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The discussion in Example 8 forms the basis of the definition of a limit. We state the
definition here but postpone the details until Section 1.6. It is customary to use the Greek
letters & (epsilon) and 8 (delta) in the definition, so we call it the £- definition of alimit.

DEFINITION &-8 Definition of a Limit

Suppose f is a function defined everywhere in an open interval containing ¢, except
possibly at ¢. Then the Iimit of the function f as x approaches c is the number L,

written

lim f(x)= L

if, given any number & > 0, there is a number § > 0 so that

: lwhenever O<fx—c|<d then]f(x)—L|<a|

Notice in the definition that £ is defined everywhere in an open interval containing ¢
except possibly at ¢, If f is defined at ¢ and there is an open interval containing ¢ that
c¢ontains no other numbers in the domain of f, then ll»l;l’}: f(x) does not exist.

Concepts and Vocabulary

1, Multiple Choice 'The limit as x approaches ¢ of a fuiction f
" is'written symbolically as
[(@) lim f(x) (b) lim £(x) (¢} lim f(x)]
X R

True or False 'Thé tangent line to the graph of f at a point
P=(c, f(c)) Is the limiting position of the secant lines passing
through P and a point (x, f(x)), x 5 ¢ asx moves closer to¢,
3. True or False If f isnot defined at x =c, then ;er} £(x) does

not exist,
4, True or False The limit L of a function y= f(x) as x

. approaches the number ¢ depends on the value of f ate,
8. True or False If f(c) is defined, this suggests that ll_r)r:} S(x)

exists,

6. True or False ‘The limit of a function y = f (x) as x approaches
. arnumber ¢ equals L if at least one of the one-sided limits as x

approaches ¢ equals L,

HE

Skill Building

In Problems 7-12, complete each table and investigate the limit.

7. lim 2x

x-1

’ 3 949
9. lim(x* +2)

x a\p['nroaches 0 x approaches 0
from the left from the right
X —~0.1 —0,01 ~0.001 = 0 <« 0,001 0.01 0.1
fR)=x*+2

10, lim (x2—-2)
x—r1

x approaches -1

x approaches —1

fromthe left from the right
— ) D S - S,

X —1,1 -1.01 1,001 -+ —1 + —0.999 ~0.99 —0.9

fx)=x*~2

x2—-9
1. i
R

x approachés‘ -3
from the left
——

x approaches —3
from the right
—_— 2

x approaches 1 x approaches 1 X -35-31-301 > =3 <« —299-20-25
from the left from the right 2
—— — fay=2=2
X 0.9 099 0999 -> 1 <« 1,001 101 1.1 x+3
Fx)=2x 3
. lim = :11-
.8. lim (x +3) X X
X372
x approaches -1 X approaches —1
x approaches 2 x approaches 2 from the left from the right
the right >
from the left, from the right x| —11—-1.01-1.001 - —1 «~0.999—0.99—0.9
X 19 1.99 1.999 — 2 <« 2001 2,01 2.1 ENTIENE
F)=x+3 fo="5
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In Problems 13~16, use technolog

investigate the limit.

oA
G

Lirits and Continuity

y to complete the table and

et

xapproaches 0

x approaches 0
i from the right
<,____....————-—-—-—‘

from the left
iy

In Problems 21

does not exist, exp

21
b4

»

»
N
+

L 8 S

_28, use the graph 10 investigate }me S G- 1 the tn

lain why-

x 02 —0.1 ~001 - 0« 00101 0.2
l o+
2-2¢
Jy=— — ; x
14, lim
x-+1 x ~1
x approaches1 x‘approaches 1---
from the left from the right
X 09 099 0999 — 1 <« 1001 1.01 L1
Inx
f (X) = —*‘]‘ "
M x
15, lim ! _'cosx,jwhere x Is measured tnradians
Xl X 26,
x approacheés xapproaches 0 ¥ Y
~from the left from the right )
% (in rﬂd‘mns) 202 —0.1 ~001 - 0 < 0010102 N y=Je N
' — CoSX ) . '
fla)= c X v
_— 14
~24 | .
16, All_IR) 7 + ol where x is measured in radians ¢ ¥
— 7. 28,
x approaches 0 x approaches 0 ¥
from the left from the right 4
X (in mdiané) 0.2 ~0.0 —0.01 =» 0 <« 001 0.1 02 3T €2 al
¢ sin x 27 5 = ¥=f(x)
= ad y = o+ R
&) 14 tanx | N f 21 (e 2)
- N
In Problems 17-20, use the graph to invesiigate : o
(a) *_lhlg_w_ fi), (b).ﬁ“gl £, (@) lim foo. € x ! A
17. 18. In Problems 29-36, use a graph 4 . . :
y ’ number c. graph to investigate lim £(x) at the
44 .
o} 29, f(0)= {2"+5 ifx<2
4x 41 ifxs2 ate=72
.
* y=f) 3 s \y=
2,9 y=flx) 30, fx)= 2xv +1 ifx<g .
: o 1 2x ifxsg Ae=0
/ 2 "1 X
ifx < 1
13. 20. ifle ate=1
sl Y ifxs1
84
61 ifx<2
3l ot ifx=2 atce?
2k ifxsn
- ifx <1
ifr=1 atem=]

Inbro
dachl

4,
9

I
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_ ¥ ifx<—1 bom—1
M fO)= 421 ifx> -1 ae=

x2 ifx=<0 ate=0
35 f)= Yoy 41 ifx>0 -
x2 ifx<1
36, f()= 2 ifx=1 ate=1
~3x 2 ifx>1

Applications and Extensions

in Problems 3740, sketch a graph of a function with the given
properties. Answers will vary.

3. m fG)=3; lim fx)=3 lm Foy=1;
552 X3~ x5t
f(@)=3 3 =1
38, lim fQ)=0; lim f(x)=-2; lim Fx)=—2;
s~} X2 -3t
f(=1) is not defined; f Q)=~2
%, lim f (=4 Il_i)r(r)l_ fy=-1; xl.ifg+ fx)=0;
fO=-1 f)=2
40, }Lrllzf(x)=2; Xgng[f(x')=0: &ml f=1
fi==1 f2)=3

In Problems 41-50, use eithér a graphora table to-investigate
each limit.

41,_un1’x"§l Cam Z30 aa im 12x)
5t X— x5~ x—5 24(%)—
44, fim [2x] 45, lim {2x]

(1) x=(3)” s>(%

47, lim - —
EACE

49, lim Y] = - im VAT
S lx]-x 50 xl_lf; lx}—x
51, Slope of a Tangent Line For f(x) =3x%

48, lim +/|x|—=x
x—$27

() Find the slope of the seeant line containing the points (2, 12)
and (3, 27):

(b) Find the slope of the secant line containing the points (2, 12)
and (xv f(x))xx # 2'

(¢) Create a table to investigate the slope of the tangent line to
the graph of f at 2 using the result from (b).

(d) On the same sef of axes, graph f, the tangent line to the graph
of £ at the point (2, 12), and the secant line from ().

52, Slope of a Tangent Line For f(x) =x%
(a) Find the slope of the secant line containing the points (2, 8)
and (3, 27). '

(b) Find the slope of the secant line containing the points (2, 8)
and (x, f(x)), x # 2,
{¢) Create a table to Investigate the slope of the tangent line to
(d ic graph of f at 2 using the result from (b).
) .Ofn the sume set of axes, graph f, the tangent line to the graph
of / atthe point (2, 8), and the secant line from (a).

s Using Numerical and Graphical Techniques 87

53, Slope of a Tangent Line For f= %x2 ~1:

(a) Find the slope Msec of the secant line containing the
points P = @, f2))and O= (24 h, fQ2+H).
(h) Use the result from (a) to complete the following table:

h | —05 -01 -0.001 © 0001 01 0.5

i}

mSCC

(c) Investigate the limit of the slopé of the secant line found
in (a) as h = O

(d) What is the slope of the tangent line to the graph of f at the
point P =(2, Fomn

(&) On the sarrie set of axes, graph f and the tangent line to f
at P=(2, f(2))

54, Slope of a Tangent Line For f(x) =x2-1

(a) Find the slope Msec of the secant line containing the
points P = (—1, f(=1yyand Q= (~1+A, f(—1 + h)).

(b) Use the result from (a) to complete the following table:

n |=0.1 —0.01 —0.001 —0.0001 0.0001 0.001 0,01 0.1

Msec

(¢) Tnvestigate the limit of the slope of the secant line found
in(ayash— 0.

(d) What is the slope of the tangent line to'the graph of f at the
point P = (—1, FE=1N?

(6) On the same set of axes, graph f and the tangent line to f
at P=(~1, f(~1)).

C ' U S
46. lll‘;l L2l (3%) 5. (a) Investigate Jim cos — by using 2 table and evaluating the
X—r

, 7
function f(x)= cos — at
X

P11 11 11111

x=-, —— o

n "Zt"‘gy""ﬁ)‘z-ﬁ,“w 'i"z_y —6:8)4) 2—
(b) Investigate }1_:;(}) cos " by using a table and evaluating the

. i3
function f(x)= cos = at

l _l _l _ 1 1111 1
3i 5| 7! 91'<‘i9’775v'§: .

(¢) Cormpare the results from (a) and (b), What do you conclude
about the limit? Why do you thiik this happens? What is
your view about using a table to draw a conclusion about

. limits?

(B (d) Use technology to graph f. Begin with the x-window
[Tzn, 2] and the y-window [—1, 1]. If you were finding
;1_% f{(x) using a graph, what would you conclude? Zoom in

on the graph, Describe what you see, Hint: Be sure your
calculator is set to the radian made.

x=-1,-

. . 3 .
86. (a) Investigate }1_% cos e by using a tabte and evaluating the

function f (x) = cos :\_T-% atx=-0,1, -0.01, —0,001,

~0.0001, 0.0001, 0.001, 0,01, 0.1,
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58.

59

60.
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(d) Investigate l’in}) cos % by using a table and evaluating the
X=r

. i1
function f(x) = cos —at
X

_ 2 2 2 2 22722
TR TR s e
Compare the results from (a) and (b). What do you conclude
about the limit? Why do you think this happens? What is your
view about uising a table to draw & conclusion about
limits?
Use technology to graph f. Begin with the x-window
[~2#, 2] and the y-window [—1, 1]. If you were finding
}i_r)% S (x) using a graph, what would you conclude? Zoom in

©

on the graph, Describe what you see, Hinf: Be sure your
caloulator is set to the radian mode.

i \ .k —8
Use a table to investigate Tim ——.,
x=>2 2

—

(b) How close must x be to 2, so that £ (x) s within 0.1 of the
limit? )
How ¢lose must x be to 2, so that £ (x) is within 0.01 of the
limit?

(©

=

(a
(b)

=

Use a table to investigate Jim (5 — 2x).
X2

How close must x be to 2, so that £ (x) is within 0,1 of the
Himit?

How close must x be to 2, so that J(x) is within 0,01 of the
limit?

First-Class Mail Asof
January 2019, the U.S. Postal
Service charged $0.55 postage
for first-class letters weighing up
to-ad including 1 ounce, plus a
flat fee of $0.15 for each
additional of partial otince up to
and including 3.5 ounces.
First-class letter rates do not
apply to letters weighing more
than 3.5 ounces.

Source: U.S. Postal Service Notice 123, °

(a)

(©

L

SO e s

NIAIYOS SSVID-ISuE wsn <

A

Kathryn Sidenstricker /Dreamstime.com

Find a function C that models the first-class postage charged,
in dollars, for a letter weighing w ounces. Assume w > 0.

What is the domain of C?

Graph the function C:

Use the graph to investigate lim C(w)and lim C(w).
w2 w2+

(b)
(c)
@

Do these suggest that lim C(w) exists?
w2

@

®

Use the graph to investigate lim C(w).
w-0F

Use the graph to investigate lim C(w).

w35 :
First-Class Mail  As of January 2019, the U.S. Postal Service
charged $1.00 postage for first-class large envelope weighing up
to and including 1 ounce, plus 4 flat fee of $0.15 foreach
additional or pzirtial ounce up to and including 13 ounces,
First-class rates do not apply to large envelopes weighing more
than 13 ounces.
Source: U.S. Postal Service Notice 123,

(a) Find a function C that models the first-class postage
charged, in dollars, for a large envelope welghing w ounces,
Assime w > 0.

61.

62,

63.

64,

65

66.
()

Challenge Problems
w

For Problems 6770 .
s 6770, nvestigate eqcp of the Jollowing limits.
Flx) = {(1) ifx isan Integer

67, i
7 Hm fO) 68,

mai ?
(b) What is the domain of C7
(¢) Graphthe function C»
(d) Use the graph to investigat
i ists?
gest that J}l—inl C(w) exists

. ‘o lim C@w)and lim
to fnvestigate T ( wes ot

I d I
¢ w]—lynll' CGw) an w1i>n11+ C(w)'Dn

these sug,
(¢) Usethe graph
Do these suggest that w!i}n}

(f) Use the graphto investigate wl_i,rg+ C(w).

Clw),
C(w) exists?
2

(g) Use the graph to investigate wiug_ C(w),

Correlating Student Success to Study Time  Professor Smigy
claims that a student’s final exam score1s a function of the tip,
(in hours) that the student studies. He claims that the closer to
seven hours one studies, the closer to IOQ% the student score
on the final, He claims that studying significantly less than sevey
hours may cause one to be inderprepared for the test, while
studying significantly more than seven hours may cause
“burnout.” ‘ :
{(a) Write Professor Smith's claim symbolically asa limit,
(b) ‘Write Professor Smith’s ¢laim using the g-8 definition
of limit, )

Source: Submitted by the students of Millikin University.
The definition of the slopé of the tangent line to the graph
of y = f(x) at the point (¢, £(c)) is Mg = lim M

’ ' Xre xX—e
Another way to express this slope is to define a new variable
h=x ~c. Rewrite the slope of the tangent line My USIDg handé
If £(2) =86, can you conclude anything about lim £ (x)? Explain
'your reasoning. =2

It }Lﬂlz F (%) =6, can you conglude anything about ;f (2)? Explain
your feasoniig,

x—3
J—x

The graph of f(x) =
punched out,

()
(b)

is a straight line with a point

What straight line and what point?

Use the graph of f to investigate ¢ ided Limits of /
' vestigat % ffa
¥ approaches 3. gate the one-sided limits of f

()

Does the graph suggest that }11'1% F(x) exists? If so, whatis it
-5

(@)

(b)
(c)

Use a table tg investigate lim (14 )i
. 0 '
Use graphing technolo o

, 8Y to graph = (1 4+-x)/*,
What do (a) ang () su g(x)=(1+x)

) ggest about lim (1 + x)/x 9
=0

Find J; |
ind Ym (1 xyvx,

ifx is not an integer
x-»l}}z f(x)

. . i (,l‘)
69, lim rery  70. lingS

A
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(Preparing for the W@

AP® Practice Problems
1. To investigate xl_igl_ ~/T—x using a table, evaluate 5. ‘The graph of a piecewise function f is shown.
f(x)=/T—x, by choosing )=o)
(A) numbers close to 0, some slightly less than 0 and some /\
slightly greater than 0. .

2.

3

(&) +

(B) only numbers slightly less than 1.

(C) only numbers slightly greater than 1.

(D) numbers close to 1, some slightly less than 1 and some

slightly greater than 1. Use the graph to determine which of the following statements is

X-l)l—[g x3=—~8iscalled a : true.
(A) lower Timit (B) negative limit 4) Iim1 N f(x) does not exist.  (B) XE[?_ fxy=F).
. x>
(C) positive Jimit (D) right-hand Limit © 1iml F(x) exists. . ) }T}‘ F) = FA).
X—¥

“The limit as x approaches 0 of the function f(x) = cosx is

equal to the number 1,” is written symbolically as . ; ,
Ey y Y 6. The table below gives values of three functions near 1.
(&) lim cosy=1 (B) lim cosx=1 .

cosx—=0 X-3CO8X
© Jimcosx=1 (D) limcosx=0 % 07 08 09 085 1 105 11 12 13
. o & 0 0 0 o0 5 09 09 09 09
The graph of a function f is given below. 2(r) 0.9 ~0.95 —0.095 ~0.000 undefined 0,009 0095 095 0.995

h(x) 1.0 0.08 0.008 0.0008 1 0,005 —0.025 —0.05 —0.25

» » For which of thesé functions does the table suggest that the limit
T N as x approaches 1 is 0?

— (A) fonly (B) honly (C) fandgonly (D)' g and h only
1 23 45 6 %

»—wu/?%

Which statement best describes lim3 Fo)? 7] 7. Interpret}i_xg(xf"'-{-i%x —4)=10.

x> :
A) i = im () = [ (%) 8. Use a caleulat : investigate lim Eor )
(A) X;_j{g flx)y=1 (B) P_)n% Flx)=3 J ?1 . Use a calculator to create a table to investigate }1_:}1(1) —

(C) lim f(x)=4 (D) lim f{x) doesn't exist.
. %3 x—3

1.2 Analytic Techniques for Finding
Limits of Functions

OBJECTIVES When you finish this section, you should be able to:
1 Find the limit of a sum, a difference, and a product (p. 90)

2 Find the limit of a power and the limit of a root (p. 93)

3 Find the limit of a polynomial (p. 95)

4 Find the limit of a quotient (p. 95)

5 Find the limit of an average rate of change (p. 98)

6 Find the limit of a difference quotient (p. 98)

AIn Section 1.1, we used numerical techniques (tables) and graphical techniques to

investigate limits. We saw that these techniques are not always reliable. The only way

to be sure a limit is correct is to use the ¢-§ definition of a limit. In this section, we

state without proof analytic téchniques based on the &-8 definition. Some of the results

are proved in Section 1.6 and others in Appendix B. As we will sce, these snalytic

techniques involve using algebraic properties of limits, ’
We begin with two basic limits. 7
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pomen—_—

Two Basic Limits

o lim A=A, where 4 is a constant » Limit of a Root: l‘fé Yk = c/lgng f(x)

x3C

o limx =c,c areal number
Xc

properties of Limits

If f and g are functions for which lim f(x) and lim g(x) both exist,
X— X
and k is a constant, then
o Limit of a4 Sum or a Difference:
Gm[f(x) & g(x)]= lim f(x) & tim g(x)
X x—sc PR

¢ Limit of a Product: Iim[f(x) » g(x)]= lim f(x) - lim g(x)
B o d xX=ye X=e

Limit of a Constant Times a Function: lim[kg(x)] =% lim g(x)
X=re X=»C

& Limit of a Power: }1_13'2 [f(x)] = [ll_)mc f(x)] !

where n > 2 is an integer

¢ Limit of a Quotient: }im {

provided f(¥) > 0if n =2 is even

¢

provided lim g(x) % 0
X~¥C

if ¢ is in the domain of R

mfn,
o Limitof [f)™": lim( £ (x)1"" = [1im 5]

provided [ f (x)]’"_/ # is defined for positive integers m and n

lith f(x)
X=>C

T lim g(x)
X

¢ Limit of a Polynoniial Function: }1_>mc P(x)=P(c)

& Limit of a Rational Function: i&)mc R(x)= R(c)

Concepts and Vocabulary
1 () lim (=3)=

19.

21.

—; () limz=,
x>0

2. If lim f(x) =3, then lim[f (x)F =

3, If lim f(x) =84, then lim &/ f(x)= o,
e X5 23,

4, (@) lim x = i (b)) limx= d

P | x-e

im(x —2)= o (F im ( V= 25,
5 (@) }% (x~2)=___; (b) xl—lbr}1/2(3 +x) ‘
6. (a) lim (~3x)= i (by lim (3x) =

X2 x—0

27.
7. True or False If p is a polynomial function,

then lim p(x) = p(5).
&35

29,
3.

8. If the domain of a rational function R is {x | x 5£ 0},
then Hm Réx) = R(-—).
X*-2
9

True or False Propetties of limits cannot be used for one-sided
limits,

. 1 2 v , 33.
10. True or False If f(x)= G+het+2) and g(x) =x <2, then

; e x+1
Jm f(x)= lim g(x). . % 35,
Skill Building 37
In Problems 1 144, find each limit using algébraic propérties of limits, '
1L 3 i ]
Jim (20x +4) 12. lim [3(¢+1)] 39,

13, x&”jzfx(Sx—l)(x +21 14. xlin_ll[x(,x —1)(x 4 10)]

’Eim3 5% —4

lim [14/ (3¢ +3)(t +4)]
=2

lim (v +x +4)'/2

x—+3

lim [4¢(z +1)]2°

I-—1
.{linq (362 =2t +4)

fim @2x% - 8x%3 4 4x —5)
Xz

. XT44
lim
X4 x

Wb sx
lim ~——
x=>-2 3x—2
lim x4
12 x =2

. x3—x
lim ~——-
x=—{ x4 1

" 2x 16
1 il
i (x+8+x+8>

3 (Fict . \/-;— \/i
15. lim (3¢ - 2% 16, lim (<3 + D2 (5} 41. lim 3——2
x>
" Imevs 18, lim <l*3/5) 43, Jim YEH5=3
x-+8 \ 4 x4 (x —4)(x + 1)

20.

22.

24,

26.

28,

30,

32.

34,

36.

38.

40,

42,

44,

lim N34
Jlim /(e + 12 = 1]
lim (12 +-4)173
Timy (x2 —2x)%/5
x50
lim (=3x%42x + 1)
X0
lim (27x% +9x +1)
xp=i
lim x5
x—+3 ﬁ;

lim 24t -1
%1 3x3 42

L X+2
lim +_
-2 x2 —4

x4 12
im ——-
x——1 x2—1

3x 6
lim [ —— —.
2\ X =2 x-2
lim M
-3 x-3
i Vx41—2
im

=3 x(x=3)
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In Problems 45-50, find each ong-sided limit using properties of
limits.

i (12— 6. lim (3x2 +x
45, xgr:?" (x°—4) 4 x._,%r( )
xz -9 5 .X2 —9
T 48, lim
47. xkxg~x~3 x23t X —3

49, lim (/9 —x2+x)? 50, lim (24/x2—4+3x)
x-»3~ x-2F
In Problems 51-58, use the information below to find each limit.

lim. f(x)=35 lim g(x) =2 limh(x)=0
X=¥C . X—C X->C

51, lim [f(x)—3g(x)] S2. Tim [5 ()]

53. lim Let)P 54. 1 _%;ng%(x—)
s5. Jim 2 6. lim [4/(:) - g(x)]
57, lim [g(lx)]2 58. lim /550 -3

In Problems 59 and 60; use the graphs of the functions and properties
of limifs to find each liniis, if it exists, If the Hmit doés not exist, write,
“the limit does not exist,” and explain why.

9. () Im[£() +g(x)]
®) Hm (£G3) [g0x) — hx))

() }‘gﬁ[f(x) < g(x)]

Y -
10+ y =f(x_) = hx)

()] 1im[2h(x)]
&)
© lim ~y 76

. h(X)
© fim )

60. (a) i 20+ ()

(b) xgtgljg(XHh(x)]
© _nm N0
@ tim £&)

x~3 h(x)
(e ;l_’ﬂg[h P

3 e
(3, —2)Ny = h(»

In Problems 61-66, for each Sunction f, find the limit as x
approaches c of the average rare of change of f from ¢ to x. That is,

find

® NmlFex) - 2n00)%2

m L0~ F©

X=>c X —¢

6l. f(x)=3x2‘ c=] 62. f(x)=,'8x3, c=2

[Y - -
C RN

63. fx)=—2x"+4 e=1
65. F(x)=+% c=1

In Problems 67-72, find the

furiction f. That is, find }}1_%

67. f(x) =4x -3

.69

7. f(x) =7

fx)=3x*+4x+1

In Problems 73-80; ﬁnd hm F(xyand Ilm S (x) for the
given number ¢, Based on the results, determme whether hm f)

exists.
2x—3 if x<1 .
G 7 sw= { it x>1 ate=1
Sx+2 if x=2 )
2 ate=2
74 f)= {1+3x if x>2
3x—1 if x<l
78, f(x)= if x=1 atec=1
if x>1
3x—1 if x<«l]
76, f(x)= i x=1 ate=l
if x>1
1 i x<1
7. fx)= ate =1
x=1 i x>1
2
78, f(x={ 9~2 it 0<x<3 stoes
~9 if x»3
x2—9 it
79, f(x)= x=£3 som3
6 if x=3
if
80. f(x)~{ -4 "t x#2 -
Tif oy
Applications and Extensiong _
M

" Heaviside Functions ,, Problem
exists, of the piven Heaviside funey,

P 0 if t<l
9| 81, u1(1)={ 1
. 1 i t>1 at ¢
0 if t<3
82, 143,(1)={ <9
1 if t>3 at ¢ ==

In Problems 83-92, find each limir
83, lim SHA) -2
-0 h

NERIRR Ry

R AR A At Ty

84,
h
1 1
85. limXth x
pm S, 86,

[imiit of the difference quotient for eqcy
Flx+h) — [
LSRR

h

lim Y FT /5
h

T —
lim 13 733
h-s0 h

64, f(x)=20—08x% ¢x

66, f(x)=v2x, c=5

68. f(x)=3x+35

70, F(x)=2x2+x

72. f(x)—‘f

ms 81 and 82, find ihe limit, ifit
onat e,

=1

3

-0

-

91«

93.

K
N
i Cﬂsh

1 1




Section 1.2 + Analytic Techniques for Finding Limits of Functlons

1/ 1 1 _ 2 (1 1
87 }‘_%[; <4+x—4)] 88. xl—l;nll [x+1 (3 x+4

x—1 . x—2
w. I 7T s v R
13 -3x%43x 1 $3 4 Tx% - 15x 49
9L '\1,1_':11 x%—2x+41 9. x—rn—l's x> 46549

93, Costof Water The Jericho Water District determines quarterly
water costs, in dollars, using the following rate schedule:

Water used
(inthousands of gallons) Cost
0gx=<10 $9.00
10 <x <30 $9.00 4- 0,95 for each thousand
gallons in excess of 10,000 gallons
30 <x <100 $28.00 4+ 1,65 for each thousand
gallons in éxcess of 30,000 gallons
x> 100 $143.50 + 2,20 for gach thousand

gallons in excess of 100,000 gallons

Source: Jericho Water District, Sygsset, NY.

(a) Find a function C that models the quarterly cost, in dollars, of
using x thousand gallons of water.

(b) What is the domain of the function C?7

(c) Find each of the following limits, If the limit does not exist,
explain why.

InCe) limcw Jncw ol
(d) Whatis ,]j%l,r Cx)?

Xy

(e) Graph the function C;

94, Cost of Electricity In January 2019, Florida Power and Light
¢charged custorners living in single-family residences for their
electric usage according to the following table, :

Monthly customer charge for electricity.

$7.98 per household, plus

$0,08692 for each kWH tsed less than or
equal to 1000kWH, plus

$0.10708 for each kWH used in excess of

1000 kWH

Source: Florida Power and Light, Miami, FL.

(a) Find a function C that models the monthly cost, in dollars, of
using x kKWH of electricity.
(b) What is the domain of the function C?
() Find lim C(x), if it exists. If the limit does not exist,
*-+1000 :
explain why.
@ Whatis lim C(x)?
x=0t

() Graph the function C.

95. Low-Temperature Physics In thermodynamics, the average
molecular kinetic energy (energy of motion) of a gas having
m01¢cules of mass m is directly proportional to its temperature T
on the absolute (or Kelvin) scale. This can be expressed as

3
o o
3"V =5 kT, where v =v(T) is the speed of a typical molecule

ar( ) .
time f,and k is a constant, known as the Boltzmann constant.
\“'—N_

101

(a) What limit does the molecular speed v approach as theogas
temperature T approaches absolute zero (0 K or —273°C
or —469°F)?

(b) What does this limit suggest about the behavior of a gas as
its temperature approaches absolute zero?

3x 45  ifxx2

, find
13—-x

96, For the function f(x) = { x>0

(@) lim f.(_z'*“_hh)_:&

h—0~

. feER~F(2)
®) Jim
(¢) Does ’Eirrz] f—(g—_l—-f%:f—@ exist?

ifx>0

97. Use the fact that |x| = {fx i 20 to show that ll_r)r%) Jx]=0.

98, Use the fact that |x] = 4/ x? to show that xh—% |x]=0.

99.

=4

Find functions f and g for which lxﬂr)nc [F (%) + g(x)] may exist
even though lim f(x) and lim g(x) do not exist.
X—=rC . X=>C
100. Find functions f and g for which ;LmB [f (x)g(x)] may exist even
though lim f(x}and Tini g(x) do not exist.
T kg X
f&x)

Find functions f and g for which lilm [——] may exist even
x=c | glx)

though lim f(x) and lini g(x) do not exist.
x>0 X—rC

101,

ol

102.. Find a function. f for which 'li_r>n |f(x)| may exist even

though lim f(x) does not cxist‘c

X—=C
103. Prove that if g is a function for which lim g(x) exists
) x—e
* and if k i§ any real number, then lim{kg(x)] exists
Xo=¥
and limfkg (x)] =k lim g(x).
. X0 X—¥C

104. Prove that if the number ¢ is in the domain of a rational

function R(x) = ) , then lim R(x) = R(c).
X

q(x)

Challenge Problems

xh — g

n
105, Find li i iti
05. Fin _xl_l;f}z 5 » h a positive integer.

—a
n n

A
106, Find lim , n a positive integer.

*—a x+a

10 PIIRT) xM 1 o

7. Find ,ll.l;n] 1™ o positive integers.
5 .

108, Find tim VP21
x=0 X

109, Find Tim YL a0 +bx) — 1
x=+0 ¥ .

110, Find fim Y H@) 0 +a5) (T a0 —1
) x50 x .

. h)— f@©
111. Find ’l,%zi%f—(——)- if f(xy=x|x|.

- et e i
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102 Chapter 1+ Limits and Continu?ty )

AP?® Practice Problems

1. Consider the piecewise-defiried function f given by
if x <1
x? if ~1=xx=<2
hr 412 0 £22
Investigate the limits below arid decide which limit does NOT
exist. :

(A) lim_ f(x)
x>t
(©) lim f(x)
x—+2
Nt f (5“")2
2. limg t—5

(A) =5

. —x ~2
f=

®) Jim £0x)
@) lim f(x)

B0 ©1 Ms

A - f(2 . .
3. Find }1_:5 I.(L%:%OQ for the function f (x) = 3x% — 4,

WO B ©U OB
T . X—§

W23 B 5 ©VE O s

1.3 Continuity

‘ 5.

6.

5] 7.

s.

axZ,.jjfx<2

Forg() =\ 4y 4 b ifx>2

; =7,
x_r)gg(x)

find valuesfora and b so that}

A) a=1,b=5 (B) a=2,b=3

(©) a=3,b=1 ) a=6,b=-5

lim (54/x2— 16+3x)=
x4t

® 0 (C) 12 (D) Thelimitdoes not exi,

) -12

IflimﬂM——-Q and f(x)=0forallx,
X2 x1 ‘

find lim £ (x). ) :

X2

(A ¥22  ® /10 (©) 16 (D) 256

lim[x~ 2 Gx— 7)1 =

x->3

A} 312 2 - 8 N

@ ® 5z ©gm

OBJECTIVES When you finish this section, you should be able to:
1 Determine whether a function is continuous at a number (p . 103)
2 ‘Determine intervals on which a function is continuous (p. 106)

8 Use properties of continuity (p, 108)

4 Use the Intermediate Value Theorem (p. 110)

'tS)on::etimes Him f(x) equals f(c) and sometimes it doe,
e defined and yet il‘)n% J(x) may-exist. In this sectio

s not. In fact, f (c) may not even
N, We investigate the relationship

between }Ln} Fx)and f(c). Figure 21 shows some possibilities
Y y .
L y=f | y=se Iz . Fe .
L | E M -
| | | |
] ]
/_ f(c’f () / i(cyf(v)) o """"Jlé /° J
. .
? : ; / 14 (e fle)) S !
¢ x ¢ ¥ I Ty i ; -
(8) lim £x) = fim f(s) : C " NTM“T““““‘; | - t
foy= D =f©) () lim £ = lim f(x) % i =1 - ’
X3¢ x—ct XerC~ X—)C*f x) f(C) <C) X['l—l?ﬂf(x) xh“::,"i‘f(x) (d),!‘]-i-)m f(x) # lhn f(x) )
IS ot dofhes e (e) i # lim fx
Figure 21 fe) s not defined, £ is deﬁﬁeﬁf ’ xfi()n:)f(x) S:%d
¢) is not defined.
Of theése five graphs “nicest”
is equal to f(c) iuti:tior?sl eth o oo 1 Figure 21(g There, | exists 01
number c. This agrees with tk?; Illr?t‘l/:i’titiﬁs TOPerty are sajq to ;J ~ f('x) - ¢ the
graph can be drawn with Ve notion thyy > contirtuons &
rawn without lifting the pencil, Tho g a function jg continuous i
T ey s Yo PO T - : - - =Hetions fn Flgures 2l(b)-(5) "
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112  Chapter 1 » Limits arid Continuity

Now subdivide the interval [1.20,
o oct sl See Figure 37. :
‘ | We conclude that the
places. |

Notice that a benefit o
iteration results in one additiona

V1Y +XE-X~2

Figure 37

f the method
1 decimal

1,21] into 10

zero of the funct

used in Examp
place of accurac

jon f is 1.20

ceesd

s ubintefvals' each of length 0‘001

Je 10 is that each addjg,
y for the approximatiop,

5, correct to three decima]

03]

e Problem 65. |

Concepts and Vocabulary

1. True or False A polynomial function is continuous at every 13, ¢=-3
real number, ' 15, c=2
2. True or False Piecewise-defined functions are never continuous
at numbers where the function changes equations.
, The three conditions necessary for a function f to be. continuous
at a number ¢ are . , and

17, c=4

[

) ) 1 ,

4. True or False If f is continuous at 0, then g(x) = i S(x)is
confinuous at 0.

« True or False 1f f is a function defined everywhere in an open

o

interval containing ¢, except possibly at ¢, then the number ¢ is In Problems 19-32, detérmine whether the function f is contintious

called a removable discontinuity of f if the fanetion fis not ate,
continuous at.c.
6. True or False 1fa function f is discontinuous at a humber ¢,
then lim f (x) does not exist.
L—rc "

ey % ,
' . 2 fR)== 7 de=—2 22, flx)= -
1. Trueor False Ifafunction £ is continucus on an openinterval * + '
(a,b), then it is continwous on the closed interval [a, 5l . g3 ) 2x+5 ifx=2
8, True or False If a function f fs continuous on the ¢losed ! f(x? T ldx41 ifxs 2 ate=2
interval [a, 8], then f is continuous on the open inteivil (a, b),
) X 2Zx+1 ifx=0
; e o . )= _ o ate=0
dn Problems 9 and 10, explain whether each Junétion is conbinuous or X ifx >0
discontinitous on its domain, 3 .
9, "I"he velocity of a ball thrown up into the air as a function of T ) ¥l ity <d
time, if the ball lands 5 seconds after it is thrown and stops. 5. f(x)= 4 ifx=1 ate= 1
10. 'The temperature of an oven iised to bake a not ncti i -
of i e a potato as a function , 2 ifxs1
. ¥ . x - i
11, True or Fal;e If a function f is continuous on a closed interval 26 bifr<y
[a, b]}, then the Intermediate Value Thearem guarantees that the fw= 2 fx=i atesa]
function takes on every value between f(a) and f(b), ' 2 f
12, True or False Ifa function f is continuous on a closed interval ol
;[,Z b]dgnd f(g]) ;Ién f(b), butboth £(a) > 0 and £(b) > 0, then 27, £(x) -1 ity <y
cording to the Intermediate Value Theorem, £ g . B ; =]
zero on the open interval (a, ), f does nothave o 2 ifxsy e=1
V 3x — 1 if x <1
SkillBuilding—— B fw={ 5 |
_ = atc= i
np = .
( rgblems'l.? '18,. use the graph of y=£(x) (top right), 3x ifxs
a) Determine iff is continuons ate. 2
b)) If f is disconti , 29, =47 ifx<p
(5) a{e j‘{n ls; ‘dtscontmu.ous_’at © state which condition(s) of the Fx) = tEs 0
( ) If iton ofcantmmry 5 {arg) not SlZl‘iuS:ﬁed. 2x if x >0 ac= 0
¢) If £ is discontinyoy ‘ne i ) . '
reonr S at e, determine if the discontinuity is %2 it
@ Ifthe discontinuity s reme 30. f(x; =1
emovable, " T)= :
make f continuons f . able, define (or redefine) f a1 ¢ 1o 2 fx=_y at o
=~]

(%) 19, fo)=x2+1 ate=~1

20, F(xy=x3—35 ate=5

X —

X

at ¢=2

4

i

4

o
y f

o
N

Y

33 7
% [ [.()‘

fobrlas
oSt
e leint

HESLE
§ /=

LY (S



4-342  ifx<0 ection 1.3 » Continuity 7113

| 4 ifx=0 at oo 4. Is £ conti
; fa)= at =0 58, Is ¥ c:om-m»lous a2 Why or why not?
i 16252 o0 5 <4 56, To 7o S 81T Why or why not?
el ¢ < + Is f-continuous at 2,59 Why or why not?
‘ JATx if—4<x<4 @ In Problems 57 and 58:
‘ 3 JO= xt—3x—4 ifx >4 ate=4 gbj g;z tzch'wlqu to graph f using a suitable scale on each axis,
i V x-4 () ec.on the graph from (a), determine where [ Is continuous,

Use N Py v s N
the definition of continuity o determine where f is continuous.

. d ] i
Jn Problems 33-36, each function f has a removable @ f"h; tadvice would you give a fellow student about tising
+ontinuity @t C. Define f(c) so that fis continuous a echnology to determine where a function is cont ?
disco 5 us at c, nuous.?
Xt - 3
Plx) = ey O 2 57. -8 X2 ~3x4+2
B f@=TT W= s pw=T
2
x24x—12 : N )
W, flx)= o3 c=3 : Inh{?roblems 59-64, use the Intermediate Value Theorem to determine
, . ) which of fhefunqtt‘ons must have zeros in the given interval, Indicate
14x ifx<] those for which the theorem gives no information. Do ot attept to

locate the zeros,

A1 K PN

59, fx)=x3~3xan]-2,2)
60, f(x)=x*~1o0n[-2,2]

35. flx)= 4 ifx=1 e=1

2x ifx>1

X2 4+5x ifx<-—1

, x , o
%, fx)=140 fr=-1 c=—1 61 fO)= gy — Lon 10,20)
=3 ifx>-l ' 62, f(x) =43~ 22— x+20n[3,4]
“ 3 ’
In Problems 37—40,-determine whether each function f is 63. fx)= il on [0,2]
continuous o the givén interval. If the answer is no, x—1
state the interval(s), if any, on which f is continuous, 6d. 1(x) X7 3x 42 on (3,01
) Tox-1 T

2
¥, f(x) ="~ on the interval [3, 3)
%=3 In Problems 65-72, verify that each function has a zero in the
indicated interval. Then use the Intermediaie Value Theorentto
approximate the zero correct 10 thrée decinmal places by repeatedly

, | .
8 fly=1+ ” on the interval [—1, 0)
' subdividing the interval containing the zero into 10 subintervals.

1 ) .
3, f(x)= ) on the interval {3, 3] 65. F(x) =x3 4 3% — 5; Interval; [1,2]
66, f(x)=x"~4x+2;interval: [1,2]
0. £ =+/9~a? on the interval [3, 3] 67, F(ry=24% +3x%+4x — Ly interval: (0, 1]
, . , o 68, f(x)=x>—x2—2x+1;interval: [0, 1
In Problems 41-50, determine where each function f is CORHNUOUS. 6. £0 6w 12 iuterval: [3,4]

First determine the domain of the function. Then support your

‘s == 3 — 401 1 2‘, 3
decision using properties of continuity. 70, f(x)=3x%+5x —40; interval: [ ]

7. F=x* —2x3 421x — 23; interval: {1, 2]

2x
L Je =25 42 foy=x+1+575 72, f(0)=x*—x3+x~2 interval: (1, 2]
x .
Bf0) == Dbt A fO=VEE =D I Problems 73 and 74, how that £ h
= -4 diate Value Theorem 1o show that f has a zero in
5, foy 20 £y e (a) Usethe Intermedia
S f(y= — 46. f0)= x =2 the given interval.

(R b} Use technology to find the zero rounded to three decimal places,

;Kl 2 i 4 .
& 4. 5= "2—+—1 48. ‘f(x)=\/:7; 73, Fi) =/ -2 1]

—x £3
4, £ = (x4 55— B3 50. f(x’)=(x+2)”2 74, f(x)=?¢3_x+21n[~2,0]

In Problems 51-56, use the function Applicaﬁ ons and Extensions ‘
rmine whether each function is (@) continuous

JI5-3 if x=<2 Problems 7518, dete v )
i/§ a2 ,Iffom the It (b) confinuous from the right at the number ¢

%2 Ff-lzcx<l

fix)= 0 x? if 2<x<3
75, f(x)={x..1 if x| =1

Lx —2] if 3=x

ate=—1

5] , | ! |
5;, Is £ continuous at 07 Why or why not? 6. fo)= {xz _ 11 | ii 'xllj,ﬁ o
53. s £ continuous at 47 Why or why not? Ix- N
* 15 £ continuous at 37 Why or why not? |
B 6‘5 = e SO o5 SIS
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114  Chapter 1 » Limits and Continuity

7. f()=vEFDE~3) ate=—1
18, f(x)=/(x=1)(x—=2) atc=1

79. First-Class Mail As of January 2019, the U.S. Postal Service
charged $0.55 postage for first-class letters weighing up to and
including 1 ounce, plus a flat fee of $0.15 for ach additional or
partial ounce up to 3,5 ounces, First-class letter rates do not apply
to letters weighing more than 3.5 ounces,

Source: U.S, Postal Service Notice 123.

(a) Find a function C that models the first-class postage charged
foraletter weighing w ourices, Assume w > 0,

(b) What is the domain of 7

(¢) Determine the intervals on which € is continiious,

(d) At numbers where C is not continuous (if any), what type of
discontinuity does € have?

(e) What are the practical implications of the answer to (d)?

80. First-Class Mail As of January 2019, the U.S. Postal Service
charged $1.00 postage for first-class large envelopes weighing up
to and including 1 ounce, plus a flat fee of $0.15 for each
additional or partial ounce up to 13 ounces. First-class rates do not
apply to large envelopes weighing moré than 13 ounces,

Source; U.S, Postal Service Natice 123,

(a) Find afunction C that models the first-class postage
charged for a Targe envelope weighing w ounces.
Assurie w > 0,

(b) What is the domdin of €7

(¢) Determine the intervals on which C is continous,

(d) At numbers where C is not continuons (if any), what type of
discontinuity dogs. € haye?

(€) What ate the practical implications of the answer to (dy?
81, Cost of Electricity In January 2019, Florida Power and Light

charged customers living In single-family residences for their
electric usage according to the following table,

Morithly custorner charge for electricity:

$7.98 per household, plus

$0.08692 for each kWH used less than or
equal to 1000 kWH, plus

$0.10708

for each kWH used in excess
of [000kWH

Source: Florida Power and Light, Miami, FL,

(7) Finda function C that mod
using x kWH of electricity,
() What is the domain of 7
(¢) Determine the intervals o
(d) At nunibers where C

els the monthly cost of

n which C is continuoys,
is not continuous (if any), what type of

discontinuity does ¢ have?
(e) What are the Practical implications of the answer to (d)9

o Water District determineg q“aﬂerly

82. Cost of Water The Jerich the following rate schedule:

water costs, in dollars, using

ed
Water us Cost

(in thousands of gallons) o

0<x=10 $9,004-0.95 for each thousand

10<x <30 gallons in excess of 10,000 gallopg
. 100 $28.00+ 1.65 for each thousang
xxs gallons in excess of 30,000 gajjgy,
x> 100 $143.50 -+ 2.20 for each thousand

gallons in excess of 100,000 Ballon

Source: Jericho Water District, Syosset, NY.

() Find a function G that models the quarterly cost of
using x thousand gallons of water.

(b) What is the domain of 7 . N
(¢) Determine the intervals on which C is contintous,

(d) At numbers where C' is not continuous (if any), what type of
discontinuity does C havc? 7
() What are the practical implications of the answer to ()}

83. Gravity on Europa
Eutopa, one of the larger
satellites of Jupiter, has an
iy surface and appears to
have oceans beneath the
ice, This makes it a
candidate for possible
extraterrestrial life,
Because Buropa is much

smaller than most planets, =]
its gravity is weaker, Tf we &
think of Europa as a 5
sphere with =

uniforr intemal density, then inside the sphere, the gravitational

e G
field ¢ Is given by 8(r)= *R?I', 0<r <R, where R it the

lolowing,measured values: Europa's
meters, and G = ¢,67 f ramsl,lns radius is 1,569 x 106

. 10~
() Compare the resu]
t £ .
Barth's Surface whi;u?sdgl K;(b) to the gravitational field on

84. Find constants 4 and g 50

for all x, Graph the re that the funcyj

Sulting functiop,
(12 if —co <X <0
T@=yt-xy Osy<l
¥+B if h \ <o

o

N

LN
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Find constants A and B so that the function below is continuous
8. f(:f all x. Graph the resulting function.

x4 A if —o0 <x <4
fey={ a—DF i 4sx=9
Bx+1 if 9=<x<oo

¢he function f below, find k so that f is continuous at %

N TR

x=2

86, For

5 )
if x= —v—2-,x7£2

)=
1e if x=2

*¥2—6x—~16

87, se f(x) = —— ===
87, Suppose f P Tn )4

(a) For what numbers x is f defined?
(b) For what numbérs x is f discontinuous?
(¢) Which discontinuities, if any, found in(b) are removable?

48, Intermediate Value Theorem

(a) Use the Infermediate Value Theorem to show that the
function f(x)= sinx +x — 3 has a zero in'the
interval [0, 7],
(% (b) Approximate the zero rounded to three decimal places.

89, Intermediate Value Theorem

(a) Use the Intermediate Value Theorem to show that the
function. f(x) =¢€* A x — 2 has a zero in the interval [0, 2].

{2 (®) Approximate the zero rounded to three decimal places.
In Problems 90-93; verify that each function intersects the given line
in the indicated interval. Thet use the Intermediate Value Theorem to

approximate the point of intersection correct to three decimal places
by repeatedly subdividing the interval into. 10 subintervals.

90, f(x)=x"~2x2~1;line; y=~1; Interval: (1,4)
91, g(x) =—x*+3x2 +3; line: y =3; intepval: (1, 2)

92, h _x3_5' ine: ve=1: 1 15 (1,3)
] (x)—x2+1,lxne.y~ s interval; (1,
9, rix)= =6 tine: y=—1jinterval: (0, 3)
X242 '

94. Grapha function that is continuous on the closed interval [5, 12],
is negative at both endpoints, and has exactly three distinct zeros
in this interval, Does this contradict the Intermediate Value
Theorem? Explain,

Graph a function that is continuous on the closed interval [-1, 2],
is positive at both endpoints, and has exactly two zeros iri this
Intetval, Does this contradict the Intermediate Value Theorem?
Explain,

Firaph a function that is continuous on the closed interval [—2, 3],
I8 positive at —2 and negative at 3, and has exactly two zeros in
this interval, Is this possible? Does this contradict the . -
Intermediate Value Theorem? Explain.

Qraph a function that is continuous on the closed interval [~5, 0],
Is n;cgative at -5 and positive at 0, and has exactly three zeros in
the interval. Is this possible? Does this contradict the Intermediate
Value Theorem? Explain.

Lf
%8, (@) Explain why the Intermediate Value Theorem gives no

infqrmution about the zeros of the function f(x) =x% ~ 1 on
the interval [=2, 2],

95

96,

91,

L e Wt SN VN e I A
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(A% (b) Use technology to determine whether or not f has a zero on
the interval [—2, 2].

99, (a) Bxplain why the Intermediate Value Theorem gives no
information about the zeros of the function
f(x)= In(x*+2) on thé interval [~2,2].

(A (b) Use technology to deterniine whether or not f has azero on
the interval [—2, 2].

100, Intermediate Value Theorem

(2) Use the Intermediate Valug Theorem to show that the
functions y = andy=1~— x? intersect somewhere
between x =0 and x = 1.

(A (b) Use technology to find the coordinates of the point of
intersection rounded to three decimal places.

@ (¢) Use technology to graph both functions on the same se; of
axes. Be sure the graph shows the point of intersection.

101. Intermediate Value Theorem An airplanc is traveling ata
speed of 620 miles per hotir and then encounters slight
headwind that slows it to 608 miles per hour. After a few
minutes, the headwind edses and the plane’s speed increases to
614 miles per hour, Explain why the plane’s speed is 610 miles
pér hour ofi at least two different occasions during the flight.
Source: Submitted by the stidents of Millikin University.

102, Suppose a function f s defined and coritinuous on the closed
1 .
interval [a, b]. Is the function ki (x) = —— also continuous on

f&)

the closed interval [a, b]2 Discuss the continuity of & on [a, B].
103. Given the two functions f and h:

OW
f@ =2 =3 4r 412 '.h(x)={'x—-—3_ Hx3
p  ifx=3

{(a) Find all the zeros of the function f.

(b) Find the number p so that the function 4 is continuous at
x =73, Justify your answer,

(¢) Determine whether h.‘with the number found in (b), is even,
0dd, or neither, Justify your answer.
104, The function f(x) = %—l is not defined at 0. Explain why it is
impossible to define £(0) so that f is continuous at 0,

£

105. Find two functions f and g that are each continuous at ¢, yet =
is not continuous at ¢, 8

106, Discuss the difference between a discontinuity that is removable
and one that is noriremovable, Give an example of each.

Bisection Method for Approximating Zeros of a Function Suppose
the Intermediate Value Theorem indicates that a function f has a zero
in the interval (a, b). The bisection method approximates the zéro by
evaluating f at the midpoint my of the interval (a, b).If f(my) =0,
thern my is the zero we seek and the process ends, If f (my) #0, then
the sign of f(my1) is opposite that of either f(a) or f(b) (but not both),
and the zero lies in that subinterval, Evaluate f at the midpoint my of
this subinterval, Contirue bisecting the sublnterval containing the zero
until the desired degree.of accuracy is obtained.

In Problems 107114, use the bisection method three times 1o
approximate the zero of each function in the given interval,

107, f(x)=x®43x~5; intervali[1,2)
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108, f(x)= x3—=4x+2; interval: [1,2]

109, f(x)=2x343x%+4x—1; interval: [0, 1]
110, f(x)=x3—x2~2x-1; interval: [0, 1]
111,
112,
113.
114,

fx)=x3~6x—12; ‘interval: [3,4]

Flx)=3x>+5x ~40; interval: [2, 3]
Flxy=x*~2x3421x —23; interval: [1,2]

FOy=xt =23 x ~ 2y friterval; 1, 2]

Intermediate Value Theoréin  Use the Intermediate Value

Theorem to show that the function f(¥) = +/x2++4x — 7 has a

zero in the interval [0, 1], Then approximate the zero corregt to
one decimal place.

115,

116, Intermediate Value Theorem Use the Intermediate Value
Theorem to show that the function f(xy=x% — x +2 has a zero
in the interval [—2, 0]. Then approximate the zero correct to two

decimal places.

117. Continuity of a Sum If f and g are each continuous at ¢,
prove that f - g is continiious at ¢,

* Hint: Use the Limit of a Sum Property.

118, Intermediate Value Theorem Suppose that the functions

£ and g are continuous on the interval [4, b]. If F(a) <. g(a)
and f(b) > g(b), prove that the graphs of y = Fie9)

and y = g(x) intersect somewhere between x = and ¥ = b,
Hint: Define h(x) =, (x) - g(x) and show h(x) =0 for some x
between g and b,

Challenge Problems T

w4
X

»
'

——

¢ Value Theorem Let f(x)= P

" Theorem to prove that there j
Use the Intermediarc Val;efor which f(c) =0.

tween 1 and .

; ”:n ::efii:ete Value Theorem Prove fhat tzhere Is a req|

- ‘eber ¢ between 2.64 and 2,65 for which = 7,

. fla+h)—f@a).
h

implies fis

119, Intermediat
a rea]'

120.

Show that the existence of ’{1_%

continuous at x =a. A ' |
Find constants A, B, C, and D so that the function below i

121.

122. continuous for all x. Sketch the graph of the resulting functiop,
2 4x-2 if —00 <x<1
x -1
S@O=\pe-0P i 1<x<d
D lf X = 4
\ 2x—8 if 4 <X <00
123. Let f be-a function for which 0 < f(x) <1 for all x in [0, 1),

If f is continuous on [0, 1], show that there exists at least one
number ¢ in [0, 1] such that f(¢) =c.
Hint; Let g(x) =x — f(x).

AP?® Practice Problems

(Preparing for 'the

: 1. The graph of a function 7 is shown below. Where on
" the open interval (—3, 5) is f discontinuous?

/ i
_5/’ - J[
(A) Bonly (B) —1and3 only

©) Lonly (D) —~1,2,and3
' 2, The graph of a function f is shown below.

\y y=Ff
3 s O
1/\

S B R T e

}

"
If lm f(x) exists and £ is not continuous at ¢, then ¢ equals

A -1 ®B1 ©2 @3

3.

]

105

s.

({f) 6.

‘ , 1,

: 5
How should the function f(i) = X =25

be defined at —5 to

make it continuous at —59 +s
(A) -10  (B) -5 © o ®) 10
Y& F3 ~ /515
4 A= Ty i xs£10
L2 if x=10

and if £ is continuois at x =10, then k —

1
A) o B T ©1 oo

xf}x_rg fx)=L,where L, is 5 real number,
following must be true?
(A) f is defined at x = e
© flo=L

I f(x)=x3 = 2x 45 ang if
nuriber ¢, then ¢ is between

which of the

(B) fis continuous at x =¢.
(D) Nong of the above.

Sle) =0 for anly one real

(A) —4and -3 (B) —2and — © ~lmdl © { and?

A inuous at al| real ny ~8)=3
and f(=1) =4, It mbers, and f(-8)
nurber x could s,aﬁs{yh;? o e real zero (root), then which
A) —1o . (B) ~5

(C) 0 (D) 2

Liaat 0 o R0 1.0 AL . A M
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Section 1.4 « Limits and Continuity of Trigonometric, Exponential, and Logarithmic Functions M7

. Let f be the function defined by 10, The function f is continuous on the closed interval [~2, 2],

2 if x<0 Several values of the function f are given in the table below.

) i 0sx<l x [—-2]0[2
FO=9a_x it 12x<2 7o 13 ]2
\x-3 if x=2 The equation f(x) =1 must have at least two solutions in the
For what numbers x is f NOT continuous? interval [-2, 2] if ¢ =
(A) 1only (B) 2only (A) 1 ®1 ©3 4
(C) 0and?2only (D) Land?2only 2

{x2—2x+3 if xx1

The function f is continuous on the closed interval [—2, 6], 11, The function f is defined by f(x) = pres i€
— ' ~2% if x>

If f(—2) =7 and f(6)=—1, then the Intermediate Value .
Theorem guarantees that ~ (a) Is f continuous at x =17
) (b) Use the definition of continuity to explain your answer.
(A) fO)=0.
(B) f(c)==2 for at least one number ¢ between —2 and 6,
(C) f(¢)=0 for at least one number ¢ between —1 and 7.

(D) —1 = f(x) <7 for all numbers in the closed
interval [—2, 6].

1.4 Limits and Continuity of Trigonometric,
. Exponential, and Logarithmic Functions

OBJECTIVES When you finish this section, you should be able to:

1 Use the Squeeze Theorem to find a limit (p. 117)
-2 Tind limits involving trigonometric functions (p. 119)

3 ‘Determine where the trigonometric functions are contimuous (p. 122)

4 Determine where an exponential or a logarithmic function is continuous (p. 124)

Until now we have found limits using the basic limits

lim A= A limx=c¢
Xre x—>c

and algebraic properties of limits. But there are many limit problems that cannot be
found by directly applying these techniques, To find such limits requires different
results, such as the Squeeze Theorem,* or basic limits involving trigonometric and

exponential functions.

- 1 Use the Squeeze Theorem to Find a Limit
To use the Squeeze Theorem to find )1‘1_*rri g(x), we need to know, or be able to find, two
functiotis f and A that “sandwich” the function g between them for all x close to ¢. That
is, in some interval containing ¢, the functions f, g, and A satisfy the inequality

: ¥ F(x) <8(x) 2h ()

Then if f and h have the same limit L as x approaches ¢, the function g is “squeezed”
to the same limit L as x approaches c. See Figure 38,

lim f(x) = L, lim h(x)= L, lim g(x) =L
Xmpe Jlim x) 'xl-icg()

Figure 38 We state the Squeeze Theorem here. The proof is given in Appendix B,

*The Squ‘ecze Theorem is also known as the Sandwich Theorem and the Pinching Theorem.
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Section 1.4 » Limits and Continuity of Trigonometric, Exponential, and Logarithmic Functions
Figures 47(a) and 47(b) illustrate the graphs of f and F.
fo Y [
I 1
{
_1 r
B ¥ } t -2
~72 9 X
3
(a) flx) = & ) Fx) =VInx
. Figure 47
[N[OTTAWIS1:1d Problem 45 and AP® Practice Problems 3, 5,and 9.
Summary Basic Limits
¢ lim A=A, where A is aconstant e lim;v =¢ ¢ limsinx=0 o limcosx=1
e . x-+c 20 x>0
P . . . sinf@ | . cosé—1
¢ limsinx==sin¢ ¢ limcosx=1rcos¢ ¢ lim——=1 o lim———=0
x=¥¢ X-rc 80 >0 (]
¢ lima*=g%a>0,a31 o lmlog, x=1log,c, ¢>0,a>0,a#1
X=>C X—¥C : .
1sic
Concepts and Vocabulary
1. limsinxe= 11, lind (cosx+ sinx) 12, lim {sinx =~ cogx)
X0 - - { x=xn/3 x—>m/3
cosx —1- .
2. True or False lim ——— =1 3. fim S ® _smx
320 X 13. %30 1+ siny 14. }1_:310 1+ cosx
3. The Squeeze Theorem states that if the: functions f, g, and 15 5 e
an open interval containing ¢, €xcept possi c, 7. lim(e* sinx i (o= ‘
— if lim £(6) = lim h(x) =L, then lim g(x) = : lim(e” sinx) 18. lim (e~ tanx)
X=*c X=¥C X~+C e"
4. True or Faise f(x) = cscx is continuous for all real numbers 19, limin (-) 20, lim In (i)
x=1 X x=+1 \e¥
except x =0.
21, tim - 22, lim 12
Skill Building a0 Itet T e
i In Problems 5-8, use the Squeeze Theorem to find each limit. In Problems 2334, find each limit. 7
i) 5. Suppose —xZ+ 1% g(x) <2 + 1 forall x in an open sin(7x) sin 1;—
M i . ) H 5 Mgt i1 b N
interval containing 0. Fmd}i_x)r(x) g(x). | 23, }ng - 24, ll—% = ,
in"'d 6 Suppose —(x —2)? —3<g(x) < (x —2)>—3 forall x 25. lim 6 +3sin6 26, i 25 38in(x)
in an open interval containing 2. Find lim g(x). g0 20 * xa0 X
X S . s
7. Suppase cosx < g(x) <1 for all x in an open interval 27, lim - §in 6 28. lim tang
containing 0, Find lim g(x). -0 6 + tan® 80 0
=0 ‘ _ 20, lim —- 30, 1 SG9)
’ 8, Supp(?sg ~x2 4+ 1< g(x) < seex for all x in an open intervat ' 9400 csch " sin(20)
{ containing 0. Find lim g(x). 2
2 ? R ) 31, fim S0 3. Jim SSUO 1
“gl'f:‘; In Problems 9-22, find each limit. ? 00 0 T, 80 26
08 9 limicd s « s . , ) - . cotd —cscd
5 g No(x + sinx) 10. _il_rbr(n)(x - COSX) 33, ggﬂ)(e cote)x a4, 9[1_% sin@ - ——

N ) M e bR
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Chapter 1 Limits and Continuity | '
126 ’ ' _l;ffff ifx #0 continuous at 07 }F
; ; X
In Problems 35-38, determine whether f is continyous at the 61. Is f(X) = 0 if x =0 |
nittber <. ‘ ; fgin | ~ 1] =0, w :
3cosx if x<0 0 Theorem Show that 31_% [x x heren @y
if x= =) 1eeze ,',
- % fw=y 3 Hx=0 A 62. Squee s Look first at Problem. 56, ;
\ X +3 1 ,js a pOSitivel mgtege(;'. Hint: Use . unit circle as ShOWﬂ iﬂ thﬁ ﬁgure‘ b
cosx i x <0 63. Prove Jim ST use the fact that sin 6 is less thy, ¢
36 f()=< 0 “if =0 ate=0 uming 0 <8 <E,Thcn 7 v
& if x>0 first assth ft.he utc AP, and the Squeeze 'It'heorem, to show thy '
the length of't « 4 similar argumen »
sing  if 8= T . - fim sind = 0, Then use a sSimud g g)‘/
7, f(a)____ ' x atC=Z 0—>U+ . . 6-:0'
cosf ift9>‘4 with __f_ < <0 to show 92%1“ sin -
tn~'x  Jf k<1 y '
= te=1 L i
38, f(x)= { s il atc » 7(005 0,5in8) @1&
!
It Problems 3946, determiné where [ is éontinuous. ) f:\:
72
2.4 _ x*—5x%+1 ) ) 4 ]
39, f(x)=sin (-xx — 4x> 40. f(x)= cos (T 7 A=(1,0 !
\ — -
) S0 o 1 B = (cos 6, 0), |
A IO=158 2 10 = s 1 @l B
4. fo= 1“"3 4, F0=In(*+1) al
X =z &
45, f(x)=e*sinx 46. f(x)= Tres - o B
Applications and Extensions 64, Prove éin}) cos8 = 1. Use either the proof outlined in Problem 63 .
pp ' ) ‘ ; , ora probf vsing the result lim sin@ =0 and a Pythagorean I
In Problems 47-50, use the Squeeze Theorem to find each limit, identi 00 '
Identity. [ i

47, P—XPO (x2 sin %) 48,

1
49, lim [x2 <1 - CO§ —)}
x—+0) X/

In Problems 51-54, show that each statement is true.

lim ‘[x '<1 — CO8 l)]
x>0 X

50, Iin‘(l) [\/x3 +3x2sin %]
X~

. sinfax) a . cos(ax)
. T = E 2. ]J = 1
51 P—% sin(bx) b b #0 3 x—% cos(bx)
.. sin(ax) _a,
Bl = 0RO
o 1—cos(ax)
54. l%*i]—;—_o, a#0,b#0
58, Show that lim 1~ czosx = 1
x>0 X 2

86. Squeeze Theéorem If 0 £ f(x) <1 forevery number X,
show that lirr%) [x2f (x)] =0,
X

Squeeze Theorem If 0 < fx) =M for every x,
show that _Iixra [x2 £(x)]=0.
K-

57

58. 'The function f(x) = sin(rx) is not defined at 0. Decide how to

define £(0) so that S s continuous at 0,

59. Define f(0) and S (1) so that the furction J®) = .mi’x_) is
continuous on the interval [0, 1]. *(1=x)

sinx
60. ISf(x): { X
1 fx=0

ifx =40
: continuous at 0?

)

3
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65. Without using limits, explain how you can decide
whether f£(x) = cos(5x® +2x? — 8x 1) is continuous.

o B
66. Explain the Squeeze Theorem, Draw 4 graph to illustrate your ‘ :l' I,
explanation, Uiy

Challenge Problems —_—
67. Use the Sum Formulas sin
and cos(a + b)Y = cosq co
function and cosine functi
)
68. Find Jjm 0%
=0 x
Squceze Theorem 1f Fx)= { b ifx s rational
. ] 0 - f ¥ i i
show that }L‘I})[x £ =0, I X is irrational

Suppose points 4 and
respectively, are give

(@4b) = sing cos b+ cosasinb
sb — siitasinb to show that the sine
On are continuous on their domains.

69

70

B with coordinates (0, ) and (1,0),
b % Let # be 4 number greater than 0, and 14/
¢ an angle with the Property 0 « g <z

triangle ABC where o oy

— AC and ZF s el i
and BZ form the gl s AB form the angle 4, and BC &0

POInt of interseqgion a a SC© the figure bejow), Let D be the
What is ttrllcelrier?ttilr?; I?gs?t# with the Pilpengilc(:t:‘lzr frim co?
gy B 00 of D pq'0 approaches 07

. Construct a

" e R R e
s &3 «?T S e e
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( Preparing for the ({3° (3% )

AP® Practice Problems

in(2.
‘ ’ smz( x) ifx %0 1
1. The function glx)= 4 =% 6. Find lim —— if it exists.
k  ifx=0 x-+0 X CSCx

is continuous at x = 0, What is the value of k?

wo ® % @1 o2

. sin(4x)
) 2 ll-% %

v ! ' '
&0 @B 5 ©1 O2

¥ 42x%ifx <=2

(A) -1 (B)0 (C 1 (D) Thelimitdoes not exist.

sin (x — E)
7- hm -—————3 ==
=3 T

3 7
(A) 3 @ 0 ©1 O 7

. » 1 cosx
i) 3 The function f(x) = : . . |} 8 lim =
1) 3. The function () { et jf x> 2 v 70 3sin’x
Find lim_f(x) if it exists. 1 1 1 v
x—>—2 A) g (B) 3 © 5 D) 1
A0 B 1 (©) 16 (D) The limit does not exist. .
u @) 9 Iff(x):{ Inx if 0<x<3
5 - cos?(3%) \ @2x—-3mIm3 if x=3
4, lim ————— = , .
J x-0 x then 1111% fx)=
: X%
(A) 0 B) 1 C) 3 D) 9 X
. @ ®) © D) (A) In3° (B) 3 (C) In9 (D) The limit does not exist.
5. ‘Which of the following functions are continuous for all real -  tan(2x)
numbers x? @ 10. l}f}}) 3x =
L f(x)=x' 1 1 2
I g(x)=secx Gy 3 B 5 © 3 D) 2

L a(x)=e™
(A) Tonly
(C) Iand HI only

RECALL “T'He“syrﬁbolé oo‘(i'r']fini.ty) and
=00 (negative infinity) are not numbers.
The symbol oo expresses unboundedness

‘In the positive direction and —oo expresses

{inboundedness In the riegative direction.

(B) land H otily
(D) 1,10, and I

- 11 lim <x3 sin— | =
. — x>0 X

(A -1 (B)0 (C)1 (D) Thelimitdoes not exist.

1.5 Infinite Lim’its; Limits at Infinity; Asymptbtes

OBJECTIVES When you finish this section, you should be able to:
1 Investigate infinite lirnits (p. 128)

2 Find the vertical asymptotes of a graph (p. 131)

3 Investigate limits at infinity (p. 131)

4 ¥ind the horizontal asymptotes of a graph (p. 138)

5 Find the asymptotes of the graph of a rational function (p. 139)

We have described li_’nz f(x) = L by saying if a function f is defined everywhere in an
X N ’

open-interval containing ¢, except possibly at ¢, then the value f (x) can be made as
close as we please to L by choosing numbers x sufficiently closeé to ¢. Here ¢ and L
are real numbers. In this section, we extend the language of limits to allow ¢ to be co
or —oo (limits at infinity) and to allow L to be oo or —oa (infinite limits). These limits
are useful for locating asymptotes that aid in graphing some functions.

We begin with Infinite limits.
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Concepts and Vocabulary

Chapter 1 « Limits and Continuity

AisJAssess\Vour,URderstanding

1. True or False 00 is a number.

2. (@) lim l=_;(b)
x40" X

© lim hx=___
x—=0F

(<)

1
lim —-=
x—a0F X

« True or False 'The graph of a rational function has a vertical

asymptote at every number x at which the function is riot defined.

Eel

of the graph of f,

n

1 ,
@ s —m

S

True or False

@

lim 5
Kok 00

N

lim ef =

—i(b) Iim &
x>

If lin‘J‘ F(xy=o00, then the line x =4 is a(n) ____ asymptote
X

|l o
lim —=__. () liminx=___
X-+00 X . X300

=0,

8. True or False The graph of a function can have at most two

horizontal asymptotes.

Skill Building

In Problems 9-16, use the accompanying graphof y = f(x),

9. Find xl_xg]of(x),
10. Find lIim f(x).
X~ —00
11. Find lim_ f(x).
i
12, Fmdx—{l—l}}'!' f(x).
13, Find lim f(x).
X3
14. Find i .
in xlgtgg fx)

15. Identify all

vertical y=2

asymptotes, P T lﬁ
16. Identify all

horizontal

asymptotes. x=3

In Problems 17-26, use the graph (1op, right) of y = f (x),

17. Find fim fo,
X300

19, Fmd lim fx).
53

21 Find lim f(x).
=0~

23, Find lim f(x).
X34

‘h, '

l‘ W.i“ Wt

18, Fi i
‘ Fmdxgr_nmf(x).
20. Find lm f(x).
x—>—3+
22, Find Ji .
ind firm, fx)

24, Find lim f(x).
e

=@ Jim =

25, Identify all vertical asymptotes.

26, Identify all horizontal asymptotes.

Y =flx

In Problems 43-60, fing éach limjy,

43, fim -2 __

x500 ' 5y
ﬂ 47, lim X +x2+2x_1
X000 x3+x+l

- 49, lim x2+1

X =00 x3 1

44,

46.

50,

s T

________ J ———
i
I
]
[
i
x=4
In Problems 27-42, find each limit,
27, Tim 2% 28, lim 2t
- A At X4
2x
29, 1
x—gl“* x2—4 30. X‘l_l)r{lq £33
3. dim X3 32. Sx+3
Xl XX 1) x=0=5x(x —1)
33, lim X
xv=3m 4% -9 M. o, x4
N
35, lim ——2_ ; x+2
AT ) 36, lim -2 T2
. 3 (3-x) x>0l G b 12
i .
g COLF 38, 11m/ tan x
. Kb /2™
39. I
H:?N ese(2x) 40, limj secx
b )2
41. 1
ey G+ 1) 42,

ng‘F In(x — 1)

lim
¥ x2 9

lim xtl
X300  x

2x2 5542

1
¥=00 Sx2 475 — 1

lim x%—2x 41
B

P Pﬂ)bkﬂﬁ

il
g o

@a. [

8 Ji-

nProblems
(o Fid e
) Foday
() Fig "
MJ Dkﬂm

d?ﬁnfd

i R(-I)ﬁ
#, R(l)z

L Ay,




i1

Ix 2241 . 1 x+1
. e 52, it e et
51 xl;lwxgo (2x+5 4x2+8) xli?olo <x2+x+4 3x—1

In Problems 6166, find any horizontal or vertical asymptotes of the
graph of f-

. 1 . \ 1
61. f(x)=3+;' 62. f(x)=2——ﬁ

; X w1
63. f0) =737 64 f)=—73
13
V2R~ x 41 R 7
6, Flo= Y2t 66, flx)em LEEIT

2x—3 x —6

In Problems 67=72, for each rational function R:

(a) Findthe domainof R.

(b) Findany horizontal asymptotes of R.

(¢) Find anyvertical asymptotes of R.

(d) Discuss the behavior of the graph at numbers where R Is not

78

defined.
@, Repy= 2oL 68. R(x)= may
' T 2x3 442 ! xt -1
2.3y —10 . - 1)2
o Rgy= Xt3x 19 0. R(x)=——"73
R=5e 7576 7 ROy
v x3 —1 . 4x5
. R(x)= P 72. ROY=13 7

Applications and Extensions

(@) Sketch a graph of a function f that has the given properties,
(5) Define a function that describes the graph.

B =0, lim fe)=1, lm f@x)=1 lim_ f(x) =00,

x—1~
I _
om f(x)=—00
M @=0, Jim f()=0, lm f)=0, lim @) =00,

Jm £ (x)y= o0, Jim, fx)y=00

Section 1.5 « Infinite Limits; Limits at Infinity; Asymptotes

5541 [ Ax—3
. X, 54, i t,
53' XLHPOO (28 3x ) 5 xl:lzloo (e v2x3 — X2 ‘
i L2 s6. lim Y2012
55 xlggo 3x—4 T s X246
3a? -1 1603 + 25 + 1\
i — 58, i —
57- xl-—I{Io]O x2 +4 X1>r[010 ( 2x3 F Bx
m % 60. tim - b
5. x—iIPoo x241 ) x——>r—noo x—2

In Problems 73 and 74: {?i(! 79.
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75. Newton’s Lﬁw of Cooling  Suppose an object is heated to a

temperature ug. Then at time ¢ = 0, the object is put into a

medium with a constant lower témperature T causing the

object to cool. Newton’s Law of Cooling states that the

temperature # of the object at time ¢ is given by

w=u(t) = (wo - T)e" + T, wherek <0 is a constant,

(a) Find tlim #(¢). Ts this the value you expected? Bxplain why
—> 0

or why not. »
(b) Find lim+ u (). Is this the value you expected? Explain why
=0

or why niot.

Source: Submitted by the students of Millikin University.
Environment A utility company burhs coal to generate
electricity. The cost C, in dgllars, of removing p% of the
pollutants emitted into the air is
70,0004
o= 100002,
. 100—p
Find the cost of removing:

(a) 45% of the pollutants,
(b) 90% of the pollutants.
(¢) Find lim C.

p- 100~

0<p<100

(d) Interpret the answer found in (¢).
Pollntion Control The coest C, in thousands of dollars, to
rerove a pollutant from a lake is

- Bx
€= 155

where x is the percenit of pollitant removed. Find 11'{510 C(x).
x~+1007

0<x <100

Interpret your answer.

Population Model A rare species of insect was discovered in
the Amazon Rain Forest, To protect the species, entomologists
declared the insect endangered and transferred 25 insects to a
protected area, The population P of the new colony ¢ days after
the transfet is

50(1+0.51)

PO==1501

(a) What is the projected size of the colony after 1 year
(365 days)? . '

(b) What is the largest population that the protected area can
sustain? That is, find _llim Pq).
- 0Q

@ (¢) Graph the popilation P as a function of time ¢.

(d) Use the graph from (c) to describe the regenération of the
insect population, Does the graph support the answer to )?

Population of an Endangered Species Often environmentalists
capture several members of an endangered species and transport
them to a controlled environment where they can produce
offspring and regenerate their population, Suppose six American
bald eagles are captured, tagged, transported to Montana, and set
free. Based on past experience, the environmentalists expect the
population to grow according to the model
500

PO = 5o

whete ¢ is méasured in years.

(continued on next page)
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(a) If the model is correct, how many bald eagles can the
environment sustain? That is, find ’1’1310 P(1).

{82 (b) Graph the population P as a function of time ¢,
(¢) Use the graph from (b) to describe the growth o‘f the
bald eagle population, Does the graph support the answer
to ()?

80. Hailstones Hailstones typically originate at an altitude of about
3000 meters (m), If a hailstone falls from 3000 m with no air
resistance, its speed when it hits the ground would be about
240 meters/second (mi/s), which is 540 miles/hour (mi/h}! That
would be deadly! But air resistance slows the hailstone
considerably. Using a simple model of air resistance, the
speed v =v(t} of a hailstone of mass m as a function of time ¢ is

given by v() = %‘g(l — ¢~ *mym s, where g==9.8 m/s2 and k

is a constant that depends on the size of the hailstone, its mass,
and the conditions of the air. For a hailstone with a diametet

d = 1 centimeter (cm) and mass m=4.8 x 107 kg, k has been
measured to be 3.4 x 10~ kg/s.

(a) Determine the limiting speed of the hailstone by finding
lli,m v(£). Express your answer in meters per second and
00

miles per hour, using the fact that 1 fni/h & 0.447 m/s. This
speed is called the terminal speed of the hailstone,

@ 81, Damped Harmonic Motion The motion of a spring is given by
the function .

x(t) =127 cogt +2.4e" 2 gint

where x is the distance in meters from thé the equilibrium position
and ¢ is the time in seconds.

(a) Graphy=x{2), What is ilirgo x{¢), as suggested by the graph?
-
(b} Find lim x(z).
=500 .
(¢) Compare the results of (2) and (b). Is the answer to {t)
supported by the graph in {a)?

82. Decomposition of Chlorine in a Pool - Under certain water
conditions, the free chlorine (ypochlorous acid, HOCl)in a
swimming pool decornposes according to the law of uninhibited
decay, € =C(t) = C(0)e!, where C = C{¢) is the amount
(in parts per million, ppm) of free chlorine preseitt at time ¢
(inhours) and & is 4 negative number that represents the rafe
of decomposition, After shocking his pool, Ben immediately
tested the water and found the concentration of free chlorine to
be Co = C(0) =2, ppmi. Twenty-four hours later, Ben
tested the water again and found the amount of free chlorine
to be 2.2 ppm.

() What amount of free chlorine will be left after 72 hours?
(b) When the free chlorine reaches 1.0 ppm, the pool should be

shocked again, How long can Ben go before he must shock
the pool again?

(¢) Find lim C(p),
I—iOO»
(d) Interpret the answer found in (c).

se Reacting with water in 5,

ucro
o, the amount A of sucrose (CiaHyyg

acidic solution & ° cose (CsHi206) and fructose (C6H12061 !

83 Decomposition of S
decomposes into glu

ding to the law of uninhibited decay A=At} = g(qy,i,
accordl

i les) of sucrose pregen,
® " 1(1) js the amount (in MO 6 Presen
where A = m'?n(l’]iel:) and k is a negative number that represgyy b
e tf(c;gcomposition. An initial am‘?}";[OAO.—- A{0)=0,49 Mgl
r?t:u(::rme decomposes to 0.36 mole in 30 minutes,
o)

) How much sucrose will remain after 2 hours?
((153 How long will it take until 0.10 mole of sucrose reimgjygy

{c¢) Find ‘grgo Alt). .
(d) Interpret the answer found in (¢).

hy A camera lens can be-approximated by

ra .
84. Macrophotog Pns of focal length. f obeys the thin-lens

thin lens. A thin le
1. 1 4 l, where p > f is the distance from the
p 49

f

Jens to the object being photographed and g s the distance fron
the lens to the image formed by the lens. See the figure below,
To photograph an object, the object’s image.xnust be formed o
the photo sensors of the camera, which can only occur if ¢ js
positive.

equation -

Object

Lens

Photo
SEHsOrs

(@) Is the distance q of the image from the lens continuous as the
distance of the object being photographed approaches the
focal length £ of the lens? Hint:; First solve the thin-lens
equation for ¢ and then find Iim q.

prft
) to explain why a camera (or any lens)
bject placed close to its focal length.

(b) Use the result from (a
cannot focus on ap o

In Problems 85 gng 86, find conditions ona, b, c, and d so that the

8raph of f has no horizonsal orvertical asymptotes

3

85. X) = M L
TO=070 k6 s =2t

87. Explain why the follo

each. WIng properties are true. Give an example o

(@) fnisan even positive integer, then lim

. | X=e (x “C)" -
(b) X nisan odd positive integer, then lim
x=se= (X~ )"

) Ifnisan 0dd positive Integer, then

. 1
lim = 60,
xsot (x — o)

p

=

T T e T T T e
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Challenge Problems

93, Kinetic Energy At low speeds the kinetic energy’K , that is,‘the
energy due to the motion of an object of mass m and speed v, is

g8, Explain why a rational function, whose numerator and
" denominator have no common zeros, will have vertical
gsymptotes at each point of discontinuity.

g9, Explain why a polynomial function of degree 1 or higher cannot

1 ., . .
i y = = . But this formula is only
pave any asymplotes. given by the formula K = K (v) 2mv

an approximation to the general formula and works only for
speeds much less than the s_peed of light, ¢, The general formuila,
which holds for all speeds, is

90, If P and Q are polynomials of degree m and n, respectively,
) o Pl )
discuss xlin;o ) when:

@ m>n  ®)m=n () m=<n

Kgen(v) =mc” =

] - =

oY -
t - . [4
91, (1) (a) Use a 1able to investigate xl_l’xgo (1 + x)

x () Asan object is accelerated closer and closer to the speed of

@ () Find lim (1 + l) . light, what does its kinetic encrgy Kgen approach? .
‘ e ¥ (b) What does the result suggest about, the possibility of reaching

(¢) Compare the results from (a) and (b). Explain the possible the speed of light? :
causes of any discrepancy. i : 1Y .
94, lim {1+~ =1,but lim [ 1+=} > 1. Discuss why the
hat 1 k X0 x X400 X )
92, Prove that 111;100 — =0, for any real number k, and p >0, .
I property lim [f ()" = [ lim f (x)] cannot be used to find the
X300 ; X300

provided x” is defined if x < 0.
gecond limit.

.- (Preparing for the (P (300
= V8 —dx

AP? Practice Problems

1, Forx > 0, the line y =1 is an asymptote of the graph of a 134] 6 lim
function f. Which of the following statements must be saeeo x+2
true? (A —0  (B) -2v/2 (©)4 (D) 242

(A) f(x)5# 1forx>0
(©) xlggo Ff®=1

(B) lim f(x)=00
X1
©) lim fGx)=1

The graph of which of the following functions has an
asymptote of y =17

@) .

kY — 1
, (A) y=cosx (B) y=x
3 2 _ * 3
B 2 i st 2t (© y=e= (D) y=Inx

- y00 208 — x3 42022
- . b
8. If the graph of f(x) = a; s has a vertical asymptote

x =—5and horizontal asymptote y= —3, thena-+c=

W -5 ®o ©F O

o

WEY (i N 5x3 —-X
) [ 3 dm = Q)
(&) Jim = A -8 B ~2 (O g D) 2
s ] .
®-5 ®3z ©5 O ) 0. lim =
8 M Ry
4. Find all the horizontal asymptotes of the graph (A) —o0 B) -1 1 D) oo
243
ofy= 73 10. The function f(x) = mgx—] has
1 . -
(A) y=~1only ®) y= 5 only (A) mo vertical asymptote and one horizontal asymptote,
_ B B 1 (B) one vertical asymptote and one horizontal asymptote,
€ y=—landy=0 (D) y=-landy=5 (C) two vertical asymptotes and one horizontal asymptote,
- o ) D) two vertical asymptotes and two hori
m ( ymptotes and two horizontal
1 Find all the vertical asymptotes of the graph of asymptotes.
" .
x4 5x 46 ;
r(x) =g 1. dim 2L
¥ gz~ 2x =4
(A) x=0andx=-2 (B) x=0andx=2 . 5 s
) . A - -3 3
©) x=-2andx=2 (D) ¥x=0,x=-2andx=2 Womeo B3 ©3 (P) o0
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®L Which line is an asymptote to the graph of Fx) =™

A x=0 @B y=0 (C) y=2 (©) y=x
. 3x3+4x_
®2' xh—-{tolo 5-—2):4 -
3 3 3
® -3 ®O ©: O =
= . )= f(0)
®3 Iff(x)~5x3—-1,men}1~%w__x_3__«:
O
®4 é%l— cosh
@wWwo ®L ©2 (@4
(5. The table gives values of three functions:

@Wo B 1 (C)5 (D) Thelimit does not exist.

x ~015 -01 -0,05 0 0.05 0.1 0.15

f&) 0075 005 0025 —4 0025 005 .

By 1997 199 19975 1 1,005 1,02

glx) —83 —8.2 —8.1 undefined —7.9 -78 77

For which of these functions dogs the table suggest that the
limit as x approaches 0 exists?
(A) fonly (B) % only
(C) fandgonly (D) fandhonly
® 6. Ifa function S is continuous on the closed interval [1, 4] and

if f(1)=6and f(4)=—1, then which of the following
must be true?

(A) f(c) =0 for some number ¢ in the open interval
(-1,6).
(B) f(c) =1for some number c in the open interval (1, 4).

© f(ey=1 for some number ¢ in the open interval
(—1, 6).

D) f(c) 5 —2 for any number ¢ in the open interval (1, 4).

Chapter1 « Review Exercises 159

(‘Preparing for the

(® 7. Which are the equations of the asymptotes of the graph
) x
. e ¥ 9

of the function f(x) T =0)
(A) x=-3,x=0,x=3,y=0
(B) x=-3,x=03=3y=1
C) x=-3,x=3,y=0
D) x=-3,x=3,y=1

(® 8. Find the value of k that makes the function

2 .
f+2 i xz-1
f(")“{kx+4 i x> 1

continuous for all real numbers.
A) -3 B-1 ©1 D3

® 9. An odd function f is continuous for all real numbers,
If lim f(x)=—2, then which of the statements
X0

must be true?

L f has no vertical asymptotes.
IL lim f(x)y=0

x50

L. The horizontal asymptotes of the graph of f
are y=—2and y =2,

(A) Tonly (B) I only

(C) TandMMonly (D) I I, and 1Y

® 10, lim S0CD _

‘x50 tan(3x)

2 ’ 3
(A) 0 (B) 3 ©1 O 2
@ 11. Suppose the function f is continuous for all real numbers.
48
If f(x)= ey when x s ~2, then f(—2) =
Ao ®4 ©8 @12
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Pollution in Clear Lake

Toxic Waste Disposal
I\ ngnggx’:;c(TWDC) speciahzes in
=2 the digposal of 2 pamcularl):Y o
dangerous pollutant, Agentdv !
(AY). Unfbrtunately,‘instea 0 :
safely disposing of this pollutgx;, .
the company simply dumped AY i
(formerly) Clea:fLake“

Fortunately, they have been caught and are now defending
thémselves in court,

The facts below are not in dispute, As a result of TWDC's act}vity,
the current concentration of AY in Clear Lake is now 10 ppm (par}tls
per million), Clear Lake is part of a chain of rivers and lakes, Fres
water flows into Clear Lake, and the coritaminated witer ﬂ.ows.
downstream from it. The Department of Environmental Protection
estimates that the level of contamination in Clear Lake will fall by
20% cach year. These facts can be modeled as

P =10 pt+1)=0.80p()

where p = p(t), measured in ppm, is the concentration of
pollutants in the lake at tima ¢, in years,

1
Stephen
Guard/DVDS

.
L

Penty Officer 3id Class

Lehmann/US Coast

bbb gk e Gy

.

1. Explain how the above equations model the facts,

2. Create a table showing the values of ¢ fort=0, 1,2,..., 70,
3. Show that P{t) =10(0.8)",

4, Use techriology to graph g = p(r).

5, What is 1]—{12, p()?

it by sl

Lawyers for TWDC Jooked at the results in 1
that their client has not done any real darag
that Clear Lake would eventually return to §
unpoliuted state, They even called in a ma
the following oni a blackboard:

5 above and argued
e. They concluded
ts former ¢lear and
thematician, who wrote

i e

lim p(ty =0
=00

and explained that this bit of mathematics means, de,

after many years the cancentration of AY will, inde
zero,

scriptively, that
ed, be close to

LHINGSITOTKNOW

1.1 Limits of Functions Using Numerica| and
Graphical Techniques

® Slope of a secant ling: ... —. £ &) ~ fle) :
P CTTRT e

Slope of a tangent ling: my,, = }jpyy o (%) AC)
}gn S (@)= L: read, “The limit as x

equal to the number [,* (p."79)
}1‘;3 fx)y=L: interpreted 25, “The valye

1

{p.78)
approaches ¢ of Sx)is

equal to ¢." (p. 79)
One-sided limits (p. 80)
The limit L of a funetion Y=

.f(«r) asx ap,

does ot depend on the value pf fate, (p.%‘;);lches a mbey o

Chapter Review

, chnij . -
Basic Ly, A4es for Finding Limits of Functions
® lim g o
X=ao = At A a
e, @)

e mathematician’s testimony,

_ 0; 310;2({1:; taken calculus and knows , litgg
Fortunatély, one oted that, although “after many yearg i,
about fimis. Sh; :Y will approach zero,” the townspeople [y, o
concentration (I’, ake and state regulations prohibit SWinuming U
swim in Clear of AY is below 2 ppm. She Proposed a fipe ¢
the qonqentratlozr for each full year that the kfkf’ Is unsafe fo,
$100,0QO perh)'ealso queétion ed the mathematician, saying, “You
swimming, She orrect as far as it went, but I remember frop,
testin}on)' was & that talking about the eventual concentratioy of
studying <':alc_ul'~1rsn any years is only a small part of the story, The
ﬁi:fﬁfécﬁiné}amng of your statement Hin p(¢) =0 is thay gy,

ion of AY, there is some ;
' ce T for the concentration o , ome time
?&r}%z;oxlsgnbe far in the future) so that for all ¢ > N, Py <Th

Concerned citizen

6. Using a table or a graph for p = p(¢), find & so that if ¢ » N,
then p(r) <2.
7. How much is the fine?

Her words were greeted by applause. The town manager sprang to
his feet and noted that although a tolerance of 2 ppm was fige for
swimming, the town used Clear Lake for jts drinking water and
until the concentration of AY dropped below 0.5 ppm, the water
would be unsafe for drinking, He proposed a fine of $200,000 per
year for each full year the water was unfit for drinking,

8, Using a table or a graph for p = p(¢), find NV so that if ¢ > N,
then p(r) <0.5. .

9. How much is the fine?
10. How wotild you find if you were on the jury trying TWDC?

If the jury found TWDC(guilty, what fine would you
fecommend? Explain your answers,

* The fi: ‘
is :“lilc;ﬁg l/;x(;'i: fﬂ“"“"“ Y= f(x)asx approaches a numbé!®
approaches ¢, Ep‘-"glzgannot have more than one limit 23 ¥

* Thelimitj oo
eXists Ijl;la,ﬁi?)f? fu Y= F(x) as x approaches a numbe" ¢
One-sideq J; Y i both one-sided limits exist atc and b0 il
I S equal, Thgg iy £y =L if and o'
X\}T‘ Fl) = lim Fr)= xoe

otV VIS=L (p g3

1.2 Analytic Te

1 Cq rea] numbex;

L
e

13 Conf
s
1 (o
' fema
¥ (et
Y oty
* ity

g




Sprang
$ fine for
fer and
1€ Wafer
)7000 per

FESN,

vDC?

srties of Limits  If f and g are functions for which fim f ()
e

" prop

and im £(0) both exist and if & is any real number, then: g

1
. %gnclf(x) +g(x)]= }grrg flx) % lime(x) (pp. 90, 91)
o [m[f(x) - g]= lim £(x) - lim g(x) (p.91)

x=rC X

o li—;’r\c[kg(X')]=k}iinc g(x) (p.92)

; 1 " 4 B .
leE[ f (x)]f’ = [:l:l—)mc f (x)] ,n>2isaninteger  (p.93)
lim {7 f ()= C/ lim f (x), provided f£(x¥) >0 if # 1s even
Py ing \ x-re
(p. 94)
) . min

lim[f (o))" = [llm f (x)] , provided [f (x)y1"/" is
x-rc Cadd
defined for positive-integersm and n. (p. 94)

g ] limg(x)
1f P is & polynomial function, then 1i_rp P(x)=P(c). {p.95)

X~k C

, provided lx_drmc glx) #0 (p.95)

m
XL

-

If R is a rational function and if ¢ is/in the domain of R,
then }1_1’11 R(x)=R(c). (p.96)

1.3 Continuity
Definitions
e Continuity af anumber  (p, 103)
* Removable discontinuity  (p. 105)
¢ One-sided continuity 4t a number  (p. 105)
s Continuity on.an interval  (p. 106)
¢ Continuity on a domain  (p. 107)
Properties of Continuity
» A polynomial function is continucus on its domain, all real
numbers.  (p. 107)
A rational function is continuous on its domain. (p. 107)
If the functions f and g are continuouis at a number ¢, and ifk
is a real number, then the functions f + g, f—& f & and

kf are also continuous at ¢, If g(c) # 0, the function E is

continuous atc. (p. 108)

If afunction g is continuous at ¢ and a function f is
continuous at g(c), then the cotiiposite function

(f 0 )(x) = f(g(x)) is continuous at ¢. (p. 109)

If £ is a one-to-one function that is continuous on its domain,
then its inverse function £~ is also continuous on its domain,
(. 110)

L 4

The Intermediate Value Theorem Let f be a function that is
continuous on  closed intetval (@, b] with f(a) # f (b). If N is any
umber between f(a) and f(b), then there is at least-one number ¢ in
the open interval (g, b) for which f(¢)=N. (p- 110)

1.4 Limits and Continuity of Trigonometric, Exponential,
and Logarithmic Functions
Basic Limiss

* lim w =1

S ~ @ 119)

Cim P10 00 122)

0-40 9

Chapter | * Chapter Review 155 7

o limsinx=sinc (p.123)
x>

v limcosx=cosc (p.123)
X=*C
a>0, asl (p124)

¢ lima* =a"%
X—*C

o limlog, x=logz¢i 4> 0, a#lande>0 (p 124)
X—rc

Squeeze Theorem  If the functions f; & and h have'the property that
for all x in an open interval containing ¢, except pOss:bly ate,
£(x) <g(x) <h(x), andif lim fx)=lim h(x)=L,

then tim g(x)=L. (p- 119
X—2¢ y

Properties of Continuity

o The six trigonometric functions are continuous on their
domains, (p.123)

s The six inverse trigonametric functions are continuous ofi their
domdins, {p. 123)

¢ An exponential function {s continuous on its domain, all real
numbers.  (p. 124)

» A logarithmic function is continuous on its domain, all
positive real numbers,  (p. 124)

1.5 Infinite Limits; Limits at Infinity; Asymptotes

Basic Limits |
¢ Jim — =~ lim = =00 , 128
x—l:(r)l' X - e x.—l)0+ X (p )
.1 :
e lim = =00 (p. 128)

x—=0X
e Jlim Inx=-—c0 (p. 129)
0%

1 BB )
¢ lim —==0 im- —=0 (p,132)
x~>—00 X

X0 X
¢ lim Inx=o00 (p.136)
X—ro
s il =0

H X ‘
x~5=00 x&ngoe =00 (p.136)

Definitions
¢ Vertical asymptote  (p. 131)

¢ Horizontal asymptote  (p. 138)

Properties of Limits at Infinity  (p. 132): Xf & is a real number,
=2 is an integer, and the functions f and g approach real
numbers as x — 00, then:

® xl_i.";'o A=A, w‘here.A is a constant.

. gli,“éo [kf (X).]=kxlj)n;° fx)

. LIin&[f(x):i:g(x)]: lim f(x)+ lim g(x)
X=¥ X—>00 X~ 00

o Jim [Fze1=[lim f)| [lim gta)]
i) xl—irngof(x)
im —— =i

x-ro0 g(x) xl'ggo gx)

« Jim [FCOF = Llin;o f(x)]"

¢ Jlim /@)= {f Jm, £ (o), where f (x) > 0f m is even

provided lim g(x) 0
X0
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, inits .
properties of Lx("'; _ 0, then there is an open interval aroung for
i, ; o Iflim f(x)Z P Coa '
1.6 The ¢-5 Definition of a Limit o If i,::a; fx)=0 everywhere in the interval, except Possipjy
whiC
Definitions . 150) )
* Limit of 2 Function  (p. 145) at C £ <0 then there is an open interval aroung for
« Limitat Infinity (p. 150) o If }l’l}}: -0 everywhere in the interval, except Possiby
o Infinite Limit  (p. 151) which f(x) <V

« Infinite Limit at Infinity  (p. 151) ate. (p. 150)

Preparing for thg

L

J (LY Ban
BJEGTIVES . ; AP® Reviewp

OBJEC Example Review Exercises roblems
Section  You'should be dble to ... 4
1.1 1 Discuss the idéa of a limit (p. 79) 24 1 3

2 Investigate a limit using a table (p. 80) 5-8 2,3

3 Investigate a limit using a graph (p. 81) - 1422

. 1-6 8, 10, 12, 14, 22,
1.2 1 Find the limit of a suin, a difference, and a product (p. 90) 26, 29, 30,47, 48
‘o . 18, 28,55
2 Find the limit of a power and the limit of a root (p. 93) -9 11,18
. - N 10 10,22

3 Find the limit of a polynomial (p. 95) 11-14 13-17. 19-21 3

4 Find the limit of a quotient (p. 95) 23-25,27, 56

5 Find the limit of an average rate of change {p. 98) 15 31

6 Find the limit of a difference quatient (p. 98) 16 5,6,49
1.3 1 Détermi_ne whether a function is continuous at a number (p. 103) -4 31-36 1:1

2 Detérmine intervals on which a function is continuous (p. 106) 56 39-42 8

3 Use properties of continuity (p, 108) 7.8 3942 )

4 Use the Intermediate Value Theorem (p. 110) ‘ 9,10 38, 44-46 6
14 1 Use the Squeeze Theorem to find a limit (p. 117) 1 7,69 o

2 Find limits involving trigonometric functions (p. 119) 2,3 9,51-55 4,10

3 Determine where the trigonometric functions are continuons (p, 122) 4 6365 ’

4 Determine where an exponential or a logarithmic 5 43

function js continuous (p. 124)

1.5 1 Investigate infinite Limits (p, 128) 1-3 57

2 Find the vertical agymptofes of a graph (p. 131) 4 o ~58

3 Investigate limits at infnity (p. 131) sig  oL62 1

4 Find the horizontal asymptotes of a graph (p, 138) 11 39, 60 2

5 Find the asymptotes of the graph of a ratiogal function (p, 139) 12 g;‘ g;‘ 1
1.6 1 Use the ¢-§ definifion of a limit (p: 144) : !

: -7 50, 66

REVEWEXERCSE T

1. Use a table of numbers to investigate lim t&”
2014 cos g

In Probleps s
In Problems 2 and 3, usé o graph to x‘nve&rigare lim f (x), 9 and 6, o) each
Laadd

qUotient ,}im Fix 4 -~y (x)f“"c'non find the limit of the different
- _\'\. )
h .

2w {55 TR e
3 f(x)={;:+2 for<2 e ) f(szg

+1 vxf ¥22 7. Find liy e 4 6. Flx)=3x%+2x
4. For f(x) =x2~3; InProb[e,;:g 14 SmxSf(x)<IXI+1

(a) Find the slope of the secant line Joining 1,-2) and @1

v S;n; :}:e(lsmp;)ome fangent line to the graph bl (20
at (1, ~2). . x
10, Jiy (. 9. lim (xcosx)
B (2 432 g

1. lim V1D
X~

-

iy

f e

T U

: ?;‘ Ly

s

b2 jE L

/e

.!I N

;: ) '"3 K4

A S5

e

,“ H ﬁ?[
de

J >

‘

i Lty }}"




A

e
iffere

2. lim (2 +3)0° +50)] . mxi - ?
4d. lim (é@** ;_%) 15, im’f:;
16. ,-E“l,,% 17, 'xli%xf_x;r_ﬁf_z@_

20

0 P S 39
i‘l‘é{x [(2+x)2 4]} A

2. ,liml‘[(,v;3 ~3x2 32— V(e + )Y
x>

In Problems 2328, find each one-sided limit, if it exists.

2
x¥ 45546 [x -5
,  lim ——— 24, 1
= x—'l“2+ x+2 xl—l>T+ x~5
.o lx=1 )

2. tim P 26, lim (2x]

x-+1" X —1 x—» 32t
216

2. lim = 28, lLim % —1

srd- X—4 Fmp 1

In Problems 29 and 30, find lim_f(x) and lim_f(x) for the
xre x—rct ’

given c. Deteniine whether 1im. f (x) exists.
X—»C

2243 ifx =<2 )
. f(x)={9—x txzn 272
Ix+1 ifx<3
30, f(x)= 10 ifx=3 ate=3
45 ~2 ifx>3

In Problems 31-36, determine whether fis continuous at ¢.
5x -2 ifx<1
. fix)= 5 ifx=1 ate=1
2x4+1 ifx>1
x? ifx <—1
—3x -2 ifx>=1
4-3x2  ifx <0
3B fx)= 4 ifx=0
V16-x? if0<xx4
Aty if-4<xx4
x*—16
¥ -

ifx=—1 atc=-—1

ate=0

. f@x)=- ate=4

ifx>4

3B f= 2x] atc::-lé- 36, f(x)=1x—5|ate=3

37. (a) Find the average rate of change of f(x)= 2x% —5x from 1

ox.
(b) Find the limit as x approaches 1 of the average rate of change

found.in (a). :

38. A function  is defined on the interval {—1, 1] with the following

properties: f is continuous on {1, 1] except at 0, negative at —1,

positive at 1, but with no zeros. Does this contradict the

Intermediate Value Theorem?
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In Problems 3943, find all numbers for which f is continuous.
) 2
x*=3

x , -
¥ fO=5g 0. fE= T 1516

2x 41 ' N
41, f(x)zm 2. fF)=~x-1

43 flx)= 2K

44, Use the Intermediate Value Theorem.to determine
whether 243 -+ 352 — 23x —42.= 0 has a zero in the
interval {3,4]. -

In Problems 45 and 46, use the Intermediate Valié Theorem to
approximate the zero correct to three decimal places.
45, f(x)=8x%—2x+5x —1 on'the interval [0, 1]1.
46, f(x)=3x% —10x +9; zero between —3 and —2.
[£]

47, Find lim ‘—Ji-l(l —¥)and lim ——(1-x).
10t X 0" X

What can you say about lim L (1 —x)?
x=0 X

) /X2 2 _ ,
Find lim | —— =~ ~— }. Then comnient on the statement
x52 \x—2 )

o0

48, 3
2 2x

T . . x v
that this limit is given by ;1_:112 poy ll_?n% e

2. Find 1im LEFDZID) g0 0= 5.
h=FQ) h
50, For ',Iing (2x 4 1) =7, find the largest possible & that
X=>

“yorks” for g =0.01,

In Problenis 51-60, find each limit.

sin x
51. lim cos(tanx) 82, lim—2
X0 0 X
(3%) cos"C 1
tan (3x 2"
3. lim —— im ————
5 ) tan(4x) 54, P—rﬂ) x
ST i
55, lim <?°Sx 1) 56, lim
x>0 x x=20e% —1
§7. lim tanx 58, lim 2T
x—rnj2t ’ x=3 (¥ +3)2
33 —2x 41 3xt 1
89, lim ~——s—— i
x-l-»"o‘o x3 -8 60. xl-!-»ngo 2x2

In Probleins 61 and 62, find any vertical and harizontal
asymptotes of f.

) 4x -2 ) 2x
61, = -
fo=" 62. fO)= s
t
| T x0
63, Let f(x)= .Is f continuous at 07
3 ifx=0
sin(3x) ,. |
. — ifx 0
64, Let f(x)= * *# .Is f continuous at 07
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n
i cos (nx + —)
65, The function f(x)= —-—;—L— is not defined at 0.

Decide how to define f(0) so that f s continuous at 0.

66, Use the £-6 definition of a limit to prove lima(x2 —-9) #18.
PSS

67. (a) Sketch a graph of a function f that has the following
ptoperties:
F(=)=0 lim f(x)=2 lim f(x)=2
X300 *—+—00
lim f(x}=—co i %)=
x—4= xl—lvT"‘ flr)=oo

(b) Define a function that describes your graph.

60, I 1 —x% < f(x) < cos x forall x in the interval — . 1
7 <

 Find the domain and the intercepts (if any) of
o oxl-5x+2
RO)=%53_3-2
) Discuss the behavior of the graph of R at numberg

where R is not defined.
(c) Find any vertical or horizontal asymptotes of the A,
) g,

68. (2

-~
’ t

show that lim f(x) = 1.
x=+0

T T







