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AP Calculus BC 9.8a Notes

Power Series: Tavlor & Maclaurin Series

e o]
. < S , . 2 , B o
. B . s . . /3, =4y T X T ayX T quX +
" ¥ ; : . § AN B < # . .

If x is a variable, then an infinite series of the form = is called a power series.
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Ya (x—c¢) =ay+a{x—cl+a,{x—c) +-a {x—c) ~- . . . \
=7 ) o+ J+a( ) nlx-e is a power series centered at ¢, where ¢ is a constant.

The equal sign above means that the left side equals the right side for all values in the domain. This means
the above is an IDENTITY. But for WHAT values of x does the identity hold? We have to find them. For
all such x values, we say the series CONVERGES. For the values of x for which the identity is NOT true,

we say the series diverges.

For a power series centered at ¢, precisely one of the following is true:
1} The series converges only af ¢ (ALL power series converge af their center!!)
2} THE series converges for all x.

3} There exists an R > 0 such that the series converges for [x—¢| < R and diverges for [x—¢| > R.
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R is called the radius of convergence of the power series.

In part 1) the radius is 0.
In part 2), the radius is o

In part 3) The corresponding domain, [{(¢—R,c+ R}, is called the interval of convergence or the domain

of the power series.

Note: to determine if the endpoints are included or not, we must test each endpoint independentfy.

Note?2: We typically use the RATIO TEST to determine the radius of convergence.



Example 1:
Find the srth term for the power serdes f(x)=e¢" , then find the radius and interval of convergence for the

representstive power series.

Example 2:
Find the radims of convergence and the interval of convergence. Be sure to check the endpoints.
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We will now lock at a special family of power series for which you're almeost already acquainfed: Taylor
and Maclaurin Series.

Taylor Series centered af x =c¢:
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Once again, if ¢ =0, the series is called a Maclaurin series.

Natice we now use an equal sign instead of an approximation sign. Do you know why??7



Example 3:

Find a Taylor series for f(x}=¢"" centered at ¢=2. Give the first four nonzero terms and the general

term.

There are three special Maclaurin series you must know. These are the series for €7, sinx, and cosx.
They converge for all x.

Example 4:
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If fe)=1+x+ = :—-é-;+----—-—§-—i— -, Find f'(x) and f'(0). Do yourecognize this familiar function?
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If fx)=1+x+- -, and Fx)= ff{ﬂdz and F{0}=1, find F(x). Do you
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recognize this familiar funetion?

Example 6:
Derive a Maclaurin series for sin x , then take its derivative to derive a Maclaurin series for cosx. Be sure
to include the general ferm. You may have to adjust your index for cosx fo make it look “pretty.”
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Once we have these series memorized these series {and perhaps those for . centered at ¢ =0 and Inx
-X

centered at € =1), we can conveniently manipulate them fo suif other similar transcendental functions..

You can manipulate these three special series (or any series we are given) to find other series by using the
following techniques. Note: the radius of convergence may change, though)

1} Substitute into a series for x

2y Multiply or divide the series by a constant and/or a variable

3} Add or subtract two series

4} Differentiate or integrate a series (may change the interval, but not the radius of convergence)

5} Recogmize the series as the sum of a geometric power series

Example 7:

. . < T A . N
Find a Maclaurin series for f(x} = sa{ x“) . Find the first four nonzero terms and the general term.

Example 8:
Find a Maclaurin series for g(x) = xcosx. Find the first four nonzero terms and the general term.

Example 5:
‘ e +e
Find a Maclaurin series for ii(x) = ——————. Find the first four nonzero terms and the general term.
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For a power series centered at e, precisely one of the following is true:
1} The series converges only at ¢ (2 ALL power series converge at their centﬁ“j
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Note: to determine if the endpoinits are included or not, we must test each endpoint am’fépendemh

Note2: We typically use the RATIO TEST ito determine the radius of convergence.
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Exa mple 2:

Find the d the interval of convergence. Be sure to check the endpoints.
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We will now look at a special family of power series for which you’te almost already acquainted: Taylor
and Maclaurin Series.
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Taylor Series centered at x =c:
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Onee again, if ¢ =0, the series is called a Maclaurin series.

Notice we now use an equal sign instead of an approximation sign. Do you know why??7




R A‘I’e’t) @ff -

o {;““i ;“ X_zf?'r . o . n

@ ¥y 2 Z(MO*‘ ) 3 nl(x-3)
Z (2n+ im (sz) e S
= 3 , ﬂq e n=

(é’{ﬂ*’)* ) ){2”“ ¥ TF ruly {’ wonee, Ases

+ ' net - 4
fm | X7 § C .\ 7° o zens then the
/‘“‘:;J T “ (M ’FM’% X \‘ Serier %dr IM{%&”C{? %

B

(2] [Tl g | OS] v s

it 15 aluggr Loss A { « Y
( { ré; ‘:::71] Cg‘uwﬁvaj\ﬂ / ifm @*')«/[X’*g)

. N .
Ra«QMS.‘ O@ ) 3 ,YI . w

| n!(x-3)"
LOC. (-60,00) contor ¢ - |

.‘-.mn ﬂym\\\

/.|,
,,{Zm (Asﬂ)(xﬂg) =00 >/

n3co

. f?a(/z/’uf >0
T.o.c. nohe

'XZS“é’ﬂi?r Qﬁé Conver4er d
Centoe X=3

We will now lock at a special family of power series for which you're almost already acquainted: Taylor

and Maclaurin Series.
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Once again, if ¢ =10, the series is called a Maclaurin series.

Natice we now use an equal sign instead of an apprcmuamn sign. Do you know why?7? T ‘70//" 7% f mel iy
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Find a Tavlor series for f(x)=¢"~ Qtnfercd at ¢=2. Give the first four nonzero terms and the general

3:331 %’WP caAn ma*ge,f‘{(}’ ﬁng‘hfj /%'c /m'm Senser Of’"é wﬂ}m z_gm%,, =
Use ‘QJ/& Rde #j«w&& dortutes. | 6™ " 52" (x- 9)+ * gt
£6y=e”™ = e f@y=e" = w(x 2)’ 1.
‘(U/}()“Sgs‘y - Ssg“:‘x ?’(n-):gew
) =dse’ = 5™ £ a)=5e"

7 o ;

n[/){) lg5€§i 53’ 'S Ii[OL) 5’ g ; | |
|  oite Hen® fa

NE i@ ﬂM ﬁr remjmyg %&pmn 7% Vi S N “m

There are three special Maclaurin series you must know. These are the series for €7, sinx, and cosx.
They converge tor all x.

Example 4:
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Example 6: 2 3/ h /AR
Derive a Maclaurin series for sin x , then take its derivative to derive a Maclawrin sertes for cosx. Be sure :
to include the general term. You may have to adjust our index for cosx to make it look(Cpretty "
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- centered st ¢ =0 and Inx
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Once we have these series memorized these series {and perhaps those for —
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centered at ¢ =1), we can conveniently manipulate them to suit other similar transcendental functions..

You can manipulate these three special series (or any series we are given) to find other series by using the
following techniques. Note: the radius of convergence may change, though)

1) Substitute into 8 series forx

2} Multiply or divide the series by a constant and’or a variable

3} Add or subtract fwo series

4) Differentiate or integrate a series (may change the interval, but not the radius of convergence}

5) Recognize the sexig as the sum of a géemeiiic power series ¥ Tom Md:\ +; We can n,gtg Jmﬂjg _H@“
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Example 7:

Find a Maclaurin seties for f(x) = ( t:) . Find the first four nonzero terms and the general term. M lae /ﬁ i
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Example 8:
Find & Maclavrin series for g(x) = xcosx. Find the first four nonzero terms and ﬁii‘ general term.
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Find a Maclaurin series for i(x) =————. Find the first four nonzero ferms and the general term.
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