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Calculus Ch, 5' Notes: Extrema and Critical Points
Extrema : maximums and minimums ‘ Closed interval

Relative (local)
A" maximum AND
absolute
maximum

Relative {local)
maximum ey

absolute
maximum only

\ Relative (local)

minimum and
‘ absolute minimum
Relative (local)
i
Open Interval
Relative (local) extrema: any “hills and valleys” of graph
N
Ng absolute
. \ i
Absolute (global) extrema: highest or lowest points on the entire graph maximum
*holes and foo can not be considered as absolute extrema, \
¥

Relative (local)
minimum and
absolute minimum

(EVT)

Extreme Value Theorem: Ifa function is continuous on a closgd interval, then it has both an

 (absolute) minimum and an (absolute) maximum on that interval.

Fermat’s Theorem: Ifa function is continuous on a closed interval, then the absolute extreme will

either be atthe a) critical numbers  or b) at an endpoint.

Critical numbers ( valués) : x-values in the domain of a function where the derivative of a function is
either O or undefined.

*Relative extrema ONLY occur at critical numbers, but not all critical nuinbers are where relative

extrema odeur.

*Maximum and minimum values refer to the y-values of the point.
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1. Find critical points '

a. Setf(x) =0 |

b. Find where £(x) is undefined (Set denominator of £(x)=10)
2. Plug all critical points and endpoints into f(x)

3. Compare y-values to determine absolute maximum(s) and absolute minimum(s)

Find all critical numbers for each. What are the values of the absolute extrema?

Bxample 1:  f(x) =3x" — 45’ on [0, 2]

Brample2:  f(x)='(x~-1)°  onf,0]

 Bxample 3: f(x)=§*x\/3~x on o, 3]
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Fil’lding Extrema on a Closed Interval In Exercises

L) 17-36, find the absolute extrema of the function on the closed

interval,

19, g(x) = 252 — 8x, [0, 6]

21, flx) = x* — %x"’*, [=1,2]

23, y = 3x% — 2, [~1,1]

24, g(x) = ¥x, [~8,8]

N
\/}

26, £(x) = 57 [2,2] -

——
S

. t
28, hr) = T L6
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Now find the absolute m

,
The only critical number in the interval (E’ ro>

Evaluate V at the critical number and at th

ro
aximum of V on the interval [5 rg].
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The largest of these three values is 3

4 Py
the radius of the windpipe is %, that is, when the windpipe contracts by 20%. m

. So, the maximum air flow occurs whe,

125¢
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Concepts and Vocabulary

1. True or False Any function f that is defined on a closed

interval [a, b] has both an absolute maximum value and an
absolute minimum value.
. Multiple Choice A number ¢ in the domain of a function f is
called a(n)
[(a) extreme value (b) critical number (c) local number]
of f if either f'(c) =0 or f'(c) does not exist.
True or False At a critical number, there is a local extreme
value.
True or False If a function f is continuous on a closed
interval [a, b], then its absolute maximum value is found at a
critical number.
True or False The Extreme Value Theorem tells us where the
absolute maximum and absolute minimum can be found.
True or False If f is differentiable on the interval (0, 4)
and f/(2) =0, then f has a local maximum or a local
minimum at 2.

In Problems 9-12, provide a graph of a continuous function f that has
the following properties:
PAGH H
M 9. domain [0, 8}, absolute maximum at 0, absolute minimum at3,
local minimum at 7

10. domain (-5, 5], absolute maximum at 3, absolute minimum at =3
11. domain [3, 10] and has no local extreme points
12.

has no absolute extreme values, is differentiable at 4 and hasa

local‘ minimum at 4, is not differentiable at 0 but has a local
maximum at {

Skill Building
In Problems 7 and 8, use the graphs to determine whether the
function f has an absolute extremum and/or a local extremum or
neither at xy, X3, X3, X4, X5, X6, X7, and xg.

7.y y=f

I e o e
w

N wm—mm——
ol
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x X

In Problems 13-36, find the critical numbers, if any, of each functior

13, f(x)=x2 -8y M. f(x)=1—6x+x"
15, flx)=x3- 352 16. f(x)=x3—6x
17, f(x)=x% 22 4| 18, f(x)=3x* —4x°
19. f(x)=x23 20. f(x)=x!/
21 f(x)=2% 22, f(x)=d4-—Jx
23. f(x):x-i—sinx, C<x<nm
24, f(x)=x-cosx, = <x<Z

272

A



‘hen

ot

/J

®.

@ 25. f():):-x‘/l_—_xz 26. f(X)=x2
2
X
2. f00= 3 28 fx)= 21
29. f(x)=(x+3)2(x — 3
30, fER)=0&~— D2(x +1)1/3
(x-3'~ s
TE=t 3. fyo FEIP
e . e x+1
3 2 .
x2—9 — .
33. f(x):.__x_ o f(x)= >
3x  f0<x<l
SRR PP PP
X2 if 0 <Xx <1
= 1—x% ifl<x<?

In Problems 37-64, find the absolute maximum value and absolute
minimum value of each function on the indicated interval. Notice
that the functions in Problems 37-58 are the same as those in
Problems 13-34 above.

37, f(x)=x*—8xon[-1,10]
38, f(x)=1—6x+x%on[0,4]
3. fx)=x>—-3x%on[l, 4]
4. f(x)=x>—6xon[-1,1]
41, fx)=x*—-2x2+1on]0,2}
42 f(x)=3x*—4x* on[-2,0]
3. fx)=x**on[~1,1]

4“4, fry=xPon[-1,1]

45. f(x)=2xon[l,4]

46. f(x)=4—xonl0,4]

47, f(x)==x+sinx on [0, ]

o
g

=xy/1—xon{~1,1]
50, fx)=x2/Z—x0n[0,2]
51, f(x)zgi:_1 an [—1, %}
x 11
71" [—5'5]

1)23 on[-4,5]

. f(x)=x —cosx on [

f@x)

32. f(X)=x

. f0)=(x+3)2x —
S f@)=(x - D2+ DB on[~2,7]

5. fix )——%)] on[2,11]
23
6. fx)= (x+5)— on [—4, -2}
x+41
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32 _
57 f(x)= th % on (3,61
3 2
—x2
58. flx)= on[—4, 1]
59. f(x)=e"—3xo0n[0,1]
60. f(x)=e* on[—m,2r]
Ix+1 if0<x<l
61. =3
-2 3x ifl <x<3

x+3 if -1<x=<2
62, f(x)=
2x+1 if 2<x<4
xr if 2<x<l
63. f(x)=
f 2 if 1l<x=<2
x+2 if -1<x<0
64 flx)=
2—x if 0=<x=xl
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Applications and Extensions

In Problems 6568, for each function f:

(a) Find the derivative f'.
@(b) Use technology to find the critical numbers of f.
@;(c) Graph f and describe the behavior of f suggested by the
graph at each critical number.

65. f(x)=3x*—2x*—21x? +36x

66. fx)=x"+2x — %

(x? ~5x +2)Vx +5
x242
(x* —9x +16)v/x +3

In Problems 69 and 70, for each function f:
(@) Find the derivative f’.

(b) Use technology to find the absolute maximum value
and the absolute minimum value of f on the closed
interval {0, 51.

67. f(x)=

68. f(x)=

B
69.
70.
35} 71

Fle)=x* —12.4x% +49.24x? — 68.64x
Fx) =e% sin(2x) + e */2 cos(2x)
Cost of Fuel

Graph f. Are the results from (b) supported by the graph?

traveling at the rate of x mi/h, it consumes fuel at the rate

200
the cost C (in dollars) of driving 200 mi is given by

2500
C(x)=3.60- (—x— +X>

A truck has a top speed of 75 mi/h, and when

of 3 (@E —}—.t) gal/mi. If the price of fuel is $3.60/ gal,
x

(a) What is the most economical speed for the truck to travel?

Use the interval [10, 75].
B2 (b) Graph the cost function C.
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5.1 — Extreme Value Theorem (EVT) - AP Practice Problems (p. 319)

1. The critical numbers of g(x) = sinx + cos x on the open
interval (0, 2n) are

b4 3 T

b4 Sm . 3m Sri T
C) — and — B) e e s ool
()4a 2 ()4.4.4and

2. On the closed interval [0, 27r], the absolute minimum of
f(x) = &% occurs at

3
A) 0 (B) -’g- ©) 7"' D) 2n

3. The maximum value of f(x) = 2x3 — 15x2 + 36x on the
closed interval [0, 4] is

(A) 286 (B) 30 (C) 32 (D) 48



4. On the closed interval [0, 5], the function f(x) =3 — |x — 1]
has:
(A) both an absolute maximum and an absolute minimum.
(B) an absolute maximum but no absolute minimum.
(C) no absolute maximum but an absolute minimum.
(D) an absolute maximum and two absolute minima.

5. The critical numbers of the function

Fo) = x4 if —2<x<1
¥ EV\3x2—4xr+3 if l<x<3 °

Z
(A) Oand1 (B) 0and —j— @) 0, 3 and 1 (D) 0

1
6. f'(x) = xsin2x — — is the derivative of a function f. How
X
many critical numbers does f have on the open interval (0, 277)?
Aa1r ®3 ©4 OS5



AP Calculus — 5.2 Notes — Mean Value Theorem (MVT) and Rolle’s Theorem

We use the MVT to justify conclusions about a function over an interval.

mean Value Theorem: ¥ \

If a function f 1s continuous over the interval and
differentiable over the interval then there exists a

point  within that open interval where the instantancous
rate of change equals the average rate of change over the
interval.

\_ )

1. Use the function f(x) = —x? + 3x + 10 to answer the following.
a. On the interval [2, 6], what is the average rate of chan

:
ge?
-:2"'

b. On the interval (2, 6), when does the instantaneous rate of change equal the
average rate of change?

MVT vs IVT

Mean Value Theorem Intermediate Value Theorem
MVT IVT
e The derivative (instantaneous rate of ¢ Ona given interval, you will have a y-
change) must equal the average rate of value at each of the end points of the
change somewhere in the interval. interval. Every y-value exists between
these two y-values at least once in the
interval.




L 0 5 15 20 30
minutes
e 0 40 70 65 | 80
feet

A hot air balloon is launched into the air with a human pilot. The twice-differentiable
function h models the balloon’s height, measured in feet, at time t, measured in minutes.
The table above gives values of the h(t) of the balloon at selected times t.

a. For5 <t <15, must there be a time t when the balloon is 50 feet in the air?
Justify your answer.

b. For 20 <€t < 30, must there be a time t when the balloon’s ve locity is 1.5 feet
per minute? Justify your answer.

Practice:

Skater Sully s riding a skateboard back and forth on a street that runs north/south. The twice-differentiable
function S models Sully’s position on the street, measured by how many meters north he is from his starting

point, at time ¢, measured in seconds from the start of his ride. The table below gives values of S(t) at selected
times t.

. t i 0 20 30 60
seconds
58 0 -5 7 40
meters

a. For0 <t < 20, must there be a time ¢ when Sully is 2 meters south of his starting point? Justify your
answer.

b. For 30 < t < 60, must there be a time ¢+ when Sully’s velocity is 1.1 meters per second? Justify your
answer.



Rolle's Theorem: If a function, f(x) is continuous on [a, b]. differentiable on (a, b), and f(a) = f(b), then
there must be at least one point on the function where the slope of the tangent (derivative) is 0.

*In other words, if the endpoints have the same y-values, then we can guarantee a relative maximum or
relative minimum somewhere between the endpoints

*Rolle’s Theorem is just a specific case of the Mean Value Theorem

e
/I/' \ ‘i"\('[\)w‘{'ﬂ(d\)
€ g - - - —@a- DT @
)\ = A
\
b —
\/ a by

Rolle’s Theorem Steps:

1. Check Continuity (no breaks between endpoints)
2. Check Differentiability (smooth curve between endpoints)

**Note, all polynomials are continuous and differentiable everywhere**

3. Testendpoints. Does f(a ) = f(b)? If not ,then Rolle’s fails / does not apply
4. If yes, then set £7(x) = 0 and solve for x

Example 2: Determine if Rolle's theorem can be applied to f(x) = x> - 3x + 2 on the interval [1,2]. If
so, find the value of ¢ such that f'(c) = 0.

Using the Mean Value Theorem, find where the instantancous rate of change is equivalent to the average
rate of change.

4. y=x*-5x+2 on|[-4,-2] 5. y =sin3xon[0,1]




6. y=(=5x+ 15)7on|1,3] 7. y=eX*on|0,In2]

Calculator active problem

8. A particle moves along the x-axis so that its position at any time ¢t > 0 is given by x(t) = ¢3 = 3t2 4+ ¢t + 1.
For what values of ¢, 0 < ¢ < 2, is the particle’s instantaneous velocity the same as its average velocity on the
closed interval [0, 2]?

No calculator on this problem.
9. The table below gives selected values of a function f. The function is twice differentiable with £ (x) > 0.

x f(x)
3 12.5
5 13.9
7 16.1
Which of the following could be the value of f/(5)?
(A) 05 (B) 0.7 (C) 09 (D) 11 (E) 13
x fG) | ) | gx) | g0
1 3 8 2 4
2 6 3 1 2
3 5 -3 6 3
4 -2 6 3 5

The functions f and g are differentiable for all real numbers. The table above gives values of the functions
and their first derivatives at selected values of x. The function h is given by h(x) = f(g (x)) + 2. Must
there be a value ¢ for 2 < ¢ < 4 such that h'(¢) = 1.



@ -Chapter ECurve Sketchlng 52 MVT and Rolle s Classwork Problems

‘Ii‘ the Mean Value Theonm aannot be apphed mﬁp]am whv not

{39 f(.x} = + 2%, [~1,1]

a0, fo) =~ 85, [0,

i 2. f) =

35, Mean ‘w’alue’f'h;éarem Constder the graph of the function
F) =~ 4+ 5 Gsee figore on next page).
(a) Find the equation of the secant line Jonung the px}mts
(—1, 4)and (z 1.

-{b) Use the Mean "Value 'I*hecrem to determine a pcunt ¢ inthe
interval (— 1, 2) such that the tangsnt line at ¢ is parallel to
the secant lma '

Figure for 83
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(f) The graph of f is increasing when f’(x) > 0; that is, when the graph of £’ is above
the x-axis. This occurs on the intervals (=2, 0) and (0, 4). Since £ is continuous for all
real numbers, f is increasing on [-2, 4].

(8) The graph of f is decreasing when f’(x) < 0; that is, when the graph of f’ is below
the x-axis. This occurs on the intervals (—co, —2) and (4, c0). Since f is continuous
for all x, f is decreasing on (~o0, —2] and [4, 00). @

AT Problem 47 and AP® Practice Problems 2 and 6.

Application: Agricultural Economics

m Determining Crop Yield*

A variation of the von Liebig model states that the yield f(x) of a plant, measured in
bushels, responds to the amount x of potassium in a fertilizer according to the following
square root model:

f(x)=-0.057 - 0.417x +0.852/x

For what amounts of potassium will the yield increase? For what amounts of potassium
will the yield decrease?

Solution
The yield is increasing when f'(x) > 0.

0.426  —0.417./x +0.426
N Jx

f(x)=—0.417 +

Now f’(x) > 0 when

—0.417/x +0.426 > 0
0.417/x < 0.426
Jx <1.022
x < 1.044

The crop yield is increasing when the amount of potassium in the fertilizer is less
than 1.044 and is decreasing when the amount of potassium in the fertilizer is greater
than 1.044. &

SJASSess\VourUnderstanding

Concepts and Vocabulary Skill Building
L True or False 1f a function f is defined and continuous on a In Problems 5-16, verify that each function satisfies the three
closed interval [a, b], differentiable on the open interval (a, b), conditions of Rolle’s Theorem on the given interval. Then find all
and if f(a) = f(b), then Rolle’s Theorem guarantees that numbers ¢ 1 (a, b) guaranteed by Rolle’s Theorem.
there is at least one number ¢ in the interval (a, b) for
which f(c)=0. 5 f(x)=x2>-3xon[0,3] 6. f(x)=x*+2xon[-2,0]

Value Theorem.,

* In your own words, give a geometric interpretation of the Mean

7. g(x)=x%—2x—2on[0,2] 8 gx)=x+1lon[-1,1]

" True or False 1f two functions f and g are differentiable on 30} 9. fx)=x>—xon[-1,0] 10. f(x)=x*—4xon[-2,72]

nopen interval (a, b) and if f/(x) = g’ (x) for all numbers x

'Merval 7, then f is positive on 1.

N (a, b), then f and g differ by a constant on (g, b). 1. f()=r—t+20n[-1,1] 12. f()=r"-3on[-2,2)
' T"“e or False When the derivative f’ is positive on an open

13 s(=r*-2+10on[-2,2] 14 s(t)=r*+(on[~2,2)

*Source: Quirino Paris. (1992), The von Liebig Hypothesis, American Journal of Agricultural
Economics, 74(4), 1019-1028.
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328  Chapter 5° Applications of the Derivative, Part 2
na) 47,
15. f(x)=sin(2x) on [0, ] y } :
3
16. f(x)=sinx+cosx on [0, 27] \—/ |
1
In Problems 17-20, state why Rolle's Theorem cannot be used with the a2+ :
function f on the given interval. T !
17. f(x)=x*-2x+lon[-2,1] 18 fy=x*-3xon[24] =k N
19. fy=x"?~-xon[-11] 20. fxy=xon[-1,1] 24 :
1 1
|
In Problems 21-30, %) 1
(a) Verify that each function satisfies the conditions of the Mean
Value Theorem on the indicated interval. 49.
(b) Find the number(s) ¢ guaranteed by the Mean Value Theorem. ,' Y
(c) Interpret the number(s) c geometrically. : 3
1
21. f(x)=x*+1on[0,2] 1
1
22 fx)=x+2+ on[2,7] P\
x—1 H
23, f(x)=Inxon[l,e] 24, f(x)=xe on0, 1] == N
HGE l
(&) 25 =2 =52 +4x-20n[1,3] ety
26, f(x)=x3—Tx2+5x0n[—2,2] !
x+1 2 icati i
2. fory= oy 8. f@)=—F—ono.1] Applications and Extensions
; x+1 51, Show that the function f (x) =2x3 — 6x246x — 5 s increasing &
29. f(x)=+vx2onll,8) 30. fx)y=+x—20n[2,4] for all x.
52. Show that the function f(x) =x* — 3x? + 3x is increasing ¢
i:thi:zléie;s'.?; —46, de'tennine where each function is increasing and 53 g(: dl ;
is decreasing. . Show that the function f(x) = 1s fhcreasi .
3L fy=x>+6x2+12 ini A SRR "
s . = x2 4+ 12x+1 32. f(x):—x3+3x2+4 not containing x = —1.
=, 3 .
3. f)=x3-3x+1 M. f)=x3—6x2 -3 54. Show that the function f (x) = = Lok is decreasing on any interval
3. fl=x*—dx?+1 36. fr)=x'+4rd -2 ot containing x =0 &
_ . 55. Mean Value Theorem Craw th . .
37. f)=x?P(x2 -4 38, fr)=x'Po7) continuous on [, b] but is not diffe Bfaphbcl)fa function 7 thehis
which the co ; erentiable on (a, ), and for
3. f@=1x+3) 40. flxy=|x*~4 56. Mean Valuen';lltl:fl,on of the Mean Value Theorem does not hold.
i rem
41. f(x)=3sinx on [0, 27] differentiable on (a, by bultjlr:‘:o?e 8T'flph of a function f thatis &
which the conclusio, continuous on [a, b}, and for
= 7 1 1Y
42 f(x) = cos(2x) on [0, 27] / 57. Rectilinear Motio?ln Oithe ea? Ylug Thsorerdassmothal
8B f)=xet H. gx)=x+e* Straight road at an ayers neam{)m.Oblle travels 20 mi down a
45 » automobile must haye ag velacity of 40 mi/h. Show that the
- fX)=e*sinx, 0<x <27 during the trip. (A velocity of exactly 40 mi/h at some time
46 differentigh ASsume that the position fi Iy (1)
- fx)=¢€*cosx,0<x <2 58 ) lable.) 0 function is s
- Rectilinear Motion g
In Problems 47-50, th : At 4:00p.m,, the car’s UPPose a car js traveling on a highway-
R Y% ‘.e graph of the derivative function f'ofa it reads 6 mi/h SPeedometer reads 40 mj 12 p.0
on fthat is continuous for all real numbers is given and4:12 /h. Show that at some time b /AR
(@) Whati . . . 24P, the ac¢ . e between 4:00p.m.
& Lix:z:;: ”M:’ .dorlnam of the derivative function f'? . Rectilineay Motion Ce;‘el‘ ation wag exactly 100 mi/p mp L}
critica ti . W o ’
(c) Atwhat number:im?fe;z Ofdf. " al:;e g 'Z‘)f_lmsh in a tie, 1¢ ;ls(tro)c_k ©ars start a race at the same
tangent line? » i any, does the graph.of f have a horizonsg some timelfj[he Position of 1 ;: the position of one car at time
(d) Atwhat n ] Hing. urng the rac, cond car at time ¢, show that &
umbers x, if any, does the eraph £ Set f(; € they haye !
tangent line? ' graph of f have a vertic) 60. Rectiline = falt) — the same velocity. L
(e) Atwhat numbers x ; ob ar Motion
< if any, does th Ject fro .. SUppose g — .
N Onwhat intervals is the ;I‘a ZS L é.,’mph o{’f have a comers location at the Ongin at time fslf\ @ is the position of 2
(8) Onwhat intervals is the raph i l'lcreasx‘ng? flay= ~Sa, and retyrpg to. th {he object is at 2 specific ,
graph of f decreasing? for whig, ,'( OW that there is a[alt location at ¢ = b, then 2
€ VGIOcity £ =% That i, g1 Cast one time t =¢, 6 <€~
\ e objectis that there s 3 time ¢ whe!
CO T B L AT I it v A o



aded Beam The vertical deflection d (in feet), of a

gl ;J:,-Liculaf 5-foot-long loaded beam can be approximated by
1 25 25
d=d@x)=——x'+ 3 2 02
) =~15* +3* ~ 15

where x (in feet) is the distance from one end of the beam.

() Verify that the function d =d(x) satisfies the conditions of
Rolle's Theorem on the interval [0, 5].

(b) What does the result in (a) say about the ends of the beam?
(c) Find all numbers c in (0, 5) that satisfy the conclusion of
Rolle’s Theorem. Then find the deflection o at each
number ¢.
(&) (d) Graph the function ¢ on the interval [0, 5).
{fJ 62. For the function f(x) =x* — 2x3 — 4x?2 + 7x 1 3:
(a) Find the critical numbers of f rounded to three decimal
places.
(b) Find the intervals where f is increasing and decreasing.

63. Rolle’s Theorem Use Rolle's Theorem with the
function f(x)=(x — 1)sinx on [0, 1] to show that the
equation tan x +x =1 has a solution in the interval (0, 1).

64. Rolle’s Theorem Use Rolle’s Theorem to show that the
function f(x) =x? — 2 has exactly one real zero.

65. Rolle’s Theorem Use Rolle’s Theorem to show that the
function f(x) = (x — 8)° has exactly one real zero.

66. Rolle’s Theorem Without finding the derivative, show that
if f(x)=(x? —4x +3)(x2 4+ x + 1), then f'(x) =0 for at least
one number between 1 and 3. Check by finding the derivative and
using the Intermediate Value Theorem.

67. Rolle’s Theorem Consider f(x) =[x]| on the interval [—1, I].
Here f(1)= f(—1) =1 but there is no ¢ in the interval (=1, 1) at
which f'(c) = 0. Explain why this does not contradict Rolle’s
Theorem.

68. Mean Value Theorem Consider f(x)=x%/ on the
interval [—1, 1]. Verify that there is no ¢ in (=1, 1) for which

f) - f=D

FO=S

Explain why this does not contradict the Mean Value Theorem.

89. Mean Value Theorem The Mean Value Theorem guarantees
that there is a real number N in the interval (0, 1) for which
f'(NY=f(1) — (0) if f is continuous on the
interval [0, 1] and differentiable on the interval (0, 1). Find N
if f(x)=sin™ x.

0. Mean Value Theorem Show that when the Mean Value
Theorem is applied to the function f(x) = Ax?+ Bx+C inthe
interval [a, b], the number ¢ referred to in the theorem is the
midpoint of the interval.

"L @) Apply the Increasing/Decreasing Function Test to the
function f(x) =+/x. What do you conclude?
b) Is r increasing on the interval [0, 00)? Explain.
. Explain why the function f(x) =ax*+bx> +cx? +dx +e must

ave a zero between 0 and 1 if
a b ¢ d
24l 44 -+e=0
5+4+3+2

\"\F
= T

73.

74.

75.

76.
77
78.

79.

80.

82,

83.

Challenge Problems

84.

85.

86.

87.

88.

89.
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Put It Together If f'(x) and g’(x) exist and f'(x) > g’(x) for
all real x, then which of the following statements must be true
about the graph of y = f(x) and the graph of y = g(x)?

(a) They intersect exactly once.

(b) They intersect no more than once.

(¢) They do not intersect.

(d) They could intersect more than once.

(e) They have a common tangent at each point of intersection.

Prove that there is no k for which the function

f(x):x3 —3x+k

has two distinct zeros in the interval [0, 1].

Show that ¢* > x? for all x > 0.
Hint: Show that f(x) =e* — x? is an increasing function

for x > 0.

Show that e* > | +x for all x > 0.

Show that 0 < Inx < x forx > 1. 5
Show that tan # > @ for all 8 in the open interval (O, 5)

7
Establish the identity sin™! x + cos™ x = ]

by showing that the
derivative of y =sin~' x +cos™! x is 0. Then use the fact that
when x =0, then y = 7—;-

Establish the identity tan~! x 4+ cot™' x = % by showing that the
derivative of y =tan™! x +cot™! x is 0. Then use the fact that

whenx:l,theny:%.

. Let f be a function that is continuous on the closed interval [a, b]

and differentiable on the open interval (a, b). If f(x) =0 for three
different numbers x in (a, &), show that there must be at least two
numbers in (a, b) at which f/(x) =0.

Proof of the Increasing/Decreasing Function Test Let f be a
function that is differentiable on an open interval (a, b). Show

that if f'(x) <O for all numbers in (a, b), then [ is a decreasing
function on (a, b). (See the Corollary on p. 324.)

Suppose that the domain of f is an open interval (a, b)

and f’(x) > 0 for all x in the interval. Show that f cannot have

an extreme value on (a, b).

Use Rolle's Theorem to show that between any two real zeros
of a polynomial function f, there is a real zero of its 'erivative
function f”.

Find where the general cubic f(x) =ax3 +bx2 + cx +d is
increasing and where it is decreasing by considering cases
depending on the value of 42 — 3ac.

Hint: f’(x) is a quadratic function; examine its discriminant.

Explain why the function f(x)=x" +ax +b, where n is a
positive even integer, has at most two distinct real zeros.

Explain why the function f(x) =x" +ax +b, where n is a
positive odd integer, has at most three distinct real zeros.

Explain why the function f(x) =x" 4+ ax? + b, where n is a
positive odd integer, has at most three distinct real zeros.

Explain why the function f(x)=x" +ax?+b, where nis a
positive even integer, has at most four distinct real zeros.




5.2 - Mean Value Theorem (MVT) & Rolle’s - AP Practice Problems (p.330)

1. A function f is continuous on the closed interval [~2, 5],
differentiable on the open interval (-2, 5), and
f(—=2) = f(5) = 3. Which of the following statements

must be true?
(A) There is a number ¢ in the interval (-2, 5) for
which f'(¢c) = 0.

(B) f'(x) > 0 for all numbers in the interval (-2, 5).
(C) f'(x) = 3 for all numbers in the interval (-2,5).
(D) None of the above

2. The graph of f' for the interval [—3, 5] is shown below.
On what interval(s) is(are) f decreasing?

y=f'(x)

- iiéa\éx

(A) [-3,-2].(0, 1jand[3,5] (B) [-3,~1}and [4,5]
(C) [~3,-2)and (3, 5] (D) [~3,—2]and [4,5]

3. For the function f(x) = /x, find the value(s) of ¢ that satisfy
the conclusion of the Mean Value Theorem on the interval [0, 4].

A) 0 (B) % <1 O 2

2 ; I, . )
4. On what interval(s) is the function f(x) = e3*”~* increasing?

(A) (—00,00) (B) [0, 00)

1
(C) (—-oo. —%] and [%oo) (D) [_5'00)



§. For which values of x is the function
f(x) = x* — 4x3 + 4x? + 1 decreasing?

(A) x <0orl <x <2 B) x<0orx>2
C) 0<x<?2 (D) x > 2only

6. The graph of the derivative of f is shown. Which of the
following can be the graph of f7?

y
2-_
/\Y‘-‘f’(X)
- 2 %
_2_
@ (B)
¥ ¥
21 2_'.'
—2 2 X
_2__
(©)




7. Suppose [ and g are differentiable fy
° f(x)> O for all real numbers
¢ 2(0) =
If h(x) = f (x)g(x) and A’ (x) =
numbers, then g(x) equals

(A) f&x) ®B) gx) (© o

nctions for which

f'(x)g(x) for all real

(D) 4

8. The domain of the function f is the set of al] req] numbers

Iff<>-’x"'

3 then f is increasing on the Interval

(A) (=00,00).  (B) [-3,3)].

(€ [3,9] (D) (3, 00).



9. An object moves along the x-axis so that its distance from the
- : . 3
oOrigin at any time ¢ > 0 is given by x(¢) = ¢3 + 51‘2 ~ 18t + 4.
At what times ¢ is the object at rest?

(A) 2and -3 (B) Zonly (C) 3 only (D) Oand2

10. Which of the following statements is true for the function

Inx

S)=— x>0
x

(A) f isincreasing on the interval (0, 00).
(B) f isincreasing on the interval [e, 00).
(C) f isdecreasing on the interval [1,e].

(D) f is decreasing on the interval [e, 00).



- When the function is decreasing, what is common about the derivatives at those points?

Calculus Ch.E.?.& Notes: First Derivative Test

What does the derivative represent?

When the function is increasing, what is common about the derivatives at those points? -

When f'(x) >0,

When f'(x) <0,

When f'(x) =0,

First Derivative Test Steps (Finds inc/dec and relative wax/min)

1. Find ’(x), set equal to zero
- a. .Find critical points from BOTH numerator and denominator
b. Remember;critical points-also exist-where-function isnot differ en’uable (sharp-point)
2. Put all critical points on sign line
3. Test intervals
a. Plug values into f’(x) to determine slope
i. Positive (+) means increasing slope
ii. Negative( —) means decreasing slope

4. __Write Because_Statements

a. f(x) increasing in interval (2,b) b/c £’(x)> 0
b. f{x) decreasing ih interval (a,b) b/c £(x) <0
¢. Relative max at ( a, f(a) ) b/c f ‘(x) changes from + to —
d. Relative min at ( a, f(a) ) b/c f ‘(x) changes from - to +

Example 1: Determme the intervals at which the function fx) = —x + = x2 = 6x — 3 is increasing and

decreasing.. Locate the relative extrema.



, oKirst Derivative Test Steps (Finds inc/dec and relative max/min).

1. Find £°(x), set equal to zero
a.  Find critical points from BOTH numerator and denominator
b.  Remember, critical points also exist where function is not
differentiable (sharp point)
2. Putall critical points on sign line

. . . 5
Example 2: Determine the intervals at which the function f(x) = x+2

the r'elgitive extrema.

3.

a.

4,

RO oR

Test intervals
Plug values into £°(x) to determine slope
i. Positive (+) means increasing slope
ii. Negative( — ) means decreasing slope

Write Because Statements
f(x) increasing in interval (a,b) b/c £*(x) >0
f(x) decreasing in interval (ab) b/e £7(x) <0
Relative max at ( a, £(2) ) b/c £ ‘(x) changes from + to ~
Relative min at ( a, f(a) ) b/c £ ‘(x) changes from —to +

Example 3: Make a first derivative sign Iin‘e for the following.graph of f '(x): T /
' |

is increasing and decreasing. Locate '

al



/

Calculus Ch.3.313 Notes: “Concavity Test” and the 2™ Derivative Test

Are both of these functions increasing? What do we know about their derivatives?

1) Iff"(x)is >0, then f'(x) is increasing and f(x) is concave up.
2) Iff"(x)is <0, then f'(x) is decreasing and f(x) is concave down.
3) APoint of Inflection (POI) occurs whenever f "(x) changes sign. (f(x) changes concavity)

“Concavity Test” Steps (Finding interval Concave Up/Down and POI)

1. Find f"(x), set equal to zero
a. Find critical points from BOTH numerator and denominator
Put all eritical points on sign line '
Testintervals
a.  Plug values into f ”(x) to determine concavity
L' Positive (+)-means concave up
ii. Negative( ~) means concave down
‘Write Because Statements
a. Concave up in interval (a,b) ble £°°(x)> 0
b. Concave down in interval (a,b) blc £’(x) <0
5. Point of Inflection at ( a, f(a) ) b/c f"(x) changes signs

™

w

B

*Note: POI may exist on graph where f ”(x) does not exist (sharp point). POI exists as long as graph is continuous and
f "(x) changes concavity (change of signs) ,

Example 1: Find the points of inflection if f(x) = —2x°5 + gxg



]

x:) | - | ' “‘
/ '+ The 2 Derivative Test L

; e
LRS- R

*The 2™ derivative test is a test for relative extrema (max/min) and NOT for Point of Inﬂec-tgﬁ*_ -

*The 2™ derivative test achieves the same as the 1% derivative test.

1) If you plug a critical number from £'(x) into £ "(x) and if f"(x) >0, then that is the x-value of the relative minimum
2) If you plug a critical number from £(x) into f(x) and if f”(x) <0, then that is the x-value of the relative maximum

3) If you plug a critical number from £(x) into f ”(x) and if f "(x) =0, then the test is inconclusive. We need the first
derivative test to determine if critical number is a relative extrema.

2 Derivative Test Steps (Test for Relative Extrema, NOT Point of Inflection)

1. Find (x), set equal to zero .U
a. Find critical points. Set numerator and denominator of f ‘(x) = 0. (These are candidates for relative max/min)
2. Find f"(x) .
3. Plug the critical points (from step #1) into f " (x).
a.  Ifresult is positive value, then £’(x) > 0, concave up, and therefore relative minimum exists at x-value
b.  Ifresult is negative value, then f’(x) < 0, concave down, and therefore relative maximum exists at x-value
c. fresultis zero, then since £°(x) = 0, then this test is inconclusive. We cannot determine whether relative exfrema
exists. (Use First Derivative Test)

Example 2: Find the relative extrema of f(x) =% — 4x* — 3%
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See Figure 42 for the graphs of R and R’.

1071 L o R

343

. (n 50, 5000)
5000+
R
20,0001 4000 ¢
15,000 30001
10.000 1 (In 50, 9608) 20004
5000 1000
> 4 6 & 0 1t I 2 3 4 5
v — 1,000,000 1
@R@ = 250 — 220 R0 = ¢4 5000
Figure 42
i @A TALe]:0€ Problem 93.
5i3JAssess\YounUnderstanding |
Concepts and Vocabulary Skill Building
1. True or False 1f a function f is continuous on the

. True or False

. Multiple Choice

interval [a, b), differentiable on the interval (a, ), and changes
from an increasing function to a decreasing function at the

point (¢, f(c)), then (¢, f(c)) is an inflection point of f.
Suppose ¢ is a critical number of f and (a, b) is
an open interval containing e. If f/(x) is positive on both sides
of ¢, then f(c) is a local maximum value.

Suppose a function f is continuous on a closed
interval [a, b} and differentiable 0. *he open interval (a, b). If the
graph of f lies above each of its tangent lines on the

interval (a, b), then on (a, b) f is

[(a) concave up (b) concave down (c) neither].

Multiple Choice  If the acceleration of an object in rectilinear
motion is negative, then the velocity of the object is

[(2) increasing (b) decreasing (c) neither].

. Multiple Choice Suppose f is a function that is differentiable

« Multiple Choice

on an open interval containing ¢ and the concavity of f changes
atthe point (¢, f(c)). Then the point (¢, f{(c)) on the graph

of f is a(n)

(@) inflection point (b) critical pe'at (c) both (d) neither].
Suppose a function f is continuous on a closed
Interval [g, ] and both f and f” exist on the open interval (a, b).
I f”(x) > 0 on the interval (a, b), then on (a, b) f is

[(a) increasing (b) decreasing (c) concave up (d) concave down].

* True or False Suppose f is a function for which f’ and f” exist

0n an open interyal (a, b) and suppose ¢, @ <c¢ < b, is a critical
Mumber of £, If £”(c) =0, then the Second Derivative Test
Cannot be used to determine if there is a local extremum at c.

True or False Suppose a function f is differentiable on
the open interval (a, ). If either f”(c) =0 or f" does not

&Xist at the number ¢ in (a, b), then (c, f{¢)) is an inflection
Point of f,

In Problems 912, the graph of a function f is given.

(a) Identify the points where each function has a local
maximum value, a local minimum value, or an inflection

point.

(b) Identify the intervals on which each function is
increasing, decreasing, concave up, or concave

down.
9,
¥ =flx}
1ol Lo {1.0)
" —
(-18, -2)
R ©08. -2
~02, 42
/
(25, -4¥ OB INGs g
11.
¥ (12, 10)

10.
¥
T (7,7
y=f@&)
12 |
A ) {4.|0) )
k= * —t—
(=2.0) l %
(. -2)
2, —6)
(—a. -8l (10, ~8)
12,
y.
y=f(x)
(-2,4)
/. N©.0) /5.0
e e
(-7.-5) |

T T T
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In Problems 13-26, for each function:
(a) Find the critical numbers.

(b) Use the First Derivative Test to find any local extrema.

[732) 1.

f)=x3 —6x2+2 14.

15, f(x)=3x* — 4x3 16. h(x)=x*42:3-3
17. f(x)=(5 — 2x)e* 18. f(x)=(x —8)¢*
19. fx)=x¥3 44153 20. f(x):%xzﬂ——xl/3
53] 21 g(x)=x*(x2 ~4) 22. fx)=x1P?-9)
In :
23. f(x)=—r 24, hry=2Z,
X .\‘.'J
25. f(0)=sin6 — 2cos@ 26. f(x)=x+2sinx

In Problems 27-34, an object in rectilinear motion moves along a
horizontal line with the positive direction to the right. The
position s of the object from the origin at time t > 0 (in seconds)
is given by the function s = s(t).

(a) Determine the intervals during which the object moves
to the right and the intervals during which it moves to
the left.

(b) When does the object reverse direction?

(c) When is the velocity of the object increasing and when is it
decreasing?

(d) Draw a figure to illustrate the motion of the object.
(e} Draw a figure to illustrate the velocity of the object.

27. s=t2—2t+3 28. s=2t2+8t—7

29.

6
31. s=2r— -,
r

s=203 4612~ 18t +1 30. s=3¢*— 16¢> + 2412

32, s=3f - L~

7i

34, s=3cos(mt),

t>0

0<t<2:r
- 3

33. s=2sin(3),

In Problems 35-38, the function f is continuous for all real numbers

and the graph of its derivative function f'is given.

(a) Determine the critical numbers of f.

(b) Whereis f increasing?

(c) Whereis f decreasing?

(d) At what numbers x, if any, does f have a local minimum?
(e) At what numbers x, if any, does f have a local maximum?

35, 36.

F)=x*+6x24+12x +1

0<r<2

y
4-' T
y=r')
2-—-
=1 T 2 X
+ =2 i
+-4

In Problems 39-62:

(a)
(b)

(c)

39,
41.
43.
45.
47.

49.
51.
53.
55.

57.
3o} 59.
60.
61,
62.

Find the local extrema of f.
Determine the intervals on which fis concave up and o Which

is concave down.

Find any points of inflection.

flr)=2x —6x2 +6x -3 40. fE) =249y
fo=x"—4x 42, fx)=x"14x
Flx)=5x" —x3 44, f(x) =4x% 46y
fx)=3x" —20x° 46. f(x)=3x5+5
fx)y=x% 48. f(x) =13
flx)=6x*7 —3x'73 50. f(x)=x¥3-,B
f@=x"G*~8) 52. f(r)=x"(x2-2)
fx)=x*~1Inx 54, f(x)=Inx~x
f)y= (Tﬁ 56. f(x)= %

F)y=x23/1—x2 58.

flx)=x —2sinx,

f(x)=x+2cosx,

fx)=xV/T-x
O<x=<2m

0<x<2rm

fx)=2cos®x ~sinx, 0<x<2r

f(x) =2sin?x — coszx, O<x <27

In Problems 63-66, the function [fis continuous for all real numbens
and the graphs of f' and " are given.

(a)
(b)
(c)
(d)
(e)
4]
(g)
(h)

63.

Determine the critical numbers of f.

Where is f increasing ?

Where is f decreasing?

At what numbers x, ifany, does f have a local minimum’

At what numbers x, ifany, does f have a local maximun’
Where is f concave up?

Where is f concave down?
List any inflection points.




i

rs

=\

-2 2 53
65
s ¥y
104
10+ y=f(x ¥ =f"lx)
= _5)/\_" 7
- 1,0 " A ()
A £ 2 T-10
(1
y
2 21
y=f'(x) . 1 r = f'x)
2
(=10 (1,0) (‘70) o
=) é T _2' i J-- :’1_ X
M (F0)
-14 =24

In Problems 67-74, find the local extrema of each Sunction f by:

@) Using the First Derivative Test.
®) Using the Second Derivative Test.
{©) Discugs which of the two tests you found easier.

6. flr)=—203 + 1542 — 36x +7

8 Fx)=x? 4+ 1052 + 25% 25

O flry=xt _gx?2 _5 70. f)=x*+2:242

) =325 4500 41 72, f(x) = 60x5 +20x3

n. f(x):(x _3)Zex 74. f(x)—_—(x+1)2e""
:‘:}Phcations and Extensions ——————
Toblems 75-86, sketch the graph of a continuous function f that

€ 8iven properties. Answers will vary.
" [is concaye up on (— o0, 00), increasing on (—00, 0),
decreasing on (0, 00), and f(0) =1.

is concave up on (—oo, 0), concave down on (0, ),
®ereasing on (~oo, 0), increasing on (0, o), and f(0)=1.

77.

78.

79.

80.

81.

82.

83.

84.

8s.

86.
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f is concave down on (~00, 1), concave up on (1, 00),
decreasing on (—oo0, 0), increasing on (0, 00), f0)=1,
and f(1)=2.

f is concave down on (—oo, 0), concave up on (0, o),
increasing on (~o00, 00), and f@)=1land f(I)=2.

f’(x)>0ifx<0;f’(x)<0ifx>0;
ffx)>0ifx <0; f"(x)>0ifx>0and f(0)=1.

Fix)>0ifx <0; f'(x) <0ifx >0
Fx)>0ifx <0; f'(x)<0ifx>0and f(0)=1.

FO)=0; f'(0)=0; f"(x)>0ifx <0, f"(x)>0ifx>0
and f(0)=1.

SO =0; f'(x) > 0ifx #0; f(x) <0ifx <0;
f"(x)>0ifx>0and f(0)=1.

F0)=0; fl(x)<0ifx #0; F"(x)>0if x <0;
f'(x) <0ifx > 0; F(0)=1.

f7(0)=0; f’(0)=21; ) >0ifx <0;

F'(x) <0ifx >0and fO)=1.

f/(0) does not exist; f7(x) >0if x <0; f'(x)>0ifx>0
and f(0)=1.

f7(0) does not exist; f”(x) <0ifx <0; f'(x)>0ifx >0
and f(0) =1.

In Problems 87-90, for each function:

(a)

()
(c)

87.

89.

91.

92.

[

76 93

Determine the intervals on which f is concave up and on which it
is concave down.

Find any points of inflection.
Graph f and describe the behavior of f at each inflection point.

flr)=e~t-27 88. f(x)=x}/5-—x
2—x 3x

T = SR ATrs T

Inflection Point  For the function f(x) =ax? + bx?, find a

and b so that the point (1, 6) is an inflection point of f.
Inflection Point  For the cubic polynomial function
f)=ax?+bx+cx +d, finda, b, c, and d so that 0
is a critical number, f(0) =4, and the point (1, —2) is
an inflection point of f.

Public Health In a town of 50,000 people, the number of
10,000
14 9999¢~*
is measured in days. Note that the flu is spread by the one person

who has it at t =0.

people at time ¢ who have the fluis N(t) = , where ¢

(a) Find the rate of change of the number of infected people.
(b)

()

When is N’ increasing? When is it decreasing?

When is the rate of change of the number of infected people
a maximum?

(@
()

Find any inflection points of N.

Interpret the result found in (d) in the context of the problem.
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@ Draw 2 scatterplot of the data using time ¢ as the
() Dra

independent variable.

@3 ) Verify that ¥ 15 the logisti !
l (c) Find the rate of change 11 biomass.

£ dollars) generated by

94. Business The profit P (in millions © 2
ted to follow the logistic

introducing a new technology is expec

where ¢ is the number of years

¢ function of best fit.

. 300
function P(t) = 1——?—5_66—12—',

) ] N . .
aftgr SR Eleast. (d) Whenis y increasing? When is it decreasing?
: ‘o ; . i1 the biomass a maxi

(a) When is annual profit increasing? When 1s 1t decreasing? () Whenis the rate of change m mum?

(b) Find the rate of change in profit. ® Find any jnflection points of y.

(¢) When is the rate of change in profit increasing? ®@ Interpret the result found in (f) in the context of the problen,

When is it decreasing?
; i td
(d) When is the rate of change in profit a maximum? 97. U.S. Budget The United States budge Ocumen‘ts the amount
¢ federal government takes in (through

of money (revenue) th .
taxes, for example) and the amount (expenses) it pays out (for

social programs, defense, etc.). Vhea revenue exceeds expenses,

(¢} Find any inflection points of P.
{f) Interpret the result found in (e) in the context of the problem.

95, Population Model The following data represent the population we say there is a budget surplus, and when expenses exceed
of the United States: revenue, there is a budget deficit. The function
[ Vear _ Population | Year Population B = B(r) = —12.87° +163.41" — 614.01 +-390.6
1900 76,212,168 1960 179,323,175
1910 92,228,486 1970 203,302,031 where 0 < ¢ < 12 approximates revenue minus expenses for the
1920 106,021,537 1980 226,542,203 years 2000 to 2012, with ¢ =0 representing the year 2000 and B
; 1930 123,202,624 1990 248,709,873 in billions of dollars.
1940 132,164,569 2000 281,421,506
1950 151,325,798 2010 308,745,538 (a) Find all the local extrema of B. (Round the answers to two
e T GonsaatB decimal places.)
: U.S. Census Bureau. (b) Do the local extreme values represent a budget surplus ora

An ecologist finds the data fit the logistic function il
(c) Find the intervals on which B is concave up or concave

762.176,717.8 down. Identify any inflection points of B.
1+ 8.743¢-00162 " d) %at doFs the concavity on either side of the inflection
Pomt(s? mdicate'about the rate of change of the budget? Is it
Increasing at an increasing rate? Increasing at a decreasing

P(t)=

(83 (2) Draw a scatterplot of the data using the years since 1900 as

the _inl;ilependcnt variable and population as the dependent rate?
variable. .
iy ((13 ;’fnl’éfi!hthattP i: tl;]e logistic function of best fit. B @ 3::?311 gthe.fllincdon B. Given that the budget for 2015 |
e rate of change in population.  trillion dollars, d 3
(d) Whenis P’ increasing? When is it decreasing? predictor for the budget fzisthb years 2015 and Seyon !
(e) When is the rate of change in population a maximum? 9. If fx)=ax3 +b ARG eod S
= x

(f) Find any inflection points of P Z4ex +d
gl quantity »? — Fd, a0, howd
(2) Interpret the result found in (£) in the context of the problem emerlnz?b 3ac determine the number of p?)f:nttl-il:] local

96. Biology The amount of i i 99. If
L. . yeast biomass i - If f(x) =ax? 2
iz given i the. bl Belaw, n a culture after 7 hours that f has :lo:_afx +cx+d, a0 finda b e andd s
mi b .b,c,

nimum
the graph containg at 0, a local maximum at 4, and

Time  Yeast Time - 100. Fi the points (0
(in hours) Biommass |(in h Yeast | Time  Yeast 0. Find the loca] minimu (0,5) and (4, 33).
o > ours) Biomass| (in hours) Biomass m of the function '
1 13'2 ; §57'3 B 6294 fFo=2,_8
2 29.0 9 S0y 14 640.8 ) TS O0<x<1
3 472 A8L0 15 651.1 101. Find the Joca] * )
: 2 10 5133 16 6559 of ym /30 Extrema and the inflection po
5 19.1 :; 559.7 17 659:6 102, Ifxs0q me +cosx, 0<x <2 et
6 174.6 2980 18 661.8 ever b A n > 1, can the ex -
: 103, Why e e? Pression =" — n(x — 1) =1
Source: Tor Carlson, Ube ' Y must the Fj :
) r Geschwindigkei extre, Tst DEnvati
Hefevermehrung in Wy ; gkeit und Grosse der e values of ve Test b
B i ; . th : € us
op. 313934, r2e, Biochemische Zeitschrift, Bd. 57, 1913 104, g;“ It Together \;hf.u“ctmn f(x) =X2/63dr;[o find the Joct
’ ncti ich :
ion of the following LT
The logistic function y = —__ﬂg__
1+ 71.6¢-054701 * where 1 is time, Flx) =2 =2

&

models the data.

1

@fisi
ncreasing M) i
(d)f . fis dﬁcreasi . .
: § Concave Up (e) f i e ni (€) £ is discontinuou$ nt
¢ down




5.3 -First Derivative Test, Test for Concavity - AP Practice Problems (p. 347-348)

econd derivative of the

LOIf £ (x) = x(x + 1)2(x = 2) i the S(s) of the inflection

function f, then list the x-coordinate

point(s) of f.
(A) —1,0,and2  (B) Oonly
(C) 2only (D) Oand2only

= . roa pumber x at
: Iff( ) 4 sinx find the smallest pos:uw, nu
* X)=x X,

i g avity.
which the function changés concavity .

T n D) 5
— = (C) m 2
(A) 5 (B) =

inimum at
s a local min
3 lhe fu "0 g()) e XS xj -2 ] ha
' nction P +

JT0 J10

(A) 5=~ (B) x= 75

WJx:% ) x=0



tinuous for all real numbers. The graph of its

is shown. The graph has horizontal
(2, 3), and (4.5, —1). At which
al minimum?

4. A function f iscon
derivative function f!
tangent lines at (0, 0),
number(s) x does f have aloc

Y 2,3)

5. For the function f graphed below, both f' and f” exist for
all numbers x. Which of the following is true?

y

2-\

3 M

(2) f£2) <f'@<f'@ @ fQ@<fQ=<fQ@
© f'A<f@<f@ O f'@<f@<fQ



6. At which point on the graph of f do both f and f" have the

same sign?

(A) A

(B) B

1}\/;

<© Cc @O D

7. Anobjectin rectilinear motion has position function s = s(1).
Attime 1 = 0, the object is at the origin. Several values of
the velocity v of the object are listed in the table. Which of
the following graphs could be the graph of the position of
the object for 0 < ¢t < 67

r_|

v(t) '

O 1 23] 4 ]5]6
Bi-t]2fo]-2]0o]1

©

(B)

(D)



f the function

o 5
g. Find the inflection points, if any
. )
Fx)= 34— 2x
) O 0)

9, For what interval(s) is the function

& 3 2
f(x):-i—~2x —9x° —12x +5

concave down?

(A) (=1,3)
(B) (—o0,—1)or (3, 00)

(C) (—o0,—3)o0r (1, 00)
(D) Nowhere; the function is always concave up.

10. The derivative of a function f 1s
1) =xHx = D +2)(x 4+ 3)
At what number(s) x does f have a relative minimum?

(A) =3 only (B) Oand 1
(C) =3 and -2 (D) —3and|1



11. Which statement regarding the function
f=x-1* -2
is not true?
(A) The point (1, —2) is a local minimum of i,

(B) f is concave down on the intervals (—oo0, 1)
and (1, 00).

(C) The point (1, —2) is an inflection point of N
(D) f has a vertical tangent line at (1, =2).



13." A polynomia] function f has only three critical numbers —5,
0, and 2 ang has three local €Xtrema: a Jocg] minimum point
at (=5, -3), a loca] maximum pojnt 4 (0, —1), and a local
minimum point g (2, ~6). How many zeros does f have?

(A) One (B) Two (C) Three (D) Four

14, Determine Where the function F(X) = -2._ is concave up.
x+3
(A) (=3, )  (B) (2, 00)

© (=2,00) (D) (=003



™~

C

5:4 C urve Sketching -
1. Sketch the graph of the function and find the below information: f(x) = -3x° + 5%°

AN
A4

x-ints: ‘ y-ints:

V.A. - HA

Domain: G wy wy Interval Increasing

Interval Decreasing - . Relative Maximum
Relative Minimum; ' ; Points of Inflection:

Interval Concave Up: S Interval Concave Down:



2. Sketch the graph of the function and find the below information: f(x) =

x-ints:

V.A.

Domain:
Interval Decredsing
Relative Minimum:

Interval Concave Up:

y-ints:

H.A.

2
9—x2
T A O
i ! Tl 11 o
B AL et
’ e ~+4
sl LS
Lt i i i
-1 D__~_8.Jr. -0 —|4 = 4@__8__?__ 10
| : | 2 2t i i
.__!___ %__ A K
e i
1 o i |
= mNn
H } L S YO ..11-0 J --—-—‘
Interval Increasing
* Relative Maximum

" Points of Inflection:

Interval Concave Down:




AP Calculus AB Chapter 3 Curve Sketching __Sketching and interpreting Derivative Graphs
1. Sketching 1* Derivative and 2™ Derivative Graphs (Given the f (x) graph)
1. Given the f(x) graph
2. Make asign line for f ‘(x) graph
a. Label Critical points (relative max, relative min, or where slope = 0 ) on sign line
b. Find intervals where graph is increasing ( rising) and decreasing (falling)
c. Use+and arrow on the sign line to indicate increasing slope
d. Use—and 4 arrow on the sign line to indicate decreasmg slope
3. Sketch f*(x) graph
a. Plot critical points on the graph as x — intercepts (where slope = 0)
b. Sketch portions of graph above the x-axis (positive slope) or below x-axis (negative slope) using the
information on your sign line.
4., Make a sign line for f **(x) graph
a. Locate Points of Inflection on your f (x) graph. _
i This is where graph transitions from concave up to down or from concave down to up.
b Label critical point on your sign line -
' ‘Where graph resembles parabola opening up , use + and \/ to indicate concave up

i, Where graph resembles parabola opening up , , use — and S\ o indicate concave down

5. Sketchf "’(x) graph
a.  Plot critical points on the graph as x — intercepts (POl and where £’ (x) = 0)
b. Sketch portions of graph above the x-axis (concave up) or below x-axis (concave down) using the information

on your sign line,
2. Sketching f(x) graph and 2" Derivative Graph (Given the f ‘(x) graph )
1. Given the f ‘(x) graph
2. Make a sign line for f ‘(x) graph

a. Label Critical points (x-intereepts) on sign line B o
) b. Find intervals where graph is mcreasmg(above x-axis) and decreasmg(below X-axXis)

c. Use+and / arrow on the sign line to mdlcate increasing slope

d.

- Use—and Ny arrow on the sign line to indicate decreasing slope

3. Sketch f (x) graph
' a. Follow the directional arrows on your sign line to draw the f(x) graph, along with the relative max (hills) and
" relative min (valleys) of your graph
4. Make a sign line for f *’(x) graph -
a. Locate critical points ( Points of Inflection) on your £ ’(x) graph :
i Points of Inflections are the relative max (hills) and relative mins (valleys) of your f°(x) graph

b.Label critical point on your sign line

i. Where f’(x) graph is increasing(rising), use + and: X_/to indicate concave up
il. Where f’(x) graph is decreasing(falling) , use — and N\ o indicate concave down

.5. Sketch f **(x) graph

a. Plot critical points on the graph as x — intercepts (POIL and where £ ** (x) = 0)
b. Skétch portions of graph above the x-axis (concave up) or below x-axis (concave down) using the information on
your sign line. -
3. “Morgan’s Method”

X-xints fx) £’ £7(x)
M —max & mins X
P-POI M X

P M X
P M
P




33L Interpreting Derivative Graphs

Make a sign line for slope and concavity for each of the following graphs
) | )
A . 'S
1(x)
g® / \
1 i I | | . | (] i L] _I_ »
I | \ /\\ s [ \ T / >

\ | o




@

3. £'(x) graph shown
. A

Y

Sketch {(x) graph :

Sketch £°(x) graph:

Characteristics of g(x)

increasing! decreasing

. Charaoteristics of f{x)
. inoreas‘.ing: : decreasing
vel. max rel. min
Concave up Concave Down, —
POL
4, g'(x) graph show: Sketch f(x) graph :
.S‘kptgh £7(x) graph:

rel. max _rel.min

Concave up Concave Down

POl



3.6b 1nterpreting Derivative Graphs — More Practice
Sketch the derivative graphs for the below f(x)

Sketch g *(x) graph:

Sketch g **(x) graph: (POTatx=-1andx=1)



!9 £'(x) graph show

Sketch the £ (x) graph: . Sketch the f°*(x) graph:

¥

Characteristivs of x)

iﬁcraasiﬂg: “ | decreasing
telomax o, rel. min

Concave ﬁp R Concave Down_

POL




358

\\ 1.qan
Maximum
f_l'o‘m‘/\ point Y
(—-4.24,0.22) 91

\
S 0 I
~— -t 2% :  x
Laocal
(0, =3) minimum
024, -3.73) — |\ _|_~point
Inflection point _gJ| (1, —5.44)

Figure 49 f(x)=¢*(x* - 3)

5¥4YAssess\YourUnderstanding

Chapter 5 » Applications of the Derivative, Part 2

is nno horizontal asymptote
. . 2 _3)] =00, there1s 1 asx
e (x
Since xllfga [

Draw the asymptote o0 the graph. 2
2 S
Sup3 o= Lo~ 3] = @R EE = 3)=e*(: +2x - 3)
T dx

= (x+3)E -1

4 X 2+2 _3

f”(x):ad;[ex(x2+2x—3)]—e (2x+2)+e(x x —3)
=" (x2+4x — 1)

Solving f'(x) =0, we find that the critical numbers are —3 and .
Step 4 Use the critical numbers —3 and 1 to form three mter\./als on t{le x-axis;
(=00, —3), (=3, 1) and (1, 00). Then determine the sign of f'(x) on each

interval and whether f is increasing or decreasing on the interval.

Interval Sign of f/ Conclusion S
(—00, —3) Positive £ is increasing on the interval (~oo, -3)
(-3, 1) Negative f is decreasing on the interval (-3, 1)
(1, 00) Positive f is increasing on the interval (1, co)

Step 5 Use the First Derivative Test to identify the local extrema. From the table in
Step 4, there is a local maximum at —3 and a local minimum at 1. Then
F(=3)=6e7320.30 is a local maximum value and f(1) = —2e~ —5.44is,
local minimum value. Plot the local extrema.

Step 6 To determine the concavity of £, first we solve f”(x) =0. We find

x=—2%+/5. Now use the numbers —2 — V5~ —424 and -2 + /5202410
form three intervals on the x-axis: (=00, =2 — +/3), (=2 — /3, —2 + +/3) and

(—2+ +/5, 00). Then determine the sign of £”(x) on each interval and whether
f is concave up or concave down on the interval.

Interval Sign of f” Conclusion

(=00, =2 = +/5) Positive  f is concave up on the interval
(—00, =2 —+/5)

(=2=+/5,-24/5) Negative £ is concave down on the interval
(—2=+/5,-24/5)

(=2++/5, 00) Positive  f is concave up on the interval
(=24 /5, o0) -

The inflection points are
inflection points.

Step 7 The graph of f is given in Figure 49, g

(=4.24,0.22) and (0.24, —3.73). Plot the

VALY Problem 39,

skill Building

In Problems 1-42, use calculus to graph each function. Follow the

steps for graphing a function on page 349.

1. f)=x'—6x2+10
3. fx)=x>—10x%

5. f(x)=3x"+5x*

2. f(x)=x%—4x
4, f(x)=x>—3x3+4

6. f(x)=60x>+20x3

T f=52 1
x2 - 8. f(x):x—zj

9. Sy iz gl
X1 10. f(x)'__T

) 1 fy=_* 2
. x4 12, f(x)=;2’i’4

P T II A  L s AE e b e 1  e T ———

—

4
45
4
4
3,

i}“.E

53.




/

ey

isa

24 to

1 and
sther

AN

2+1 5
p W= A |
@ 2 2x
sl ; R
5. f0F T 0 3 6. f{-rJ=--;2i_“§_IE
. x(x3+l) P (e D
N S TY2 NN T} . X)= -
1 SO e fix) TEa
| 1
g /0=t m-ﬂn=§+%
o0 fR=V3I=x 2. f)=xv573
B [)=x+x . fO=vi-JrT
3
X
] = = X
@ 9= p 242
ST S _ 1
. fx) G+ DG =2) 28. f(x)_m
B, f)=x+3x13 42 30, f(x)=x%3 5,23

31, f(x)=sinx —cosx 32, f(x)=sinx+ tanx

@ B f) =sin’ x — cosx 3. f(x)=cos?x + sinx
B fx)y=Inx—x 36. f(x)=xlnx
3. flx)=In4 — x?) 38, f(x)=In(x2+2)

. f)=33(5 - x) 40. fx)=3e 3 (x —4)

i fn)=e 42. f(x)=ellx

Applications and Extensions

B Problems 43-52, for each function:

(a) Graph the function.

() Ldentify any asymptotes.

{¢) Use the graph to identify intervals on which the function increases
ordecreas. - and the intervals where the function is concave up or
down,

@) Approximate the local extreme values using the graph.

(¢) Compare the approximate local maxima and local minima to the
exact local extrema found by using calculus.

O Approximate any inflection points using the graph.

4. f(x)=)—c)52_—/3T 44. f(x)=;2—j_—37::z
8 fe=x+ sin(2x) 46. f(x)=x —cosx

. floy= In(x+/x — 1) 48. f(x)= In(tan® x)

4, foy=Yanx 50. f(x)=e *cosx

L y2=x2(6—x),y30 52. y2=x2(4—x2),}’20

:ﬂ Pmb[e’“s 53-56, graph a function f that is continuous on the
n ' e
“rall, 6] and satisfies the given conditions.

S d 14 —

H s (2) does not exist 54. f'(=0
f’(}):__l f”(2)=0
OB 71(3) does not exist
f'(5)=0 (5 =0 3
fr'(,\—)‘:ﬂ' dex<3 f”().’)>0, 2I<;<
f/(_x)>0' >3 fl/(x)>0' >

1”

: 11,'f1_"

Section 5.4 « Assess Your Understanding

i}

359
55. f(2)=0

“T_ flx) =00

56. f'(2)=0
11T' f’(x) = —~0Q

lim = f'(x) =00

£
f'5)=0 f'5y=0

f'x) >0, x<3 f(x) <0, x<3
f"x) <0, x>3 f'x)>0, x>3

57. Graph a function S defined and continuous for —1 <x <2that

satisfies the following conditions:

FED=1 f=2 f@)=3 fO)=0 f(%)=3

Ii , — . ; L | . -
x—»lzrll"“ f (X) e xl-{r!n_ f (X) =-1 xgrln*‘ f/(x) KL

S has alocal minimum at 0, [ has alocal maximum at %

58. Graph of a Function Which of the following is true about the

graph of f(x)=In|x? — 1} in the interval (~1, 1)?
(@) The graph is increasing,

(b) The graph has a local minimum at (0, 0).

(c) The graph has a range of all real numbers.

(d) The graph is concave down.

(e) The graph has an asymptote x = 0.

1
59. Properties of a Function Suppose f(x) = ~ + In x is defined
x
1
only on the closed interval — <x <e.
[
(a) Determine the numbers x at which f has its absolute
maximum and absolute minimum.
(b) For what numbers x is the graph concave up?
(¢) Graph f.
1 1 .
0. Probability The function f(x) = ——e~*" /2, encountered in
6% ERbEIE Jar

probability theory, is called the standard normal density

function. Determine where this function is increasing and
decreasing, find all local maxima and local minima, find all
inflection points, and determine the intervals where f is concave
up and concave down, Then graph the function.

In Problems 61-64, graph each function. Use L'hép.ial’s Rule to find
any asymptotes.

sin(3x) _Jx
6 fo=—E0 g fo=x
& xy/4—at
1 T T
63. f(x)= " 64 Je)=guear Ty =)

-\fIH

L

[}

|
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Calculus Optimization Notes

" Optimization: Optimization is the process of finding the greatest (maximum optimal solution ) or least value
_ of a function (the minimum optimal solution) for some constraint, which must be true regardless of the
solution. Optimization finds the most suitable value for a finction within a given domain.

Optimization steps:
1. Write equation for variable you want to optimize
2. Substitute to get equation in terms of one variable on one side

3. Find derivative, set derivative = 0 and solye,

Example 1: A manufacturer wants to design an open box having a squaré base and a surface area of 108 in?,
What dimensions will produce a box with maximum volume? -




2)

| A rancher has 200 feet of fencing with which to enclose two adjacent rec-
tangular corvals (see figure). What dimensions should be used so that the enclosed
area will be a maximum?




Caleulus AB . Optimization Practice Problems

1. Arectangular field is to be fenced off along the bank of a tiver; no fence is re
fence costs $8 per runing foot for the two ends, and $12 per foot for the side
field of ldrgest possible area that can be enclosed with $3600 worth of fence.

quired along the river, If the matetdal for the
patallel to the river, find the dimensions of the

2. Avectangular storage container with an open top is to have a Volume of 10 ro®. The length of its base is twice its length.
Material for the base costs $10/ m? Material for the sides cost $6/m?. Find the cost of material for the cheapest container.

(Hint: Minimize surface area)

3. A piécé of cardboard measures 10 by 15 in. Fot equal squares are removed from corners of all sides, Find the maximum

volume.

v

4. 1988 multiple choice problem #45 '
The volume of a cylindrical tin can with a top and a bottom 1s to be 167 cubic inches, If a minimum amomnt of tin is to be
used to construct the can, what must be the height, in inches, of the can? (A cylinder with radius r and height % has a volume

of V= m"h and a surface area of § = 2m® + 2rh)



/

5. Highway 400 averaged 54,000 cats per day for its first 5 years charging $0.50 per car. A.sclentific reseatch study concludes
that for every $0.05 increase in the toll, the number of cars will be reduced by 500. In otder to maximize revenue, what toll -
should Highway 400 charge? T

&

/y

[
(I

6. The manager of a department store wants to build a 600 square foot rectangular enclosure on the store's parking lot in order to
display some equipment, Three sides of the enclosure will be built of redwood fencing, at a cost of $14 per running foot.
The forth side will be built of cement blocks, at a cost of $28 per rumning foot. What dimensions will minimize the total cost
of the building materials? What will this minimum cost be? '

7. A 150-toom resort hotel is filled at a room rate of $1235 per day. For sach $5 increase in the room rate, three fewer raoms are
rented. What room rate will result in maximum daily revenue? How many rooms will be rented at that rate?

*

8. A farmer hag 400 feet of fencing to make three rectangular pens. What dimensions x and y will maximize the total area?



5.5 Optimization Homework

PE.

S‘

366-370 #5,6,7,9,12,14

Maximizing Area S -
A gardener with 200 m of 2
: N a
available fencing wishes to L PR
enclose a rectangular field T
and then divide it into two Plot 1 i Plot 2
plots with a fence parallel to r !
one of the sides, as shown in | «x=i v Ziree:

the figure. What is the largest
area that can be enclosed?

Minimizing Fencing A realtor wishes to enclose 600 m? of
land in a rectangular plot and then divide it into two plots with
a fence parallel to one of the sides. What are the dimensions
of the rectangular plot that require the least amount of
fencing?

Maximizing the Volume of a Box An open box with a
square base is to be made from a square piece of cardboard that
measures 12 cm on each side. A square will be cut out from each
corner of the cardboard and the sides will be turned up to form the
box. Find the dimensions that yield the maximum volume.



@

9. Minimizing the Surface Area of a Box An open box witha

square base is to have a volume of 2000 cm>. What should be the

dimensions of the box if the amount of material used is to be
a minimum?

12. Minimizing the Cost of Fencing A builder wishes to fenc®
in 60,000 m? of land in a rectangular shape. For security reason™
the fence along the front part of the land will cost $20 per meter
while the fence for the other three sides will cost $10 per meter

HOW H?UCh of each type of fence should the builder buy t0
minimize the cost of the fence? What is the minimum cost?

14, Maximizing Revenue A charter flight club charges its members
$200 per year. But for each new member in excess of 60, thre
charge for every member is reduced by $2. What number of
members leads to a maximum revenue?



5.5 — Optimization - AP Practice Problems (p. 370)

1. Find the dimensions of the rectangle with the largest area that
can be formed with its base on the x-axis and its upper vertices
on the graph of the parabola y = 9 — x?.

(A) base: +/3, height: 6 (B) base: 3, height: 6
(C) base: §, height: 5 (D) base: 24/3, height: 6

2. A closed cylindrical aluminum can has a volume of 167 in’.
Find the dimensions of the can that minimizes the amount
of aluminum used.

(A) height: 8 in; radius: 2 in (B) height: 4 in; radius: 2 in

. . . ; 1
(C) height: 21in;radius: 4in (D) height: —9—6- in; radius: 3 in



3, What is the ared of the large
parallel to the coordinate axe
ellipse 4x* + y? =167

® 2/2 © 82 I8

st rectangle with sides
s that can be inscribed in the

(A) 4

4. If y = 4x? — 3, what is the minimum
value of the product xy)

@) -1 B 1 © -12 (D) -2

5. What point on the graph of(x —Dy=4x2 0, is clos
=Y est to the

point (1, 0)?
A) (0.-4) (B g



Ch. 5 Unit Review AP Practice Problems (p.385-386)

| Thegraph of a function f is shown below. Which of the
following could be the graph of the derivative function f?

y b
2 27
S AN
' 2 x =
= f'(x)
A YEr@ Pt
(&) ®

(©) (D)

'2. On which of the following intervals is the function
fx) =x* = 2x® 4 x increasing?

(A) (—00, 00) (B) (0, 00)

1 1



3. An object moves along the y-axis, so that at any timet > 0
» . . . . 2 - ’
its position is given by y(t) = te™'". At what time(s) t is
the object at rest?

V2
(A) TO"I)’ (B) Oonly

(©) Oandw? (D) —é—%and--?

4. The polynomial function f has a second derivative function s
Several values of f” are given in the table. Which statement

must be true?
X 0 I 2 3 4
f"(x) 1 =1 ) 0 =2

(A) f changes concavity in the interval (2, 4).
(B) f has a point of inflection at x = 3.

(C) fhasa local maximur at x = 3.

(D) fisnot increasing on the interval (0, 2).

is continuous for all real numbers and has a

5. The function f
4,3)and a relative minimum at (1, -8).

relative maximum at (-
Which of the following statements must be true?

(A) fhasa point of inflection between (—4,3) and (1, —8).
(B) fhasa horizontal asymptote at either (—4, 3) or (1, —8).

(C) fhasat least one Zero.

(D) fis decreasing on the open interval (=4, 1).

e =t



6. The function f(x) = 3x!/3 —dx + 1 has alocal minimum at x =
1

|
a1 B g © —3

(D) 0

)7. Suppose f is a polynomial function of degree greatei
than 2 and f(a) = f(b) wherea < b. Then which of the
following statements must be true for at least one number ¢

in the interval (a, b)?

I. f(c)=0
. fiic)=0
. f"(c)=0
(A) [only (B) Ilonly

(C) Handillonly (D) LII and III

8. Find the absolute maximum value of the function
f(8) = cos® — cos? 6 on the closed interval [0, ).

A1 (B) (&) % (D) 0

D | s



&

) 9. A water storage tank in the shape of a right circular cylinder is
constructed so that the sum of the height and the circumference
of the tank is 300 m. What are the radius r and the height h of
the tank with maximum volume?

(A) radius: SO m; height 200 m
. 100 ;
(B) radius: —m; height 100 m
g
(C) radius: 1007w m; height 100 m

50
(D) radius: }-m; height 200 m

10. Find all the antiderivatives of the function
f(x) = 3x2 + secx — 4e*,

(A) x34tanx —4e* +C

(B) x*+tanx — 2e% + C

sec 3X

©) 23+ —2e2 4 C

(D) x*+2secixtanx —4de* + C



11. Forthe function f(x) = 3+ 3x% +2

ritical numbers df J4
als where the function is increasing and tj
ing. ¢

(a) Find the c

(b) Find the interv
intervals where it is decreas

Identify the local extreme points.
¢ intervals where the function is concave up and

(©

(d) Find th
concave down.

(e) Identify any inflection points.
(f) Find an equation of the tangent line to the graph of f atits
i

inflection point(s).



12. The posit

ion x(2) (in feet) of an object in rectilinear motion for
i

. et 0 <t < 7 (in seconds), is shown in the graph. The graph
timet,0 <1 =< . __ ‘
has horizontal tangents at time ¢ = 1 and ¢t = 5 and has an

inflection point at (3, —-6).

(a)
(b)

13. (a)

(b)
(c)

x()4
10T

-101

=20+

At what time(s) ¢ is the object at rest?

On what interval(s) is the velocity of the object increasing?

Find the general solution to the differential equation
d*y
e oL
2 3x° — 6x

Verify the solution found in (a).

Ziznd the particular solution to the differential equation
Y

— —

2 5
dx? = 3% = 6x with the boundary conditions when x = 0,

then y = 2 ang when x = 1, then y =3,
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