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BC Calculus — 9.1 Notes — Defining and Differentiating Parametric Equations

We have been looking at graphs of one equation with two variables, typically x and y. Now we are
looking at three variables that will represent a curve in the plane,

In the rectangular equation we are able to determine where the object is located at a point (x, ), but
with the addition of the third variable (often t), we are able to determine when the object was at a
point (x,¥). NOTE: the third variable ¢ is often time, but not always,

Parametric Equations

If f and g are continuous functions of ¢ on an interval 1, then the equations x = f(t) and
y == g(t) are parametric equations and ¢ is the parameter. You can sketch the curve of a
parametric by substituting in values for £.

1. Sketch the curve with the following parametrization: x(£) = 2t and y(£) = £% — 1, with
-]lZt=2
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To find the rectangular equation when you are given the parametric equations, eliminate the
parameter £ through substitution.
2. Given x(£) = 2t,y(t) = t* — 1. Find the rectangular equation by eliminating the parameter.

3. Given the parametric equations x(£) = 2 cost and y(t) = 2sin¢. Eliminate the parameter.

®




fgeris;ati% of a Parametric Equation A
The derivative of a parametric given by x = f(£) and y = g(£) is found by the following:

e J/

i
4. Given () = t7 and y(t) = $(6* ~ 4) for t 2 0. Find &

5. Given x(t) = e* and y(£) = cost for t 3 ~1. Find the equation of a tangent line when ¢ = %

9.1 Practice Problems:

1. For the given parameiric equations, eliminate the
parameter and write the corresponding
rectangular equation, x == ™% and y = % - 1,

2. Let ¢ be a curve described by the parametrization
x = 5t and y = t* 4 3. Find an expression for the
slope of the line tangent to € at any point (x, 7).

3. The position of a particle at any time ¢ = 0 is

given by x(t) = 3t? 4 1 and ¥(t) = gzﬁi Find
dy

noasa function of x.

4. A particle moves along the curve xy + y = 9, If
x = 2 and % =z 3, what is the value of %‘%




5. A curve is described by the parametric equations
x =tcostandy = tsint. Find the equation of

the line tangent to the curve at the point
determined by t = .

6. Calculator active. The coordinates (x(t), y(t)) of

the position of a drone change at rates given by

1
x'(t) = 2t% and y'(t) = tz, where x(t) and y(t) are
measured in meters and t is measured in seconds. At
what time t, for 0 < t < 2, does the slope of the line
tangent to its path have a slope of 1.5?

7. A curve in the xy-plane is defined by the
parametric equations x(t) = cos(3t) and
y(t) = sin(3t) for t = 0. What is the value of

@ @)

8.

A curve is defined by the parametric equations

x(t) = at? + b and y(t) = ct — b, where a, b, and ¢

are nonzero constants. What is the slope of the line

tangent to the curve at the point (x(t), y(t)) when
t=27?

9. No Calculator. For 0 <t < 11 the parametric
equations x = 3sint and y = 2 cos t describe
the elliptical path of an object. At the point
where t = 11, the object travels along a line

tangent to the path at that point. What is the
slope of that line?

10.

A particle moves in the xy-plane so that its position
for t = 0 is given by the parametric equations

x(t) = 2kt? and y(t) = 3t, where k is a positive
constant. When t = 2 the line tangent to the

particle’s path has a slope of 4. What is the value of
k?

3




11. Find the equation of the line tangent to the curve | 12. For what values of t does the curve given by the
defined parametrically by the equations
x(t) = t3 + 2t and y(t) = 2t* + 2¢? when

parametric equations x(t) = %t‘* — %tz and
b= 1 y(t) = 3t3 + 2t have a vertical tangent?

13. Suppose a curve is given by the parametric equations x = f(t) and y = g(t), forall t > 1 and

dy _ t2+42 dx . dy
—_— e g —, —_ — ?
rriairarak b What is the value of o whent = 2

9.1 Parametric Equations Test Prep

14. A curve is defined parametrically by x(t) = ¢2 and y(t) = t3 — 3t. Find the points on the graph where the
tangent line is horizontal or vertical.




15. Free Response. Consider the curve given by the parametric equations y = t> — 12t and x = %tz —t.

a. Find Z—z in terms of ¢.

b. Write an equation for the line tangent to the curve at the point where t = —1.

c. Find the x and y coordinates for each critical point on the curve and identi'fy cach point as having a vertical
or horizontal tangent.

16. A curve is given by the parametric equations x(t) = 5t — 5 and y(t) = t2 + 7. What is the equation of the
tangent line to the curve when t = 1?

A x=0 B. y=ix+8 C. y=f5-x+1 D. y=8 E. y=%x+7



9.1 AP Practice Problems (p.651) — Parametric Equations

1. Which pair of parametric equations represents a pia:se‘} curve
that is a circle with a radius of 3 and a center at (0, 0)

(AY x(t) = ?f:s:;s;;, y(t) = 9sint, 0t <2

(B) x(t) = 3sint, y(t) = 3cost, 0<t=snm

(©) x(1) = 3sin(21), y(t) = 3cos(2), 0 =1 =7
(D) x(r) = cos(31), y(t) = sin(31), 0 £ 1 =2

%A rectangular equation of the curve whose %:arametr:c;
Cquations are x(f) =t + 1, y(t) = 12+ 35/13
A y=x?px—2 (B y=x+3

€ ymxtysxtd (O y=x"+3=2




3. A rectangular equation of the parametric
* k ; % *
equations x(r) = 4 cost, y(r) = 3 sint is

2 2 2
(ﬁ)fm+% 1 {E}x%«»ﬁy =1

(€) 16x% 4+4y? =1 (E‘)) »I»é;y = 1

4, Anobject is moving along a plane curve according to the
parametric equations

x(t) = =5 cos (%2) , y(1) = 2sin (%f)_;.{} <t=8

(a) Find a rectangular equation for the parametric equations,

(b) Describe the motion of the object from t = 0 to t = 8, Be
sure to include where the object begins, where it ends, its
path, and its orientation,



&)

BC Calculus — 9.2 Notes — 2" Derivative of Parametric Equations

i

| Second Derivative of a Parametric Equation
| The second derivative of a parametric given by x = f(£) and y = g(t) is

Given ﬁzéfgiia%fiz;g parametric equations, find ;%';giegg;%g 2 i

1 x(g)%,\;‘gaﬂéﬂg}m%igﬁwg}fﬁmgg 2. x=3costandy = 4sint.

3. Att =1, find the concavity of the graph defined parametrically by x = £3 4 Land y = t* + ¢,




9.2 practice problems

S

ﬂ!?ﬁﬁ ﬁte fi}ﬁi}ﬁ‘ifﬁg garameim egﬁaﬁaﬁs, f‘nii Sew iﬁ ferms of £;

L x{%:} = g™ tand y(t) = e%, 2. x{z} 2 (3 aﬁé y{é} =] for £> 0.
3. x(£) = at® and y(t) = bt, where a and b are 4. W. = 4 m{; 2 = sin(E?).
positive constants,

5. x=¢btand y = te™*, 6. x = t?4 landy = 23,




7. Given a curve defined by the parametric equations
x(t) = 2 —t?and y(t) = t% + t3. Determine the
open t-intervals on which the curve is concave up
or down.

8. Ifx(0) =2-+sechand y(6) =1+ 2tan 0, Find
the slope and the concavity at 6 = %.

9. Ifx = cos 6 andy = 3sin 8, find the slope and
concavity at § = 0.

10. If x(t) =t —Int and y(t) = ¢t + In ¢, determine
values of t where the graph is concave up.




9.2 Second Derivatives of Parametric Equations

,

2
11, Ifx =3t —1andy = Int, Whatis%interms of t?

1 1

1.2 1.3 14 _l,4 4
A =t B. —-t C. ——t D. —>t E. 6t
12, Ifx =6 —cosf andy = 1 — sin 0, find the slope and concavity at 8 = .
A, Slope: —1, Concave down B. Slope: m, Concave up C. Slope: 1, Concave down

D. Slope: 1, Concave up E. Slope: ;rl-, Concave up




| 9.2 AP Practice Problems (p.660) — Parametric Arc Length

1. The smooth curve C is represented by the parametric
equations x(f) == tant, y(t) = % — 3¢ - 8, mz{» <t< %:;

The slope of the tangent line to C at the point (0, 8) is

3 1

A) -3 @B -2 ©0 O -3

5

2. Which of the following is an equation of the tangent
line to the plane curve represented by the parametric
equations x () = 2 ~ 5, y(¢) == 13 when f = 2?7

(A) ye=—~6x-+14 (B) y=6x
(©) y=06x+2 D) y = 6x + 14

3. For the smooth curve, x(r) = £3 — 121, y(¢) = 4% 4 ¢, find all
the points where the tangent line is either horizontal or vertical.

(A) Horizontal: t = -%—, Vertical: ¢ = ~2, 2
(B) Horizontal: ¢ = ~2, 2; Vertical: none
(C) Horizontal; 1 = w%; Vertical: t z= ~2, 2

: 1
(D) Horizontal: none, Vertical ¢ == -3




|

4. The plane curve represented by the parametric equations

. 3 3
x(f) = 3sint, y(t) = 12, ~5m St 5w

is shown below. The graph intersects itself at the point (0, 7%).

y

I S I R T

(a) Find the numbers ¢ that correspond to the point (0, 7°%),

. dx dy , . dx o
(b) Find 5 and n and confirm that ' 7 0 at the point of

intersection.

(¢) Find the slope of the tangent lines at the point of
intersection.

(d) Find an equation of each tangent line at the point of
intersection,




5. The smooth curve C represented by the parametric equations
x(f) =2sint, y(t) = 1 4 ¢!, —;r <t < 2, is shown below,

71 (1.82, 8.39)

(0, 1.04)

e — I3 x

The arc length of C is given by the integral

A [ o T ar (B J2 asite+ (1 +erd

©) f,if Vacosl i+ e¥dt (D) f;‘g Vacoset + el dt

6. The length of the curve represented by the parametric equations
X =244, y(t1) = 1 + 612, fromt = O to ¢ = 1 is

A) 8V2-4  ®) 2721 (© 4 (D) 16/3~8




&)

7. An object moves along the plane curve C represented by the
parametric equations x(r) = cos(21), ¥(t) == cos? 1. The distance

. | n T,
the object travels from ; = 7 L e

Y
(A) - (B) T <) 7 D) 5

4




BC Calculus — 9.3 Notes — Finding Arc Lengths (Parametric Equations)

Recall: Arc Length

L= E }1 +(F0) dx

/. -
Arc Length in Parametric Form

AN

| For each set of parametric equations, find the Iength of the curve on the given interval,

1. x(£) = cost and y(£) = sint on the
interval 0 £ £ < 2.

2. x = 14t and y = 7t on the interval
0=gt=s 2




9.3 Arc Length (Parametric Form)
- Calculus

| What is the length of the curve defined by the parametric equations? Solve without the use of a calculator. |

1. x(t) = 6t + 10 and y(t) = 14 — 4t for the
interval —1 <t < 3?

2, x= %tz and y = %tz, where a and b are constants,

What is the length of the curve from ¢ = 0 to
t=1?

3. x(t) =2t?and y(t) = gtg for the interval
1<t<4?

4. x(0) =5cos8 and y(8) = 5sin 8 for the interval
0<06<2m.

5. x(t) =7t — 2 and y(t) = 4 — 8¢ for the interval 1 < t < 5.

@




6. Ifacurved is described by the parametric equations x = t2 and y = 2e?!, then which of the following gives the

length of the path from ¢t = 0 to t = In 3?

A [ VEE ¥ Ee dt B. [\"*VeF ¥ 4e® dt
C. [ VAT 16e% dt D. [°ViZ+ 2eFdt

7. Which of the following gives the length of the path described by the parametric equations x = 2 + 4t and
y=3+t*fromt=0tot =17

A [VET2tde B. [}JQ+40)2+ (3 +t2)%dt
C. [,V16tZ % dt D. [, VI6+4tZdt

8. Which of the following gives the length of the path described by the parametric equations x = cos t2 and
y=e5 fromt=0tot=mn?

A. fon\/9t4 sin?(t?) + 25e10¢ dt B. fon\/——Stz sin(t3) + 5e5t dt

C. fon\/9t4 sin?(t3) + 25e5t d D. fon\/(cos(ﬁ))2 + (e56)2dt

9. Which of the following gives the length of the path desctibed by the parametric equations x = sin 3¢ and
y=cos2t fromt=0tot =m?

A. [ Vsin? 3¢t + cos? 2¢ dt B. [y VcosZ3t + sin? 2t dt

C. Jyv/9cos3t + 4sin 2t dt D. [v9cos?3t + 4sin? 2¢ dt

10.  Which of the following gives the length of the path described by the parametrlc equatlons x =/t and
y=3t—1from0<t<1?

A [ |5+9dt B. f, [3t~t+9dt

1 —=
C. [y J3t+3adt D. [; J5t P+ 3dt

No test prep. Problems 6-10 are great examples of problems you may see on the AP Exam.



BC Calculus — 9.5a & 9.5b - Derivatives and Integrals for Vector-Valued Functions

Vector basics:
*  Vectors have magnitude (length) and direction.
*  Vectors can be represented by directed line segments.
* Vectors are equal if they have the same direction and magnitude.
s  Magnitude is designated by ||v]|
»  Vectors have a horizontal and vertical component.
¢  Component form of a vector is {x, y)

1. Find the component form and magnitude of the vector that has an initial point of (1,2) and
terminal point (5,4).

Component form:

Magnitude:

Vector-Valued Funetions: r(t) = {(f(t), g(t)) where f(t) and g(t) are the component functions
with the parameter f.

%i‘fferentiatian of Vector-Valued Functions

\.

Ifr(t) = (f(¢), g (t)) then

Properties of the derivative for vector-valued functions
d d
T [c-r(®)] = ¢ r'(£) T [r(t) - s(E)] = ' (O)s(t) + r({£)s’ ()

FrOEs@=r©£5'0)

(@) = (s®) 5

Loor(t) = (2t% + 4t + 1, 3¢% ~ 4t) then 2, r(t) = {3+ 5, 2t) find %r(zz:)

Tt(‘t) s

3. The path of a particle moving along a path in the xy-plane is given by the vector-valued
function, f(t) = (t,sint). Find the slope of the path of the particle at ¢ = %,




,

9.5b - Integrals for Vector-Valued Functions

Qntegratian of Vector-Valued Functions

I£7(t) = (f (), g(£)) then

\.

L. Find r(t) if ' (t) = (4", 2¢") and 2. Find r(t) if r' () = (sec? t,—)
r(0) = (2,0) e

1, 1
3. [ (3, tF)dt

| For problems 1-6, find the vector-valued function F(£) that satisfies the given initial conditions.

Lo f(0) = (2,4), f'(t) = (2e*, 3¢%) 2. £(0) = <§,-1), FI(t) = (te~t*, —e~t)




Calculus
| Each problem contains a vector-valued function. Find the given first or second derivative. ]
Lo f(&) = (4% + 262 +7¢, 462 +3t),then f'() = |2, f£(t) = (3sin2t, 4 cos 3t), then f' (3=

|
9.5 Derivatives of Vector-Valued Functions m

3. f(t) = (3e?t, 5e%t), then f'(t) = 4, f@) =(t7% (t+1)71), then f"(=2) =
5. f@®) =(et +e7t et —et), then f'(t) = 6. f(t) =(2sin4t,2cos3t), then f'(t) =
7. f(t) = (tsint, tcost), then f’ (g) - 8. f(t) =(3t% + 6t +1, 4% — 2t? + 6t), then

=




9. The path of a particle moving along a path in the xy-plane is given by the vector-valued function, f(t) =
(t3 + 2t2 + t, 2t® — 4¢). Find the slope of the path of the particle at t = 3.

10. The position of a particle moving in the xy-plane is defined by the vector-valued function,
f(@) = (t3 — 6t 2t — 9t — 24t). For what value of t > 0 is the particle at rest?

9.5aDerivatives of Vector-Valued Functions Test Prep

11, Calculator active. The path of a particle moving along a path in the xy-plane is given by the vector-valued
function f and f' is defined by f'(t) = (t™*, 2ke**) where k is a positive constant. The line y = 4x + 5 is
parallel to the line tangent to the path of the particle at the point where ¢t = 2. What is the value of k?

12. Attime t, 0 <t < 27, the position of a particle moving along a path in the xy-plane is given by the vector-
valued function, f(t) = (tsint, cos 2t). Find the slope of the path of the particle at time t = %




Find ()

3. f(0)=(3,1), f'(t) = (6%, 4¢)

4, f(0) =(-2,5), f'(t) =(2cost,—3sint)

5. f'(0) = (3,0), £(0) = (0,3),
f" () =(5cost,—2sint)

6. f'(0) =(0,2), f(0) = (3,0), " (t) = (4¢>,3¢?)

7. Calculator active. For t > 0, a particle is moving

along a curve so that its position at time ¢t is
(x(t), y(t)). Attime t = 1, the particle is at

position (2, 4). It is known that 3—9: = Vi3 and

el
% = cos? t. Find the x-coordinate of the particles

position at time t = 5.

8. The instantaneous rate of change of the vector-
valued function f(t) is given by

() = (8t3 + 2t,10t*). If (1) = (3,7), what is

fE=0?



9. Calculator active. At time ¢t > 0, a particle 10. Calculator active. Attime t = 0, a particle
moving in the xy-plane has velocity vector given moving in the xy-plane has velocity vector given
by v(t) = (3t? 3). If the particle is at point (1, 2) by v(t) = (2,%{). If the particle is at point (1, 2)

at time ¢ = 0, how far is the particle from the

origin at time £ = 29 at time ¢ = 0, how far is the particle from the

origin at time t = 3?

9.5 Integrating Vector-Valued Functions Test Prep

11, Calculator active. A remote controlled car travels on a flat surface. The car starts at the point with
coordinates (7, 6) at time t = 0. The coordinates (x(t), y(t)) of the position change at rates given by

x'(t) = —10sint? and y'(t) = 9 cos(2 + Vt), where x(t) and y(t) are measured in feet and ¢ is measured in
minutes. Find the y-coordinate of the position of the car at time t = 1.

12. The instantaneous rate of change of the vector-valued function f(t) is given by
f(@®) = (2 + 20t — 4¢3, 6t% + 2¢). If f(1) = (5,—3), what is f (—1)?




a5
9.5 AP Practice Problems (p.683) — Derivatives, Arc Length of Vector Functions

1. The domain of the vector function
r(f) = <3:2 + 1, = In(t + 2}} is

(A) the set of all real numbers B) {t]t>0}
© {tlt> -2 D) {tle> —2, t # ~1)

2
2 m<f,£mm%~ =

(A) (2,-2) (B) (2,0
© (2,2) (D) The limit does not exist,

3. ‘The derivative of the vector function r(t) == (sin(31), —~cos(3t))
is .

(A) () = (cos(3t), sin(3t))

B) Y1) = < % cos(3s), % 523{3:}>

©) Y() = (3 cos(31), 3s5in(3r))
@) Y@ = (3cos(3t), ~3 sin(31))

4. The arc length of the curve traced out by r(t) = (£ +2t,In1)
fromt = 1to¢ = 5 is given by

) / S F I T () dr
1 ,

5
(B) / V(%E%)%%d:
(© / \/9:%32:%5
(D) f \/(3:2+2)2w;5dt
J |




5. Which of the following is the second derivative of the vector
function r(r) = <%f; %zﬁ + ! >?

(A) (4t+e)  B) (0,1+e)
© (1,¢) D) (0,¢")

6. Which curve is traced out by the vector function
r{) = (1,2t -4),0 <1 <47

y r4
g” ,;iw
;gm 2m
X } A -
i A
mg”
(A) )
y Y4
dr 44“
é,ﬂ. P
s 2m
gm e
o ¥ é! x
2“ he
- mzfa
@ 46 & ]
() ¢5))

7. The tangent vector to the curve traced out by the vector functm;:
r(t) = (12 + 5,8~ 3:) att =2 is
(A) 4,-3) (B 43 © 4-6 O 92




BC Calculus — 9.6 Motion Using Parametrics and Vectors Notes

Position: r(t) = (x(t), y(t))

Velocity: v(t) = r'(t) = (x'(t),y'(t))

Acceleration: a(t) = r"'(t) = (x""(£), " (t))

Speed: [v@®Il = lIr'(@®)] =

1. Find the velocity vector, speed, and acceleration vector for the particle that moves in the xy-plane
described by (t) = (5 sin E, 5cos é}

Quick review: When does a particle’s speed increase or decrease?
Speeding up
Velocity & Acceleration have

Slowing down
Velocity & Acceleration have

2. If r(t) = (2¢* + t,£?), find velocity and acceleration at time ¢.

3. Find the speed at time ¢ = 2 if r(£) = (3¢, e~t")

"“Ijotal Distance Traveled by a Partice on [a, b].

b
[ ()]l dt =




[

4, Given the velaczty vector of the particle v(t) == (2t + 1, 5) and the position of the particle at
time ¢ = 0 is (1, 2), find the position when t = 3. What is the total distance traveled on the

interval 0 < ¢ < 37

L

5. A particle moving along a curve so that its velocity for time ¢ = 0 is given by v(t) = (2¢7%,—
a. For what values of t is the particle moving to the right?

'reg’”

b. For what values of ¢ is the particle moving up?

Practice Problems:

For each problem, a particle moves in the Xy-plane where the caerdmates are def’neﬁ at any tlme t by the
pQSltan function given in parametric or vector form.

. x(t) = 4t* and y(t) = 2t ~ 1. Find the velocity
vector at time £ = 1,

2. 'x(i:) =g and y(t) zz et Fmd the accelera£1on
vector at time ¢ = 1.




3. (x(8),y(®)) = (6 — 2t,t% + 3). In which 4. A position vector is r(t) = (%, e*t) for time ¢t > 0.
direction is the particle moving as it passes through What is the velocity vector at time ¢ = 17
the point (4,4)?

5. r(t) = (In(t? +1),3¢t2) for t > 0. Find the 6. x(t) =2 sin% and y(¢t) = 2 cos%for time t > 0.

velocity vector at time ¢ = 2. Find the speed of the particle.

7. Calculator active, x(t) = t2 + 1and y(t) = 2¢® | 8. p(t) = (cos2t,2sint). Find the velocity vector

3
for time t = 0. Find the total distance traveled v(t).
fromt =0tot = 3.




.Q‘
o

. Calculator active. The velocity vector of a
particle moving in the xy-plane has components
given by— = cos t? and 2 = et~Z Attime
t =3, the position of the part1cle is (1,2). What is

the y-coordinate of the position vector at time
t=27?

10. Attime t = 0, a particle moving in the xy-plane
has velocity vector given by v(t) = (t3, 4t).
What is the acceleration vector when ¢t = 29

11. The acceleration vector of a particle moving in the
xy-plane is given by a(t) = (2,3). Whent =0
the velocity vector is (3, 1) and the position vector
is (1,5). Find the position when time t = 2.

12. A particle moves on the curve y = 2x so that the
x-component has velocity x'(t) = 3t2 + 1 for
t = 0. Attime t = 0, the particle is at the point
(2,4). Atwhat point is the particle when ¢t = 1?
[This one is tricky!]

| For problems 13-15: At time ¢, 0 <t < 2m, the posxtlon of ; a partlcle movmg along a path in the xy-planef '
is given by parametric equations x(£) = cos 2t and y() =sin2¢, i

13. Find the speed of the particle when t = 1.

14. Find the acceleratlon vector at time t = —

4’

15. Find the distance traveled from ¢t = 0 to t = 3.




9.6 Motion using Parametric and Vector-Valued Functions Test Prep

16. Calculator active. A remote-controlled car moves along a flat surface over the time interval 0 < t < 30
seconds. The position of the remote-controlled car at time t is given by the parametric equations x(t) = 2t +
sint and y(t) = 2 cos(t — sin t), where x(t) and y(t) are measured in feet. The derivatives of these
functions are given by x'(t) = 2 4 cost and y'(t) = —2sin(t — sin t)(1 — cos t).

a. Write the equation for the line tangent to the path of the remote-controlled car at time ¢ = 3 seconds.

b. Find the speed of the remote-controlled car at time ¢ = 15 seconds.

¢. Find the acceleration vector of the remote-controlled car at the time when the car is at the point with x-
coordinate 40.




9.6 AP Practice Problems (p.689) — Motion along a Curve of Vector Functions

1 If the velocity vector of a particle in motion is

v(t) = (t + 3, 61%), then the acceleration vector
of the particle at £ = 2 {s

(A) 0,24)  (B) (1,24) (O (L12) (D) (2,24

2. A particle moves along the plane curve

r(f) = (¥, 1* 4 212
What is the acceleration vector of the particle at 1 = 0?

(A) a0) = (1,4)  (B) a(0) = (4, 0)
(€) a0) = (4,4) (D) a(0) = (4¢?, 4)

3. A particle moves in the xy-plane along the curve

r{t) = 241,313 >0
What is the velocity of the particle at t = 99

| 2 '
(A) <§§54> (B) <§§54> © (3,27 ) <%35>




4. A particle of mass m is moving along the curve traced out
by r{r) = (212, ¢'). Using Newton's Second Law of Motion,
F = ma, the force ncting on the particle at time ¢ is

(A) {dm,e") (B) {dm,me")
©) Wm, ™ (D) (4,7)

5. A particle moves along the plane curve
e(t) = {l — 2cost, 2sint).
(a) Find the velocity of the particle.
(b) Find the acceleration of the particle.

6. A particle moves along the plane curve r{#) == (2sint, 3cos?).
(a) Find the speed of the particle.
- (b) What is the speed of the particle at t = %?




9.7 AP Practice Problems (p.696) — Integrals of Vector Functions & Projectile Motion

1. ?;néfé x(t)dr where r(t) = <£2+}; Py §>i
T i
&) Z4m2 (8) <*§;k32>

©) <w%§1a2> (D) (tan™! f,lﬁ(f”}*?})

2. [ [(sec?t,cost)] di =

(A) (tant,sint) (B) (tant, ~sint) +¢

3
(©) (tant,sinf)+¢ (D) <se§i$in£>v%;

3. A particle is moving with velocity G
v(1) = (m cos(rrt), 3t + 1) m/s
for 0 <t < 10 seconds. Given that the position of the particle at

time f = 2 8is xr(2) = (3, ~2}, the position vector of the particle
ateis

A) (3, ~12) (B) (3+sin(xn), 1* +1 4 10)

(©) (sin(re), 2 +1)  O) B+sinQrr), 13 41 —12)




4. The solution to the vector differential equation
(1) = (4", 3t?) given r(0) = (2, —1) is

(A) (1 +e", =1 (B) (1+e", 1> ~1)

©) 2+, ~1) (D) B+ 3~ 1)

5. If an object travels in the xy-plane along the curve traced out by
the vector function r(r) == (1?72, —) for 1 > 0, then the total
distance traveled by the object from f = Qto ¢ ==4 is

}f, % 3/2 ' 103/2 8 372
(A) 3 (B) 33{} ©) 1032 -1 O g%f{ii) - 1]

6. A flare is Jaunched at an angle of elevation 60° (%; radians)

’with initial spee;i Iv(O)|| == 200 ft/s from a stationary
barge’s deck which is three feet above the water’s surface.
The only external force acting on the flare is gravity,

50 a(t) = {0, ~32) /s,

(2) Find the velocity vector v == v(#) of the flare.

(b) Find the position vector r = r(t) of the flare.




| BC Calculus — 9.4-prep Notes — Graphing Polar Equations

A rectangular coordinate system is only one way to
navigate through a Buclidean plane. Such coordinates,

( X, y) » known as rectangular coordinates, are useful for
expressing functions of y in terms of x. Curves that are not

functions are often more easily expressing in an alternative
coordinate system called polar coordinates.

In a polar coordinate system, we still have the traditional
x~ and y- axes. The intersection of these axes, the old
origin, is called the pole. Similar to navigating on the Unit
Circle, we can now get to any point in 2-D space by
specifying an independent choice of an angle, @, from the
initial ray, polar axis, then walking out along that terminal
ray a specified amount, , in either direction.

Although the angle is the independent variable, we express

the point in the polar plane as (r,6). The point to the right would have coordinates of (4! %) .

Example 1:
Find several other equivalent polar coordinates for the point shown above, then find the equivalent
rectangular coordinate,

Why use polar coordinates? Graphs that aren’t functions in rectangular form f'(x) can still be fimetions in
polar form r (6') . Some of these curves can be ¢uite elaborate and are more easily expressed as polar,
rather than rectangular equations, as the following caleulator exploration will demonstrate.

T
._s’\ ‘




~~JExample 2:

calculator, kketeh the graphs on this sheet, and answer the questions,

Put your graphing calculator in POLAR mode and RADIAN mode. Graph the following equations on your

T = 4sin@

r = ¢0sH
R

T = 3c0s6

What do you notice about the above graphs?

Example 3a:

1 == 24 2c080

r =714 2cos0

#ria

e

e
{3}

e

e

240° 3
g3y . //,/ (5n/3)
F
{anf2}

s m?!vz i

N“”».?g‘o’ (5]

35 {6}

R

o
330"
// (16}

0

M"”“‘m,@* w3

teadiol

2y,
[ .

ctrins, i

r = 2 4 cosd

" o




Example 3b:

T o= 2 - 28ind

== 14 28ind

T =2+ 8inf

k2]

96* /2
oo,

—
i

g7
{23),

o s,

” o,

g

N\ 30 (/o

o (m’?l

e, 80" (13}

I8

30 {n/6}

2
[

.,

00
P

g,
g

Friog
@

Which gfapkzﬁ go through the pole? |
Which ones do not o through the pole?

Wh;ciz ones hax% an immer loop?

Example 4:

T = 3008360 Yoo Zs£n59 ¥ o= 4Sln'§‘9
P R o
P

R N




~ Example 5:
‘3?) r = 3cos20 7 = 25ind6

el

B e
£

EE S

g4

SR naee: e s R e
o w ol e 3 0% 3 4 &

i

wi o

e N

ki ,{

What do you notice about the above graphs?

Limacons

=a + heosh
r=a-+ bsing
(a>0,b>0)

i

i |

: ;?g 3
Limagonwith ~ = "~ 7 Cardicid “Convex limagon -

nnoe loop - 7 B {k'eart»shagéd}

Bose Curves

n petals if n is odd
2n petals if n is even

reqosid . o o r=gesnd redsmad
Roseewrve © "> Reseeurws . . Rosowde . -
z..

L

%4

5

v 5
Circles and

Lemniscates

Yegsin @
Circle

r=qgmsd

Circle,
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BC Calculus — 9.4a Notes — Defining and Differentiating in Polar Form

(x,) is for a rectangular coordinate system.
(r, @) is for a polar coordinate system.

7 is a directed distance from the origin to a point P.

0 is the directed angle

_ Polar =Rectangular | Rectangular == Polar
xXx=rcosd tan @ mg
}’%’*?”5%‘35 ?‘2%252"?}’2

| Convert the following from polar form to rectangular form.

1. rcosh = —4 2. drcos@ = y? ;. JOO S———
_ Zeosd-sing

éga of a Curve in Polar Form N

| A curve in polar form is given by r = £(8), then its rectangular coordinates are given by

dy

L (x=f(0)cost e dy. o u
{ AL . . The derivative 2 is defined the same way as the derivative of a parametric

1y = f(0)sing dx

{ equation,

dx




The following is an example of a common problem found on the AP Exam!
4. ‘What is the slope of the line tangent to the polar curve ¥ = 1 4 2sinf at = 0?

5. Find the value(s) of @ where the polar graph r = 1 — sin # on the interval 0 £ 8 < 2nr

has horizontal and vertical tangent lines.

Practice Problems

| Problems 1-5 are pre-caleulus review on polar form,

1. Find the corresponding rectangular coordinates for
the polar coordinates (?;’? .

2. Calculator active. Find two sets of polar
coordinates for the rectangular coordinate (4, -2).
Limit your answers on the interval 0 £ 8 < 2m.

3. Convert the rectangular equation x* - ¥* = 16 to
a polar equation.

4. Convert the polar equation ¥ == 3secf toa
rectangular equation.




5. Sketch the polar curve r = 2 cos 36 for 0 < 6 < 7 without a calculator, then check your answer.

#r_g

| Find the slope of the line tangent to the polar curve at the given value of 6.

6. r=39at0=§.

7. r=

5 3n
te =—,
3—cos @ a 2

8.

r=cosﬂat0=§.

9.

r =-2(1—sinf)atd = 0.




10. A particle moves along the polar curve r =
3 cos @ so that %% = 2. Find the value of%:- atf =

g. Hint: remember implicit differentiation?

11. A polar curve is given by the equation

156 for @ = 0. What is the
02+1

instantaneous rate of change of r with respect
to 6 when 6 = 17

12. Find the value(s) of @ where the polar graph
r = 2 — 2 cos 0 has a horizontal tangent line on
the interval 0 < 6 < 27. Use a graphing
calculator to verify your answers.

13. Find the value(s) of 8 where the polar graph
r = 3 — 3 sin 0 has a vertical tangent line on the
interval 0 < 6 < 27. Use a graphing calculator
to verify your answers.

14. Calculator active. For a certain polar curve r = £(8), it is known that gg = cos 6 — O sin @ and Z—Z =

2
sin 8 + 0 cos #. What is the value of% atg@ = 3?




9.4a Differentiating in Polar Form Test Prep

15.

A polar curve is given by the differentiable function r = £(8) for 0 < 6 < 2. If the line tangent to the polar
curve at § = 7—;- is vertical, which of the following must be true?

rE)=o B. f'(%)=0 ¢ #E-Sr®=0 b Zr@-1rE)=0

16.

Calculator active. For 0 < t < 8, a particle moving in the xy-plane has position vector (x(t), y(t)) =
(sin(2t),t? — t), where x(t) and y(t) are measured in meters and ¢ is measured in seconds.

a. Find the speed of the particle at time t = 3 seconds. Indicate units of measure.

b. Attime ¢ = 5 seconds, is the speed of the particle increasing or decreasing? Explain your answer.

c. Find the total distance the particle travels over the time interval 0 < t < 6 seconds.

d. Attime t = 8 seconds, the particle begins moving in a straight line. For ¢t = 8, the particle travels with the

same velocity vector that it had at time ¢ = 8 seconds. Find the position of the particle at time ¢ = 11
seconds.




BC Calculus — 9.4b Notes — Area Bounded by a single Polar Curve

9.4b Area Bounded by a Single Polar Curve

Recall: In geometry, we learned that the area of a sector is 4 =

The radius of a sector =
The central angle =

Az
Push the number of slices up to infinity, and we get
A

This is the definition of integration!

f;rga of a region bounded by a polar graph

If f is continuous and nonnegative on the interval [, £], then the area of the region bounded
by the graph of == (@) between the radial lines 8 == q and 8 == § is

A=
\.

The trick with polar graphs is to be careful with what interval it takes to trace out the polar
graph. Watch what happens with this example,
1. Find the area bounded by r = 5sin g,

n

2. Find the area of the shaded region of the polar curve for r =2 1 « cos 26




®

3. Find the area of the inner loop of the limacon r = 2cos @ + 1.

4. Find the area of one petal of the rose curve r = 3 cos(38).

i(“\
, o
(4
| Find the area of the given region for ench polar curve. T
1. Inside the smaller loop of the limagon 2, The region enclosed by the cardioid

rzising 4+ 1. re=l4leost




r = 4 cos 360 found in the first and fourth quadrant.

3. Inside the graph of the limagon r = 4 + 2 cos 6. 4. Inside one petal of the four-petaled rose
r = cos 26.
5. Inside one loop of the lemniscate > = 4 cos 26. 6. Inside the inner loop of the limagon
r=2sin8 — 1.
7. Write but do not solve, an expression that will give the area enclosed by one petal of the 3 petaled rose

8. Write but do not solve an expression that can be used to find the area of the shaded region of the polar curve
I i

r=3—2siné.

!




~ 9. Write but do not solve an expression to find the area of the shaded region of the polar curve r = cos 2.

10. Find the area of the shaded region of the polar curve r = 4 — 6 sin 8. ; [

9.4, Area Bounded by a Polar Curve
11,

0

Let R be the region in the first quadrant that is bounded by the polar curves r = g and 0 = k, where k is a

constant, 0 < k < g, as shown in the figure above. What is the area of R in terms of k?




12.

\ /
N\

M s
~N—

Calculator active, Consider the polar curve defined by the function r(0) = 28 cos 8, where 0 < 6 <

The derlvatlve of r is given by —5 =2cosf@ — 20 sin 6. The figure above shows the graph of r for
0 6< ?.

a. Find the area of the region enclosed by the inner loop of the curve.

b. For0 < 6 < §2£’ find the greatest distance from any point on the graph of r to the origin. Justify your
answer.

There is a pomt on the curve at which the slope of the line tangent to the curve 1s ——. At this point,
ay

w0 = 5 Fmd —= at this point.




BC Calculus — 9.4c Notes — Area Bounded by two Polar Curves

Recall area bounded by a polar curve: 4 =

Things to watch for when using more than one polar curve for area.
* Points of intersection
* Symmetry

1. Find the area of the region common to the polar curve r == 4 cos @ and r = 2 8in 6.

2. Find the area of the common region to the polar graphs of ¥ = 2
andr=2-2sin8. e
N

3. Find the area of the region common to the two polar
curvesr = —6cosf and r = 2 - 2 cos 8, y

e

4 Area Bounded by Two Polar Curves

A=







52

4. Find the area of the region bounded by the two polar P
curves 7 = 1 and r = 1 — 05 @ as shown in the graph //
-

below.

Practice Problems:

1. Find the area of the common interior of the polar

graphsr = 4sm26 and r = 2,

2. Find the area of the common interior of the polar
graphsr = 2cos @ and r = 2sin 8,

3. Thepolarcurvesr =2~ 2cos@andr = 2 4

2 cos @ are shown below,

i

H

T

b

)
i
!
i

Which of the following gives the total area of the

shaded regions?

A, [7(2 4 2cos0)? do

B. [o;,(2+2cos6)* do

7%
C. 8 fF(1 —cos8)* do

%
D. [Z((2 =~ 2c0s8)? + (2 + 2c050)%) db

4. Let R be the region in the first quadrant that is
bounded above by the polar curve r == 5 cos 8 and
below by the line @ == 1, as shown in the figure
below. What is the arca of R?

¥




(53

5. The figure below shows the graphs of the polar 6. Let S be the region in the 1* Quadrant bounded
curves r = 3 cos 30 and r = 3. What is the sum of above by the graph of the polar curve r = cos §
the areas of the shaded regions? and bounded below by the graph of the polar curve

r= 20, as shown in the figure above. The two
curves intersect when 8 = 0.373. What is the area

of S?
/

7. Find the area inside the polar curve r = 2 cos @ and | 8. Write an integral expression that represents the area
outside the polar curve r = 1. of the region outside the polar curve r = 3 + 2sin 6
and inside the polar curve r = 2,

9. What is the total area outside the polar curve 10. Find the area of the common interior of the polar
r = 5 cos 26 and inside the polar curve r = 5? curvesr = 4sinf and r = 2.




9 Area Bounded by Two Polar Curves Test Prep

11.

g 0 l 1 5 1
4 2 4
r 1 3 5 4 2

No calculator! Let R be the region bounded by the graph of the polar curve r = £(8) and the lines 6 = 0 and
6 = 1, as shaded in the figure above. The table above gives values of the polar function r = f(6) at selected
values of 6. What is the approximation for the area of region R using a right Riemann sum with the four
subintervals indicated by the data in the table?




9.3 AP Practice Problems (p.668) — Polar Equations

1. What is the slope of the tangent line to the

cardioid r = 1+ cos 0 at 0 = %?

@A) ~1 ®) mm’%ﬁli
© "'m”“ ®) 1

2. Which integral gives the perimeter of one petal i}f
the rose r == 2sin(36)?

(A) [T \/5in?(36) + 9 cos?(36) dO

®B) 2 7 1/5in*(30) + 9 cos?(36) a0

© i \/1+8cos(36) do

®) [ [25in(30) + 3 cos(39)] dO




28) o |
3, Parametric equations for the polar equation r == 50 are
(A) x =50c080; y =50 sin0
(B) x=5c0s0; y=5sing
(©) x=5rcoso:; Y = 5rsin@
D) x =cos(50); y = sin(50)

4. The graph of the polar equation r == 2 — 4 cos0 is a
(A) limagon withoyt an inner loop.

(B) limagon with an inner loop,

* (O) acardioid that has symmetry with respect to the x-axis.
(D) a cardioid that hag Symmetry with respect to the y-axis.

5. The arc length of the logarithmic

spiral represented
by r = 4,30/2

framémétaém}ﬁgis
26 :
@ 27 ®) %?«;Ji’?

104
(C) 5 Vi3 (D) 3613




9.4 AP Practice Problems (p.674) — Polar Area

1. The area in the second quadrant bounded by the graph of the
polar equation r = 2 ~ ¢os @ is

(A * (B) §K+4 ©) %zs%z D) %x«%z

2. Find the area of the region common to the graphs
of r=1-sin6 and r = 3sind.

- /2

(A) 2|= f (35in0)%do + / (1 + sin€)%do
12 Jo 2 Jo |

(B) 2|= / (1 +sin6)2d0 = — f (3sin6)%do
2 /o 2 Jo .

BRNAL /6
©) 2 g / (1 +sin8)%do — f (33535)3::3&}
X (] 70

®) 2|~ (3sin9)%do + ~ (1 + sin9)%do
*2 /0 2 Inj6




/?

3. The graph of the polar equation r = cos(28) is a rose with four
petals, Find the area of one petal.

wWE ®IT ©F o ff;l

4. The area of the inner loop of the limagon r = 2 — 45in 8 equals

| R / (2 — 45in0)*d6
2 it

16
 § e / (2 — 45in6)%do
2 #x/6

0L 2. = f (2 — 4sin0)*do
2 I5f2

(A) Iandlonly (B) Xand Il only

(C©) IandHlonly (D) LI, and I




5. The graphs of the polar equations r = 2 and r = 4 cos 0 are
shown below,

4»

w;;f(’wg

L 2

%49;@

] I
6=z
2
b i
-4

(a) ?;rzé the points of imgfsﬁ;::iiim of the two graphs.
(b) Find the area of the '

ircle » e region that lies outside of the
circle r = 2 and inside the circle r = 4 cos .




60
' ( IHZ 5 (/OV\‘HMM>
5. The graphs of the polar equations » = 2 and r = 4 cos @ are
shown below,

P
0=3

. \&&”

= 23
s ] o

(€) Find the area of the region that Jies inside the circle r =2
but outside of th

ecircle r =4 cos 8.




Ch. 9 Unit Review AP Practice Problems (p.701-702) — Parametric, Polar & Vector Functions

which of the following parametric equne:.

" N exactly once? €Quations trace oyt
() x(1) =241, Y1) = 1 42 ¢oq LO<t <9p
®) x(t) =2¢088, y(t) = 1 — 28It gy < t %;«g

(©) x(t) =sin(3t), y(t) = Cos(31),0 < t < 2

D) x(t) =sint, y(r) = sing, —g <t<y

2. Which parametric equations correspond to the
equation x =3 — y29

Lx(t) =3~12 y(r) =1
IL x(t) =3~ %3, y(t) = ¢1/3
IL x(2) =3 — 1, y(t) = 11/2

(A) Tonly (B) Yand II only
(€) Tanddlonly (D) I I, and I

)3, What is the slope of the tangent line to the curve of the polar
equation r == 2¢os 8 when 8 = :;;?

A) —v/3  (B) %éé ©) %% D) m)’g:g




|4. Find an equation of the tangent line to the plane curve
represented by the parametric equations x(r) = 1+ 2Int,
y) =1 ~3,att = 1.

(A) 3x =2y =17 B) 3x~2y=2

: v 7
© 3x-2y=-3 (D) y+dx=—3

IS, The plane curve C is represented by the faf%mﬁii’i{; |
equations x(¢) = 2¢% + 5, y(r) =3¢ — °. Findall the
points on C where the tangent line is horizontal or vertical. -
(A) vertical at (5, 0); horizontal at (7, 2)

(B) vertical at (0, 5); horizontal at (7, 2) and (~7,2)
(©) vertical at (5, 0); horizontal at (7,2) and (7, =2)
(D) vertical at (5, 0); horizontal at (7, 2) and (~7,2)

)6. Find the distance traveled by an object ti}ai; moves a;ﬂsr;g the
plane curve represented by the parametric equation

x(1) = %1‘24«&}2({)%3%»:3,%{}}@:% ltot =4,

53/2 60°/2

(A) % (B) —5
» p
53/2 1 53/2 6532 — 5°/

(© ST +53 © —g




)7, The polar equation r sin @ = 3 is

(A) acircle with radins —=-

, : r axis.
(B) ahorizontal line g units above the pélﬁ *
plar axis.

(C) & vertical line perpendicular to the 553

(1) 4 fine through the pole with slope 7

8. Which polar equation has the graph shown below?

(A) r=4-~4sing (B) r=2+43sind
C) r=4-3cos0 (D) r=4-3sin0

9. Parametric equations for r = 29/3 gre
(A) x =208cos0, y=2035ing
(B) x =rcos293, y=rsin2?/3
(C) x =co0s293, y = sin20/?

, 6
D) x= fgcasé, y = mgsix;é




10. One petal of the rose r = cos(20) has perimeter given by the
integral

&) 2 [y \/cos?(20) + sin®(6) do
®) 2 [y \/cos2(20) + 4sin? (20) d6
© 2 [ \/cos?(26) — 4sin?(26) d6
D) [ \/cos2(20) + sin®(26) d6

11, The gr‘é;;zizg of the limagon r = 2 — ¢os & and the circle r = cosd
are shown below.

MB ke od

The area inside the limagon but outside the circle is givgn by

I = f (2~ cos 0)*d6 — / cos® 0do
2 Jo 0

 § - (2 ~ cos0)*d@ —
2 Jo

n
4

1 o
111 - f (2 — 2¢0s0)*d0
2 0

(A) Tonly (B) 1l only
(C) land Il only o) LI and 11




12, The plane curve represented by -
x(t) =t —sint, y(f) = 1 —~ cost
is a cycloid.

(2) Find the slope of the tangent line to the cycloid
forO<t <2n.

(b) Find an equation of the tangent line to the cycloid

atf = z
; 3"

(c) Find the length of the cycloid from ¢ =0tor = %»

13. Which of the following is the tangent vector to the curve traced
out by the vector function r(r) = (e, 2sin(31)) att = 0?
1 2 |
€ (2,6) D) 2,-6)

14. Determine the domain of the vector function
r(t) = (Wt = 1, = In(5 = 1))
A N<t<5 @ {pr>1)
©) {r]r <5} ®) {1 =t <5}




15, The vector function x(#) = (4 ~ 3¢, ~1) traces out
(A) Twolines:y =4 —3x and y == x.
(B) Twolinesix =4 —~3fand y = —f,
(C) A line that contains the points (4, 0) and (1, 1).
(D) A line that contains the points (4, 0) and (1, —1).

16. The derivative r'(t) of the vector function
r(r) = (cos(r + 1), sin(e® + 1)) is

(A) (=~ sin(3? + 1), cos(3* + 1))

B) (3% + 1) sint® 4+ 1), (312 + 1) cos(t? + 1)}
(C) (3% 4 1 = sin(t® 4 1), 362 + 1 + cos(t3 -+ 1))
(D) (—32+ D) sin(e® + 1), G1* + 1) cos(t® + 1))

17. A particle moves along the curve traced out by the vector
function r(r) = (10Int, £> 4 8), # > 0. What is the speed
of the object at f == 2?7

3 12 ,
@& ® 5 ©1B O 612

18. A particle moves along the curve traced out by the vector

function r(r) == (e¥, 5t — %), What is the acceleration of the
particle at f == 0?

4) (9,00  ®) (6,~2) (© (9,-2) (D) (9,2)




curve traced out

ength of the smooth )
19, The arc lﬁﬁgth Otot =7 is given b}r

by r(t) = {¢'s sint) from ¢ =

@y [/ Fsimar @) I e cos? 1t

)

© ‘[gr /o2t sin? ¢ dt (D) ‘g“ ,\/ (e! cos1)? -+ (et SLﬁ )3 dr

20. gg@ffa e (4 —21)) =
(A) (2% (2t +3),2¢" (3 = 21)
(B) (612, —4te*)
(€) (52, 2¢%)
(D) (52 (1+1),2¢%(3 —21))

82 »
21, / <§§4:> dt =
Fé ;

(A) (3,2¢*—2¢) (B) (3, 2¢% — £2)
©€) (5,2¢*—¢%) (D) (3,2¢° - 2e%)

22. A particle moves along a plane curve with velocity

V(1) = (3t +4, /T +1). If x(0) = (3, 1), what is the
position of the particle at ¢ = 3?

/51 17 /57 19
w (35) ®(F%)

() <§§; 5> ®) (171, 34)



. N e (4 93
23. The solution to the vector differential equation ¥/ (2) == (4¢, 2¢°),
given r(0) = {1, 2), is

, 1
(A) (2%, 1%) (B) <2:2 -1, 5t m2>

© <2:2+1§ %sé+2> (D) (4t+1, 213 +2)

)24, For the vector function r(t) = (&', 2), find the tangent vector to
the curve traced out by r=1r() att = 0,

25. The position vector of particle moving in the xy-plane is

X = (2 ++ 1, 3cos(2t - 6)),7>0

(a) Find the velocity vector of the particle at ¢ = 3.

(b) Find the acceleration vector of the particle at ¢ = 3.
(¢) Find the speed of the

particle at ¢ = 3,
(d) Write an integral that

Tepresents the total distance the
particle travels from 7 = Otor =3,




( Un‘l “' Q> 1Parametric functions; where xand y - 2 [7amn2 o 2
coordinates on a graph are given in terms of a third variable Parametric Arc Length: (8) = f ~ (2?) - (ﬁ{) dt
“": x=f{t) and y = p(t) are parametric equations and ¢ is :

called the parameter. - dx 2 dy ?
*Eliminate the parameter, and use substitution to write Speed of particle: lv(t)l = ] e | | e
reotangular equation, ' di dt
*Rectangular equation only shows path of graph
*Parametric Equation tracks more info: Includes the path, k ’ dx 2 dy 2
speed, and direction of graph Distance of particle J;'vl = j wc?* + E;- dt
f ¥ 4 !
@ d ( @y ) *Distance of particle I8 the parametric arc lengfh
& _ :;f_“f: _ ® and dzgz - dr cb;dx' * J' speed is the total distance traveled along the curve (arc length)
de f‘% () b ”c;t‘ » j velocity is the displacement (net change In position where positives

and negatives cancel )

*Horizontal tangent ocours where «E‘é}« =) , v
dt * Final Posftion = Initial Position + Displacement

*#Vertical tangent occurs where ffxm = () Arc Length: )
i ' W e (P day)? d “dx\
Arclongh 6) = [ [1+ (%) ax or [ [1+ (&) ay

o e Ve (A% 2 dy E 2 ; i
tangent Parametric s = [/ (”5;‘) + ("&?) dt or [ /@) + 67 (O)2dt

ds® = de? 4 dy?

0
*Beware of 6 , which is neither a horizontal nor vertical

Revolution about x~-axis: 8§ =2z J; :2 0y [‘“‘“

b 2 ‘ : 2 N3
) %[dwx) dx  Revolution about y-axiss S = .'ZYIF x(t) [w@) +(£{~}i] dx

. dt dt \ dt di
(Ch. 10.4 - 10.5) Polar Equations: Ordered pairs are Polar Region bounded by a Polar Curve;
expressed as (#,0) with € as the independent variable. - Derivatives: Atea of a circular sector: A = %.2@
r = distance from origin 6= directed angle from polar axis | & o _ ’ I
origin is called the pole. x-axis is called the polar axis | £..d0 _ Y (©) | Polar Area Enclosed Region; A= [ Sriae

Polar to Rectangnlar Rectangular to Polay N A ()

v o y : ; do

X = ¥ cost I +*

‘ P—
y=rsin@ y Arc Length Polar Curve; 8 = 'f L [r'(@)]2 do
tan @ = = %
v .
(Ch 10.4) Special Polar Graphs Limacons: r = a+bcos® or Rose Curves »=acos(né), v = asin(nd)
r=akbsind (>0,b>0) | #oefficienta is the lengfh of each petal
Circles: r=gcost or r=gsingd [ 01 ;;f]"b out 1 rotation Clockwise from | wpe 4 odd, then there are m petals on graph

R, ¥ 4 ¥ ¥ i | .
*Traces out 1 rotation CCW from [0, 7] Seoustant  contficlent = outee tadis If n is even, then there are 2n petals on graph

*Caefﬁciﬁm a is th@ lellgth Of thﬁ diﬂlnetef Foonstant - coefficient = inner radiug
: : : TP . -

*cosine graph symmetric to x-axis Graphs going through poles (origin); [ gf '3 15 0dd, 1 rotation tracss out CCW from

*sine graph symmetric to y-axis Cardioid: once 4

» ‘ | Limacon with inner loop: twice *If n is even, 1 rotation traces out CCW from

COW = gonnter clockwise Dimpled Limacon: none [0,27]

i




