘;l‘f'%:' 1l
b

o
1
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0. Tangent Line

@

® Find an equation for the tangent line to the graph
ofy_—:tan"’ xatx=1.

) Use technology to graph y =tan™" x and the tangent line
found in (a).

@ 51, Tangent Line The function f(x)=2x>—x, x>1,is

52

53.

54,

55.

one-to-one and has an inverse function g. Find an equation of the
tangent line to the graph of g at the point (14, 2) on g.

Tangent Line  The function f(x) =x> — 3x is one-to-one and
has an inverse function g. Find an equation of the tangent line to
the graph of g at the point (-2, 1) on g.

Normal Line The function f(x) =x + 2x!/3 {5 one-to-one and
has an inverse function g. Find an equation of the normal line to
the graph of g at the point (3, 1) on g.

Normal Line The function f(x) =x*+x, x > 0, is one-to-one
and has an inverse function g. Find an equation of the normal
line to the graph of g at the point (2, [) on g.

Rectilinear Motion An object moves along the x-axis
so that its position x from the origin (in meters) is given

e . .
by x(t) =sin ! T t > 0, where ¢ is the time in seconds.

(a) Find the velocity of the objectatt=2s.
(b) Find the acceleration of the object at t =125,

Section 3.3 » Assess Your Understanding
56, 1f g(x) =cos~" (cos x), show that g/(x) = -
. Ifg(x)=cos™'(cosx), s g0 =gy

57. Show that ik tan~!(cotx) = —1.
dx

d 1
58. Show that A cot™! x =— tan~! — for all x #0.
dx dx x

2x2

JT=x%

d
59. Show that = [sin_] x—xv1—x2 ]=
X

251

Challenge Problem

60. Another way of finding the derivative of y =./x is to use inverse

functions. The function y = f (x) = x", n a positive integer, has
the derivative f'(x) =nx""1. So, if x #0, then f'(x) #0.
The inverse function of f, namely, x =g(y) =77, is defined
for all y if n is odd and for all y > O if  is even. Since this
inverse function is differentiable for all y 0, we have

oood 11
3()‘)=5W—-m—mn_l

Since nx—l=n (W)”_l — ny@=1/n =yt =0/m) e have

do o d oy U _1am-
HV' T ay Ty =Um T a
Use the result from above and the Chain Rule to prove the
formula
ixp/q =P )1
dx q

AP? Practice Problems

1.

i) 2.

) 3.

(Preparing for the @@Hﬁ)

What is the slope of the normal line to the graph of
y = tan~}(2x) where x = —1?

2 2 5
Ws: ®-: ©-5 O3
d e
E;sm =

zelx 1x
A) ——— B) ———
W - ® ==

2 2¢%
© = © =

The functions f and g are differentiable and g is

1
the inverse of f.If g(—3) =2 and f'(2) = 3
then g'(~3) is

1
w3 ®; ©-3 O ;

. If y = tan~}(cosx), then y’ =

sinx cosXx
(A) ———— B) —
14 cos?x ®) 1+ sin®x
1 X
(©) —_Sinx 8 co
1 +cos?x ) 1 +sin®x

nal

249

MO

2147

PAGE
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6.

7.

8.

. The function g is given by g(x) = x> +x2—3,x = 0,

so g(2) = 9. If the function f is the inverse function of g,
find f/(9).

(A) (B) —261 (D) 2.

261 16

An object is moving along the y-axis. Its position

(in centimeters) at time ¢ > 0 seconds is given by y(t) = tan~!r.
‘What is the acceleration of the object at f = 1 second?

©) 16

1 1
= 2 =0
(A) 3 cm/s (B) > cm/s

1
(C) —2emis* (D) =3 cr/s?
F(x) = x3 — x? + x — 5 and g are inverse functions. Find an

equation of the tangent line to the graph of g at the point (—4, 1)
ong.

1 9 1 53
(A) Y=g ®) Y= 5
1
(89 y=§x+3 D) y=2x+9

The functions f and g are differentiable; f(x) = g7* (x).
Find f/(4) if g(4) =3, g(-1) =4, g’(~1) = 5, and
g4 =-1

1 1 1
@w-1 ®-z ©3z Mz



3.3 AP Practice Problems {p.251) — Derivatives of Inverse Trig Functions

1. What is the slope of the normal line to the graph of
y = tan~! (2x) where x == ~1?

2 2 3
@z @B -3 © -5 @ -3

d .1y,
2. o sin”* (e**) =

267 B 202
W 7= ® j==

2x ) 34
©) — (D) s

\iiwgéxz/ | I

3. The functions f and g are differentiable and g is
. 1
the inverse of f. If g(~3) = 2 and f'(2) = =5
then g'(~3) is

i
A) 3 (B) % © -3 O 3

4. If y = tan"! (cos x), then y' =

sinx cos X
A ISR, P
( 1 4 cos? x (B) 1 + sin® x
sinx cos X
C B A LA DR,
( 1 4 cos? x (D) 1 4 sin® x



5. The function g is given by g(x) = x> + x? = 3,x > 0,
s0 g(2) = 9. If the function f is the inverse function of g,

find f'(9).

1 1
(A) %1 (B) —261 < 16 (D) T

6. An object is moving along the y-axis. Its position

(in centimeters) at time ¢ > 0 seconds is given by y(t) = tan™ 1.
What is the acceleration of the object at ¢ = 1 second?

1 1
- 2 =
(A) 5 cm/s (B) 5 cm/s

1
(C) —2cnvs? (D) - cm/s?

7. F(x) = x> = x%+ x — 5and g are inverse functions. Find an
equation of the tangent line to the graph of g at the point (-4, 1)

ong.
1 9 1 53
(A))‘-—‘z‘ -3 (B))’-s—?x"‘ﬁ
|
©) y=-2-x+3 D) y=2x+9

8. The functions f and g are differentiable; f(x) = g~ (x).
Find f'(4) if g(4) = 3, g(~1) =4, g'(~1) =5, and
g =-1

1 1 1
(A) -1 (B) -3 © 3 (D) 3



AP Calculus — 3.4 Notes — Log Derivatives and Log Differentiation

Recall:
In1 = InQ = el = ena = Ine® =
4 ,
Derivatives of Exponential Functions
d 1) ,
dx dx
\.
Example: Find f'(x) if f(x) = 2% + 3e*
( P * ) P
Derivatives of Logarithmic Functions
L log. u = d Inu =
\. .
Example: Find f/(x) if f(x) = logs x — 4Inx
l Fmd the derivative of each function. = L
. f(x) = 2sinx + 5e* 2. fx) = 3*" 4 cos X 3. f(x) ngg X —sinx




Natural Log Properties:

In1=0 | lne=1 | Ina"=n=Ina
In(ab) =lna+Ink ' In (%) lna—Inb

Log Differentiation

Logarithmic Differentiation : Simplifying non-log functions | Log differentiation steps:

using log properties to expand before differentiating. Take the In (natural log) of both sides
Simplify and expand using log properties
Use implicit differentiation

Substitute for y

S jml =

(2~2)

Example 1: Find the derivative of y = — 2x43

Example 2: Find the derivative of y = x

bl

x” +1



can be

Section 3.4 « Assess Your Understanding 259
d Inx = s [ Py ' dy
L7 P In Problems 45-50, use implicit differentiation to find y' = o
r False —x¢=ex™1,
2. True? dx 45, xIny+ylnx=2 46. %X+]—%’£=2
d 2 d d
3, True or False d-; In[x sin“ x] = Z; Inx - E_; Insin? x. 47, ln(x2 + yg) =x+y 48. 1n(x2 _ }'2) =x—y
d 1 J
4 True or False alnn:y—r—. 49, ln%:y 50. ln—i-—ln;:l
5, ,d,]n|x’ = .forallx;éO. o ) iy ;
. In Problems 51~72, use logarithmic differentiation to find y'.
)i 1 _I_l = Assurne that the variable is restricted so that all arguments of
2 ,,l,nolo n ) logarithm functions are positive.
51, y= (x4 D3RS — 1) 52, y=@x 4432414
<kill Building - -
2
i Problems 7-44, find the derivative of each function. 53, y= 4D 54, y= l/%(i‘—t«)-
Va2l 73544
1. fx)=5mnx 8 f(x)=-3Inx '
X COS X xsinx
55, y= wrprm— 56, y=———g——
@ 9, s()=logyt 10, (1) =log, ¢ 4 (%4 1)3sinx Y (1 +e%)3 cos x
57, y=x)* 58, y=(@x—-1)*
1L g(x)=(cos x)(Inx) 12, g(x) = (sinx)(Inx) y =03 y=&-1
59. y=xlox 60. y = (2x)"¥
13, F(x)=In(3x) 4. F(x)=In% .
2 61 y=x*" 62, y=00YF
6(r) = £t , — 3t ~3 ) .
15, s()=In(e" —e™") 16. s(¢) =In(e” +e7) 6. y oy 64, y=(x2 +1)F
17 fx)=xInG*+4) 18, f(x)=xIn(x?+5x+1) 65, y=xtinx 66, y=xCos*
19. f@x)=xlogs(3x +5) 20, f(x)=x3log,(2x +3) 67, y={(sinx)* 68, y=(cosx)*
69. y=(sin x)°°* 70. y = (sinx)®n*
1 !
A fry=smiEE 2. fo) =it
27 1—x 2 1-x 7. ¥ =4 72, y* =10
1
2. f(x)=la(lnx) 24, f(x)=In (ln ;) In Problems 73-76, find an equation of the tangent line to the
graph of y = f(x) at the given point.
25, g()=ln —= 2. g0 =i —2 73, y=I(5x) at | 2,0 74
N = . BX)= . y==1n(dx) at { =, ’ . ¥y=x1 s
NN xt 44 Y 5 y=xlnxat(l,0)
a1y N #/3E2 x(@E+ 12
) 2. fory=1o SoED 28, f(x)=In s 75, y="20 o C et (2,8 76, y="2" 48,2
&7 s e 16 =g S e.s) y=20E0 ws b
2. F(9) =In(sin6) 30. F(9)=In(cos9) In Problems 77-80, express each limit in terms of e.
“2n n/2
/1 - 1 . 1
3 g =In (x /72 +4) 32, g =h(VaitT+v%) (@} 77 lim (1 +;> 78, lim (1 +;)
33, = 2 14, =log,(x? ~1 " "
Fx)=logy(1+x%) fx)=logy( ) 29, lim (1+~14-) 80. lim (1+i
3 - n-¥00 3n 1500 n
v fx)=tan~!(Inx) 36, f(x)=sin" (Inx)
3. 5(r) = In(tan™" 1) 38, s(t)=In(sin™' ) Applications and Extensions
A
Y. Glry=(nxy'2 40. G(x)=(nx)""?2 81. Find —y5 (x* Inx).
A £0)=sin(ng) 42. f(6)=cos(ind) 82 1 S =In(x = 1), find 00).
s ‘ 83, If y =In(x? + y?), find the value of EX at the point (1, 0).
+ 8(¥) = (log, x)*2 44. g(x) = (logy x)*/? *
gh\-
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& 260  Chapter 3 « The Derivative of Composite, Implicit, ch is the CD worth at maturity?
; (b) How mt f change of the amoun; 4
(c) Whats the rate of sy
1 ' € i '
84. If f(x)=tan (]nx——),ﬂﬂdf(e)- Atr =57 AL d in (c)
Inx Explain the results found in {c).
85. Find yl ify =x% x> 0, by using y=x =eln:-" and (d)
hain Rule. fa Leaf Blower The loudnegs L, B
the Chain Rule nd Level 0 i i 2
g1, Sou red in decibels (dB), of a sound of intensip, I
86. If y=In(kx), where x > Oand & > O is a constant, show meastl 1(x) ; .
=10log ——, where x is the distayg, .
that y’ = _I defined as L{x) = fo “in
* ters from the source of the sound and /p = 19-12 Winz,
e
In Problems 87 and 8 find y'. Assume that a is a constant. lr:ast intense sound that a human ear can detect: Thejm%ila”i
is defined as the power P of the sound wave divigeg by Ih:” E
8. y=xwanX_1, In(x? 422, a£0 b which it falls. If the wave spreads oyt Uifopyy
& B area A on is, if it is spherical, th
in all directions, that is, if it is sp enca‘; € surface
Ly =
88. y=xgin~! Ztalmval—x2 jals x|, a0 area is A(x) =47x” m’, and 1(x) = 4mx? Wi,
. 4Il.|l
Continuously Compounded Interest Problems 89 and 90, use (a) If you are 2.0 m from a nO'ISy leaf blower ang are walk, [J;
the following discussion; away from it, at what rate is the loudness J, Chaﬂg[ng Mli
istance x 7
Suppose an initial investment, called the Pprincipal P, earns an annual Fespestrdis an £ answer
rate of interest r (expressed as a decimal), which is compounded n (b) Interpret the sign of your :
times per year, The interest earned on the principal P in the first . .

) o , 92. Showthatlnx+Iny =2x is equxvalfent to xy =2 =
compounding period is p ( ;) »and the resulting amount A of the Use xy = ¢ to find y’. Compare this r esult to the Solutioy
investment afier one compounding period is found in Example 1(c).

ol r - r ® . d
A=P+4p (;) =P (l +;) - After k compounding periods, the 93. IfInT =k¢, where k is a constant, show that a% =kT, =
. .
amount A of the investmeny iSsA=p (l +£) -Since in t th 1"
. ince in t years there @94. Graph y = (1 _,__) and y =e on the same screen. Explajnh,]w
are nt compounding Periods, the amounr A after t years is ) 1\"
il the graph supports the Fact that lim [ 14-= =e,
e B (I +_) 00 n
n . L
256
When interest 5 compounded 5o thay after t years the accumulated % tl;loa:vierdﬁlflle for glu na(iions Show that if i @ functionof
' A Jige S diflerentiable and q is a real number, then
amount is A 2"1—1)1'{.]0 P ( 1 +;) » the interest js saig to be d 2
compounded continuously. dx b= Ll lu'(x)
89. (a) Show that if the annual rate of interest r js compounded I;;io‘:ffd Wi oy oetined,
continuously, then the amount 4 after 1 years js 4 =P b =l (%) and use logarithmic differentiatin
where P s the injtial investment. , 96. Show that th
v . ’ a i
(b) If an injtia] 'nvestment of P = $5000 earns 2% interest j tangenlt Mk Eriphs gfifhe family of
compounded continuously, how much s the j parabolas f(x) = — 1,2
wort afer 16 pre investment e 1( ) 3% +k are always Perpendicular to
: ) angent lineg ;
(] II?::;W I_ong does it take an Imvestment of $10,000 to double logarithm; &(x) :ktllzzf)raphs o family of natura
& e 18 nvested at 2.4% compounded continuously? Source; Mathematics T~ Y, ukFA G
ow that the rate of change of 4 with Tespect to 1 when the L Millikin University. Decstur 52
) [l A g
interest cate p i S _dA =4 Find the derivatiy, - .
pounded continuously i 5 =TA. the Chaip Rule eofy=1y lx{ by Writing y = In +/x? and usit?
90. A ?(z)mk offers a certificate of deposit (CD) that matureg
010 years with a rate of interest of 39
’ compounded
continuously, (See Problem 89.) Suppose yoﬁ purchase Challenge Problem
such a CD for $2000 in your IRA. 98, If f and £ ar diff, \\_\‘_‘_ﬁ_‘ﬂ_-—_‘ﬁ_‘——_ﬂ{/
‘ ¢ di Crentiable i ;
(@ Write ap €quation that gives the amount A in the Cp how tha funcuons, nare >0
as a function of fime ! in years, £
\f(x)g(x) =
d =g(x 8(x) - f
3 ( 1 (%) lf/(x) + f(x)$@[In £ U

Rl

ol T ST T
T

MLk
I

e



(35)
3.4 AP Practice Problems (p. 261) — Derivatives of Log Functions

d
2 )
1 Iff(x)%é’t”{‘“x ;ﬁﬂd g;[f(}nx)}

14 2Inx 21nx
, B) 1
) — B) 1+~
2 o
€ 1+73 (D) x+2xInx

d 2 in.x3 s
e (2@ )
2. dx(x

(A) 4322 (B) 5x3
©) 5x* (D) 6x*

3. Ifh(x) = In(x? + 4), then k' (x) equals

2x 2x
A B
x% . 1
e D) .
© 773 ®) = + 4

4, Find the rate of change of y with respect to x
when x == 1 if In(xy) = x.

Ae B0 ©O1 @e~1



5 If fx) = ln(e"2°3"), then f’(x) equals

| (B) 2x — 3

(A)

ex2—3x ex2—31

€ x*=3x (@D) 2x-3

6. Find the slope of the tangent line to the graph

of y = In(sec? x) at x = %

2
(A) 2 (B) JT_

€ V2 (D) 242

d T
7. —-—1n|sin—-— =
dx X
T T n
(A) cot — (B) ——csc—
x x? X

ig n 14 n
O ——5 cot — (D) —cot—
X X X X



d .
8&, 31 ’”””"" 4. x;
Find dx(x +2)
(A) 4x4(xt + 2!

4xt
B
(B) T

(€) (x* +2) [

+ In(x* +2)

4x*

x4 42
(D) (x*+2)* In(x* +2)

+ In(x* + 2)}

. dy
9, Find el for y = In(x/x).

d
3 3 3 3
(A) ~ 533 (B) 5e3 (&) 5x (D) v
, d logyx
10. dx x
1 logy x In2 4 logy x
(A) W% (B) — ngiwf}m
In2 - log, x 1—In2log, x
© x?In2 ) x?In2



(33)
11. If f(x) = xInx, then f'(x) equals

(A) x+Inx (B) 1 ) 1+Inx (D) }+lnx

12. Suppose g(x) = In(f(x)), where f(x) > O for all real numbers
and f is differentiable for all real numbers. If f(4) =2 and

1
@) = -3 find g'(4). Show the computations that lead to the
answer.
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1 ﬂ‘/ ' ite, Implicit, and [nverse Functio
H 7 262 Chapter 3+ The Derivative of Composite, iMmp
. 59, was approy;
‘ . on on July 1, 1959, wi PPrOXimaye
World Population Growth 1, The world poPY l,a:rsons and had a doubling time of 7, -
The Law of Uninhibited Grod\Yfﬂl)ns 2,983435 ;‘ :z? d.tl: d the Law of Uninhibited Growty ¢, Wi ay"‘l
: ertain conditions, these data and ! ; =P (). Use thi
: f];i:tt;—:éhg? cuhrj::l?greco‘f a population 15 gfnula for the wor 1d PO}f 213“0" PEPE). Use his Modely,
— o . ‘ ugh 4.
: proportional to the size of the solve Problems 2 throug ¢ the world population Pepgy,
§ population at that time. One he 3. Find the rate of change © : ) wiy
g consequence of this law 15 thz;t t ' ‘respect to time 7. iy 1 2020 of th
H time it takes for a population to ind the rate of change on July 1, 2020 of the worlg POpulay
double rernzins constant > Flertlh reépect to time. (Note that 7 =0 is July 1, 1959, ROunduE

For example, suppose a culture of bacteria obeys the Law of

” ' rest whole number.
Uninhibited Growth. Then if it takes five hours for the culture fo answer to the nea

; Iy 1, '
double from 100 organisms to 200 organismis, in the next five hours 4, Approximate the world pscg:]ulatmn on July 1, 2020 Round g,
it will double again from 200 to 400, We can model this answer to the neareslt per: y »
mathematically using the formula 5. According to the United Natlonsg, the wor %Opu ation oy
P(t)= Py 2P July 1, 2015 was 7.349472 x 10%, Use 19 = 2015,

Py= 7.349472 % 109, and D =40 and find a new formuly to

where P(1) is the population at time ¢, Py is the population at model the world population P=P(f).

time £ =0, and D is the doubling time, If we use this formula to

ind the rate
model population growth, a few observations ate in order. For 6. Use t‘he new mo_df:l fromJ};erblle% goto find the rate of change
example, the model Is contintous, but actual population growth fs the world population on July 1, . ‘
discrete. That is, an actual population would change from 100 to 7, Compare the results from Problems 3 and 6. Interprét and siplds
101 individuals in an instant, as opposed to 4 model that has a any discrepancy between the two rates of change.

continuous flow from 100 to 101. The model also produces 3
fractional answers, whereas an actual population is counted in
whole numbers. For large populations, however, the growth is

Usé the new model to approximate the world population
onJuly 1, 2020. Round the answer to the nearest person,

continuous enough for the model to match real-world conditions, at . Discfus§ p os.31ble ;ez}ilsorzlgé'(c))r the clhsfzrep alélmes mﬂ:? ?k e
least for a short time, In general, as growth continues, there are app Loxunau?ns of the population. Do you think on
obstacles to growth at which point the mode] will fail to be set of data gives better results than the other ?

accurate. Situations that follow the model of the Law of
Uninhibited Growth vary from the introduction of invasive species

into a new environment to the spread of a deadly virus for which o TN T

e v . \ Source: UN World Fopulation 2015 @ 2016,
there is no immunization, Herle, Wwe Investigate how accurately the htips:/lesa.un.o ghunpd/wpp/Publica 7Fil d_Population 2015
model predicts world population, PpPublications/Files/World_Populatio

Chapter Review

de Tdu ' Jx
* Power Rule for functions:

j . Differentiate both sideg of the equation with respect loh
. . ,
3.1 The Chain Rule Solve the resulting equation for y=92
Theorems: Theor emss
* Chain Rule: (f o g)’(x) = "(g(x)) - o '
(p. 223 S 80 - g't) * Power Rule f, : d J
P ) ilz _ dy du € Tor Tationa] exponents: Pl =2 x ?
dx q

brovided xr/a and xp/a~1 oo defined. (p. 241)

[ )] = et . -i[ VT yr -t
Zx B =nlg(x)]r=1g/(xy, where n is an integer : C O =rlu(x

(p.228) (0.241) " "IOCK Provided u” and yur—! gre defined:
Basic Derivatiye Formulgs: 3.3
: -3 Derjyag
v ive, i
. % e"‘*’:e"@f)gﬁ (b. 225) eorem; estf_ the Inverse Trigonometric Functio™
o x . Crivative i ;
* Derivatives of trigonometri functions (p, 225) Basic Doy, Wative Fopy, la o versefurtion 5. 40
Ulas,
. Ea"r-a"lna a>0andas1 (p,227) ¢ a sin=ly 1
o * Nﬁ ~l<x<1(p 248)
3.2 Implicit Differentiation « 4 tan™ 1 *
To d.xfferennate ar‘x imp?icit funetion (p, 237); ‘Zx T= Tm (p. 249) !
Assume yis a differentiable function of x, * dy Secmly 1
o, h

?\/g\ﬁ x| > 1 (p, 249)




Chapter 3 » Review Exercises 263

4 perivatives of Logarithmic Functions Steps for Using Logarithmic Differentiation (p. 255):
tive Formulas:

gsic Derva ‘ :
g o — 108X =17 yx>0,a>0,a #1 (p.252) and powers, take the natural logarithm of each side. Then
xind simplify using properties of logarithms.

e Step 1If the function y = f (x) consists of products, quotients,

'

l .

4 jpx==,x>0(p.252) o Step 2 Differentiate implicitly, and use — Iny = 2.

" dx x dx y
'

d () u e Step 3 Solve for y’, and replace y with f(x).
o — Inu(x)=
dx “

(x), u(x) > 0 (p. 253)
) - Theorems:

. _{ Injx] = l x # 0 (p. 254) o Power Rule If a is a real number, then
x’ ) d
g —x%=ax®"1 (p. 257)
dx

¢ The number e can be expressed as

l n
lim(1 +M)""=e or lim (1+—) =e (p. 257)
-0 n—>00 n

Preparing for the
AR Eam D

AP® Review Problems)

S

| Section You should be ableto ... Examples Review Exercises

31 1 Differentiate a composite function (p. 223) 1-5 1,13,24
2 Differentiate y =a*, a >0, a # 1 (p. 227) 6 19,22 L3
3 Use the Power Rule for functions to find a derivative (p. 228) 7,8 1,11, 12, 14, 17
4 Use the Chain Rule for multiple composite functions (p. 229) 9 15, 18, 57 2,4
32 1 Find a derivative using implicit differentiation (p. 236) 14 39-48, 58, 59 56
2 Find higher-order derivatives using implicit differentiation (p. 240) 5 45-48
3 Differentiate functions with rational exponents (p. 240) 6,7 2-8, 15, 16, 53-56
33 1 Find the derivative of an inverse function (p. 245) 3,2 49, 50 7
2 Find the derivative of the inverse trigonometric functions (p. 247) 3,4 32-38
34 1 Differentiate logarithmic functions (p. 252) 1-3 20, 21, 23, 25-30, 48 8
2 Use logarithmic differentiation (p. 255) 4-7 9,10, 31, 57
3 Express e as a limit (p. 257) 8 51,52
1 f
In Problems 1-38, find the derivative of each function. When a, b, 17. u=sinv -3 sind v 18. y=tan Z
Orn appear, they are nonzero constants. %
19. =1 * 9 = 2
L y=(ax +b)" 2. y=+2ax y=105 20. §=in@"+ D
T 4, FE— 21, z=In(v/u2 +25-u) 22, y=x242F
X2+
2 23, y=In[sin(2x 24, =e¢ *sin(2
S y=(x2 4 4302 6. Fly=—= y =Inlsin(2x)] fO)=e*sin2x +7)
xt=1 1
x5 41
N oy — 25. g(x)=In(x?—2x) 26. y=In
sttt 8. y=vE+Jx xt—1
9 (xz_.az)3/z 27. y=e"x Inx 28. w:]n(-\g’x-l-?—ﬁ)
3 )’:(e-‘__x)S: 10. ¢(_);) =-_.’/x__-}-_‘_g_ 1 r
. 29, y= = In ——— 30. y=In(tan®x)
W fy=X 12, u= G2 =222 144 — x2
(x—1)7 ,
13 e*(x*+4
" Y=1xsec(2x) 14, u=cos’x 31 flx)= —%-;)-

15, -
Yﬂ/ﬁ 16. ¢(z)=+1+sinz 32, y=sin'(x = 1) 4 /2x —x?
a

I
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f napter 3 + The Derivative of Composite. Implic 7 and 52, gxpress €4 € M,
264  Chap s |
X nPr 2 n 52, '}1—%(1 +3R)Uh
- o X 2
33, y=2/F -2t F 3. y=A4uny 51, Jim (! 50 o
36, y=4x° tan~! ~ n m’ find the domain of f,
AP | -1 5 == % _ .
35, y=sin='(2x—1) e 53, If f(¥) a2y} forall X Z 2, find the domgj, oty
3. y=xtn~lx—~Iny/1+x2 38 y= V= aiin™ % 54, 1S =7 « on defined by £ () = /T 65, ‘
functio
d Vo T (o fi O, et be the
In Problems 39-44, find y' = E% using implicit differentiafion 58, L j;[h e b domain und the range of £
=y 40, x=cos’ y+eosy (@ M slope of the tangent line to.the graph of f -
39, x=y"+y (b) Find the - eept of the tangent line to the Eraph of 4
41, lnx+Iny=xcosy 42, tan(xy)=2x © Find the y-intercep ;
=4, ‘
43, y=x +sin(xy) 44, x =In(csc y + coty) gt'x - coordinates of the point on the graph of f whe
@ tGhW;;me line is parallel to the line y =x + 12, 3
In Problems 45—48, find y' and y". & _ .
i Find equations of the
45. xy-+3yt=10x 6. yP+y=x> 5. Tangent and Normal Lines , tangey,
graph of y =X VXA G = 1) au e

and normal lines to the
point (2, 2/3). | |
57, If flx)= (2 + 1y@=39), find f(1)-
58, Tangent Line Find an equation of the tangent line to the g
of dxy — y? =3 atthe point (1, 3).

47. xe¥ =4x? 48, In(x +y)=8x
49, The function f(x) =¢2* has an inverse function g. Find g’(1).
50. The function f(x) =sinx defined on the restricted

, T . ;
domain [—E' 7] has an inverse function g.

., 1 : 3 . .
F‘"dg'(é") : 59. Find y' atx = and y = if xsiny+ycosx =0,

( Preparing for the RegEnn

AP® REVIEW PROBLEMS: CHAPTER 3

® 1. Find an equation of the tangent line to the graph of ” ® 5. The slope of the normal line to the graph

o 8inx _
¥ =3~ 4 whenx =0, of ¥ + (xy — 2)? = 20 at the point (2, —1) is
(A) y=(n3)x -4 (B) y=(n3)x~3 3 4 4
©) y=x-3 (D) y=3x—3 @z ® -4 © 3 O -3
2 e - 1 ®6. Ify =sin®3 ~ . ,
® 2 If f(x) = sin u,ru =v= = andv =lnx, find f/(e). toi at i;lr;(ogg?n‘zy)’ find the rate of change of y with respect
30,1 2 2
A0 @® = ¢y g - “ A {
o ] )e ()8+eln3 (D) 5 . A0 B 3 © -1 © -3
3 Ife/® =2 4 ¥4 then 7(x) = « The points (
o s then f'(x) . funcgo;n;‘(g:)’ B’ )5321 3 ;gi (3, 13) are on the graph of the
A) 2 v - Ny X+ x>1, jon g
@ = 3 (B) 4x3 ¢ the m:erse function of ¥, thep, g3) = If the function g1s
4x X A) - 1
C) X e (B) . 1
© Y D) ST 5 ) 16 © 3 D) ‘*-;*
® 4. Find y if y = sin*3 (4x - x?), ® 8. Find ;; In(ln x),
16 — 8x
A) Y=l 0
B === sl ~ ) @1 @ X © 1
16 — 8x p lnx C) . D) _;_
B l:..__h__ H
®) y 3 SIn]/3(4x_x2)'Cos(4x~.x2) @9- The del‘iVative of y == tap~1 Xln x (Inx)?
- n- (x X
(C) y/=;siﬂl/3(4x -x2) « cos(dx x2) (A) xe* + e* € 3 equalS
- Viteg: B Lt
(D) y’=—§x.s' 1/3 2 o %22 ’ T xer
3 ST x ~ 2%) . cos(4 — 2 (€) 27 + 2
L4325~ (D) X +er

1 + xze?_t




Chapter 3 = Review Exercises 265

'AP“’
o1 if () =1*sint +Int, then f'(r) equals
T (A) 2 (sint +Int) + £ (cost + )
(®) 2sint — r*cost +—;
(C) 2sint + t2cost + —:— In¢

(D) 2 sint + 1% cost +l
®2 Rind the point(s), if any, where the slope of the tangent

line to the graph of f(x)= '_ +x% = 3x 4 1is 2610,

&) 0.1

(C) (—3,0)and (1,0)

(B) 0,3)
(D) (~3,10) and (1, ~2)

® 3. Given FO) =e*{x + cos x), find £7(0).
@wWo ®2 €3 OS5

®4. Suppose the function £ is continuous on the closed
interval [—2, 6], and f(~2) =8 and f(6) = 1. By the
Intermediate Value Theorem we know

(A) f has atleast ong zero on the interval (-2, 6).

(B) F(x) > Ofordll x in the interval [~2, 6].

(C) f(x)=23for at least one number in the
interval (—2, 6).

(D) f'(x) is defined for all numbets in the
interval (—2, 6).

®5. The graph of f is shown in the figure below.
Which statement is false?

(4
Graphof f

CUMULATIVE REVIEW PROBLEMS: CHAPTERS 1-3

®6. zim

b0

® 10.

e .
( Preparing for the

In(e 4+ 1) —2 .
h -

(&) #'(e*) where f(x)=T1nx
B) f'(e) where f(x)= Inx?
(©) f'(2) where f(x) = Inx
(D) f'(e) where f(x) = (Inx)

LI f) = 4x +'5', then f'(x) equals
40x + 9 41
(A) - Gr—dn (B) ~Gr = B)E
9 9
© gy O wew
. Suppose the function f is defined by

{Sx+17 if ¥<-3

prn_ )2 if x=-3
J@={g-x2 if -3<x<3
x—4 if xz3
For what numbes, if any, is f discontinuous?
(A) rione  (B) —3only (C) 3only (D) —3 and 3
11m — 16
' X4 ,\/—
(A) 2 (B) 4 () 32 (D) Does not exist.
W2+ 3
The gra_ph of y= w has

. ) 1 .
(A} ahorizontal asymptote at y == 5 but no vertical asymptote.

{(B) no horizontal asymptote, but vertical asymptotes at x =0
and x =1.
. 1 .
(C) ahorizontal asymptote at y = 3 and vertical asymptotes

atx=0and x =1,
(DY ahorizontal asymptote dt x = 2, but no vertical asymptote.

(A)Jim-f (e)-exists (B Jim.f(x) exists,
Xvrq k-2

(C) lim f(x) exists. (D) lim f(x} does not exist.
X3¢ 2—d

[:Z”"._:Zm :




.

Ch. 3 Review AP Practice Problems (p.264) — Chain Rule, Implicit Diff. & Inverse Derivatives

L. Find an equation of the tangent line to the graph of
y == 390 — 4 when x = 0,

(A) y=(n3)x—~4 (B) y=(In3)x ~3
©C) y=x-3 D) y=3x—3

> U FOe) e b 1 ,
2. If f(x) =sinu, u =y~ =5 and v = Inx, find f/(e).

3 1 2 2
A R R el
A) 0 fB)é (C)g*%*;jfiﬂgg (ﬁ)gg

3. Ife/® =24 x4 then f'(x) =
4x3

A) pry (B) 4x3 ¢
4x3 X

C st ——— é

© 24 x4 (D) 2 x4

4. Find y' if y = sin¥3(4y — x%).

16 -8y
B) ym i 0% 13
®B) y 3 sin!/ (4x — x2) . cos(dy — x%)

r_ 4
©) y = 3 sin'(4x — 2. COS(4x — x2)

O ye 8,
) ¥y 3 sin'/3(4x - xz)*cas(flwzx)

S. The slope of the normal line to the graph
of x* + (xy — 2)? = 20 at the point (2, —1) is

3 4 4
(A =  (B) —4 - —_—
;7 ® © 3 © -3



e ¥

6. If y = sin(3x + 2y), find the rate of change of y with respect

to x at the origin.

@O0 ®3 (© - D) -3

7 The points (1,1, 2, 3), and (3, 13) are on the graph of the
function f(x) = 3

; X% 4 x4+ 1,x > 1. If the function gs
the inverse function of £, then g'(3) =

L 1 1
@< ® s ©3 o -3

@1 @ X L
ny (© sy @ (Inx)?
9. The derivatiye of y = tap V(xe%) panale
&) X te By € +1
2 12?2& ® I+ xer
(C) 2X%€™ 4 94er x
T @) X ter



AP Calculus Derivative Rules & Practice

0) Derivative Power Rule:

d _
—ut =nxu ey
dx

A. Trig Derivatives

d . ’ d . '
1)—sinu = cosu *u 2)—cosu = —sinu*u

dx dx

d 2 ! d 2 !
3)—tanu = sec*u *u 4)—cot u=—csccu+*u

dx dx

d 7 d !
S)E;C-secu =secutanu *u 6)d—x-cscu = —cscucotu *u

B. Logs and Exponential Derivatives

d u! d u u !
Lhu=% g)— el =e%xy
7)dx u u )dx

d 1 \u d u u !
=z = (— )= 10)— a% = (Ina) a* *u
9) dx logau (lna)u )dx ( )

C. ArcTrig Derivatives

11) d arcsinu = ’ 12) d arccosu = W
dx - —u? dx - 1—-u?
d u' d u!
13)—arctanu = 14)—arccotu = —
dx 1+u? dx 1+u?
15) d arcsecu = W 16) d arccscu = u
dx |lulvuz-1 dx Jul[vu2z-1



AP Calculus Derivative & Integral Rules (Blank Practice Sheet)

Derivative Power Rule:

A. Trig Derivatives

d . d
1) —sinu = 2)—cosu =
dx dx
d d
3)—tanu = 4) —cot u =
dx dx
d d
5)—secu = 6)—cscu =
) dx ) dx
B. Logs and Exponential Derivatives
d d
7\—Ilnu = g)— e% =
) dx ) dx
d ad yu
— L0 = 10)— a™ =
%) dx l Ga ) dx
C. ArcTrig Derivatives
d

d \
11) —arcslitu —
) dx

12} = arccosu

Il

d -
13)—arctanu
dx

d
14)—arccotu
dx

Il

d
15)—arcsecu
dx

d
16)—arccscu
dx



