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£ ‘} Calculus AB ~ Ch, 1.2 Notes on Limits
Definition: The Limit is the y-value that a function or graph approaches as the x-value moves closer to a
given constant
Function Value is finding the location of the y-value of the graph at a specific x-value.
Example 1: * The y-value of the graph when x =2 is 1”
7
4 ( Notation: r((‘l) - I
* “The Limit of r(x) as x approaches 2 is 4 ”
Notation: ﬂm r’(\x’) ;: Li,
X1 & ‘K\ X
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i d ' 3 vt I)o?t&t"f’iDY\
*In order for a limit to exist, the graph MUST
approach the same Real Number y-value from
both sides of the target x-value constant.
)
~ Examples where the Limit does not exist: : y)
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*Jump discontinuity “Vertical Asymptote *Graphs with oscillating behavior
: Example 3: li X J
Example 2: i) ample 3: 1im f(x) = ol.0.€. Example 4: hmsm( 1) = =l . e
xX) =
lim f( ) An.e. (Ma)
(eloes aot ex:’:;éB
XTI Hheve /s some sort of brak ia #he jmg,ﬂé he A "“"7‘} angl funchion va /wg,
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Example 5: Find the limit using a table of values given that f(x) i mm &,
X 0.9 .99 .999 1 1.0001 1.001 1.01 1.1
. /} f(x) 271 2.97 2.997 Undefined 3.0003 3.003 3.03 3.31
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Calceulus Ch. 1.2 Classwork Problems

Evaluating Limits Graphically

D Jim f() =dae.
2) Jim () = |
3 f(=3) =~
#) Jim f@) = -cL
5 £(3) = undfped
6) lim () = =3

7) lim £() = dne.
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Graph of f
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9 Jim f() = |
9) Jim fG)= dhne.

10) (- = =3

11) Jim £ () =~

12) (0= |
1= = 0(}. &
13) f(6) (and%ineﬂ)

14) lim £ (x) = I

15) lim £ (x) = Jﬂe

- Graphof £
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Ch. 1.2 WS

Jim f(x) 0“’3

X—=—4

f@@=uW@d
lim (o) = ..
f@=3

lim 7G0) =
Fw=46
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25)

26)
27)

28)
29)
| 30)

31)

x@Jm=o

hm f(x) =

fe@=&
f3)=dne

lim () =eln€.

infe=0
lim £ (x) =dne.

lim £(x) = e

Graph of f




Sketch graph of a function satisfying the given descriptions:
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5) £(3) = undefined TiBA
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Ch. 1.3a Evaluating Limits Algebraically !ﬁ:‘f

Rules:

T

1) a)limb = b 2) Suppose lim f(x) =L then limbf(x) = bl
xX=C XC X—=C
4 \ /

L. Direct Substitution Method: To find limits for a function, first try to evaluate the argument
in the expression (plug in the value). If the resulting value is a Real Number, then the value
is the limit (answer),

Example 1:

ﬁ}({éﬁ:i 2 T | | § 2
) fo O llmx +3x= o 1 B(Q) = E c) lim 3x5 — 2x% 4 Tx + 4 = 36’()“;)6.1) .;,;(,,).;),L)L

x-=1

,m,-ﬁ %;ﬁf‘m | =-3-2-7+h =[7]

f""‘;« sa
ui im& =[], - - , L
ﬁug ﬂf b) lim Iy ) d) EHSE XCoSs X 7{(2{)5(77) o AT (,,,/)
o
i"%}m ,fun& {/&!!“"z/; o ,
Al o dﬂaf fun bl
A/\jwef jﬂ/ aré %4
W‘g 1. Simplify/Reduction Method (Factor/Simplify/Substitute) Steps:
: Oy 1) Evaluate argument First! (plug in value into expression) ;
i H /j ' ' ' 0 ‘ ‘ ?
| 2) If direct substitution produces 0 (indeterminate form), we need to evaluate further
i
: 0 I , 0. ;
: *Note: P does not mean the Limit is Undefined. g ust means our problem is
‘ incomplete and unfinished. (It’s true that the function value is undefined because there’s a

hole in the graph, but the limit most times does still exist)

3) Factor/Reduce/Simplify: Try finding common factors in order to reduce expression
4) Using the Reduced expression, re-evaluate the limit

5) Confirm resulting value is now a Real Number, therefore the limit (answer) /7L
2 A
Sunction va/u s ung%/&j it Hhe b

Example 2: £Va/cm7§2 'PN# -@c‘:fﬁs‘ (Gfa/o/, 15 A&/&)
a) hmw ("Q%f’("e)""é O b hmx +5x+6 EXT0) *'I"é {Q
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: ’; Simplify/Reduction Method {Factor/Simplify/Substitute) Steps: ' ,V v ﬂdﬁl%{'rﬂlmﬂ‘fﬁ A(‘zle m kea

1) Evaluate argument Firstl {plug in value into expression) C) ~ernr\ w:)j!t/ul\ =3 ’
. 2)  Ifdirect substitution producesg(lndeterminate form), we need to evaluate further /} “l'#ﬂj ;,mf’
’ f‘( ) 3)  Factor/Reduce/Simplify: Try finding common factors In order to reduce expression AN

f . 4)  Using the Reduced expression, re-evaluate the limit LC) "%" V«Wh'/“/ w3 g/y;/-’il' 6{791?& ND’IL &5’)('/.37L

«‘ 5} Confirm resulting value Is now a Real Numbaer, therefore the limit {answer) a{]"‘/" .
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i Practice Problems:

2x% —x~3  A~[-3  ~2 4x? —Tx — 2 K- 3)- 2,
D lim——e ey 2) lim —m e R
x-1 -1 [~ O X3 x -2 B2 "'“I‘”’”‘

qus not ax:s"é( -3

3 ) =& -4
o o1 9 4 lim oo o3
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Ch, 1.3b (More) Evaluating Limits Algebraically

Recap Steps: Simplify/Reduction Method (Factor/Simplify/Substitute) Steps:

i § 1)  Evaluate argument First! (plug in value Into expression)
) 2} If direct substitution producesg (indeterminate form), we need to evaluate further

*Note: g does not mean the Limit Is Undefined. -g- just means our problem is incomplete and unfinished. (It's true that the function value
is undefined because there’s a hole in the graph, but the limit most times does still exist)

-
3) Factor/Reduce/Simplify: Try finding common factors in order to reduce expression
4)  Using the Reduced expression, re-evaluate the limit
5)  Confirm resulting value Is now a Real Number, therefore the limit {answer)

L. Simplify using conjugate method
e |Ifthereis a sum or difference of 2 terms in the numerator, then multiply the numerator and

i 38-%-3 2 L
Xag- y YMWW’?
(x-L) (R F33)
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[} LA/ \ 6"" +32 l‘m - '
{ Example 1; 11 ——reme VX sy 6 432 o
f
\

o T i
" .
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¢ ; I Simplify by finding Common Denoyifia
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Example 2: lim
x-+0

I - -
/pf'ﬂ« G O , ﬁm -~ = :
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) X A ety o=l [T
. Squeeze Theorem - 4(4) - ;g—m

In the graph below, the lower and upper functions have the same limit value at x=a. The midd|
function has the same limit value because it is trapped between the two outer functions.

The middle function is "squeezed" to Limit L as x approaches a
Definition: Suppose f(x) < g(x) < h(x) for all x in an open interval

Suppose that ?lc%f(x) = chgrtll h(x) = L Then, ;Icglglg(x) = [,

Example 3: Let h(x) = 1 ,10 @ =x*+1 If f(x) < gix) < h(x)

. find i .
jfm‘z’g—%gm j’m Z sz ‘ 5) Spueeze 'M%V{fﬁ/\
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1.3b Practice Problems:

Simplify/Reduction Method (Factor/Simplify/Substitute) Steps:

i é a)  Evaluate argument First] (plug in value Into expression)
b)  If direct substitution produces g (indeterminate form), we need to evaluate further
¢)  Factor/Reduce/Simplify: Try finding common factors in order to reduce expression
d)  Using the Reduced expression, re-evaluate the limit o
e)  Confirm resulting value is now a Real Number, therefore the limit (answer) .5-
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Ch, 1.2-1.3

Limits Quiz Review Worksheet #2

1) Findthe values DNE
A )a Jm, 96 = (- 00)

b, g(~8)= {4/7;&6!’%;&

[

Jim g = DN E
d. g-5)= 4
,lctgrég(x)m é

g2 = 3
g g(7)= ‘l

| lim g(x) = (i,

0

o

h

2) Sketch a graph with the following
characteristics:

a) lm_f(x) = —4
b) g(-5) = undefined

c) g(-2)=-8
d) lim f(x) = oo
e) g(2)=7
f) chl_xg f(x) = does not exist
gl gB)=1
h) limf(x) = -3
( )i) g(=-3

i }j_gr;f(x) = -3
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Calculus Ch. 1.4a Notes Continuity and One-Sided Limits

Definition: One-Sided Limits —~ describes the function’s behavior from the left or the right side of an x-value

Example 1:

1) 9: {xg , x=1

x+3 x<l

a) limf(x) = plo€s f’“’fl‘ Q{X:S{/ i :_,5

b) left handed limit; xlir?tz_f(x) = Z"L ¢) right handed limit: lirgf(x) = / :

- X :
In other words: “The Limit (y-value that the graph In other words: “The Limit (y-value that the graph §
approaches) from the left side of x = 1 is approaches) from the right side of x = 11s '

( stard left of Po»n+ move v Jk‘é) (stit []{ 5 Pc,w/‘ e /é;("{ﬁ

« Recall that the limit of f (x) as x — ¢ exists anly ifxlim_ f(x)= lim_f(x).
= X3¢

Continuity

can | walk along the graph without any interruptions? Can I draw the graph without ever lifting my
pen/pencil? If so, the path or graph is continuous at that point.

Continuity Conditions: (*IMPORTANT: KNOW THIS*) 3
For a function, £, to be continuous at ¢, the following 3 conditions must be met. :

1. f(c)is defined *point exists

2. limf(x) exists lim f(x)= lim f(x *the limit exists
lmf() exists  (lim f(x) = lim f(x))  *the limit ex |

3. limf(x) = f(c) * the limit exists at same location as point
X~

*  When checking for discontinuity, step through each of the conditions above in order.

/\ix»z—-/ﬁ

. ‘ ,

! :
lc

Types of Continuity:

1) Removable Discontinuity (hole in graph) — a graph with removable discontinuity can be made continuous
by filling in a single point.
T ST w"?@!ﬂb\fﬁé? gﬂisd@" A P,Jﬁj(?f /'Aa Q\J@fﬁéfﬁb‘h [M€ ‘ﬁéllf
N\LL Y the 3" condibivn,
s P exi'sls
\/w? L 1A 106()

X - gy £ AC)




O 2) Nonremovable Discontinuity (step, jump discontinuity) — this is a discontinuity where the graph jumps from
one connected plece of graph to another.
*Non-removable discontinuity fails the 2™ cantinuity condition:

lm fG)=3 lm f@)= [ then lim f() = hes pof exist

Ky

z Continuity Conditions revisited
‘ i fle)is defined *If first condition falls, function not continuous at the point, but continue to test
9 next condition to categorize removable/nonremovable :
il iiz)?gf(x) exists ' *If 2" condition falls, then the limit does not exist, and this function must have
(tim £ () = lim, f(2)) non-removable discontinuity at that poi,nt ol
F x-e" X = ks s H
¥ Test 3' c&sﬁaef‘/‘féﬁn m/ Y. 1’(” 4 w*?péf”’fi o /)dsﬁé’ﬁ .
g i Umf(x) = f(c) *|f 2 condition passes, but 3™ cndition fails, then this function must have Sl
: e ' removable discontinuity at that point ]
*If all 3 condlition passes, then the function is contiriuous at that p
b '5‘} e, " Mrﬁ’m ‘

Class Example 2: Using continuity conditions, determine the reason why the following graphs ar 'Q",s W 9P d”j :

discontinuous. Then categorize as removable or nonremovable discontinuity ' ’71 “/é’s’f 3} )

i? L)'F(f{) = | conelyhom
T /F\/ \/ id) i ) does o enst [ By # fin ﬁ(x‘):f |

W %Aé’ré&%, /}'Oﬂﬂ?‘?«‘é/i gﬂmrfmm{yf

b) L) 43(5) uncee’{)m&j ¥- /‘Aév m&
| iy Ar m L6 = vemouible, Diontinu it
i dipigy=1 | el by
b L% w'::a’w)a

s * (1) i) 4 4(5)

X5

9 % X OB veadefined, i‘i:#:: ’fﬁ%ﬁf Je
3 _ | 1 X lé) ﬁlﬂ ,()6() ;/f)c?.s m;f é")ﬁsé j’ rap (Z,W{cyém / aﬂdi
AN\ /a.cwmr ¥ far/x Jﬂwe,

AR %%z am’e’mwg Je,
i e Scoptinu i Y, X #“/ 2 m[g’* éu‘é o
' /Mwm R
d) Find the point (x-value) of discontinuity for the function f(x) = X 39 st removable? If so, what

./‘;_—

Cﬁ“+' 4‘3/ would we need to set f(x) equal to at that value for the function to be continuous? (Step through

[@Wi"}) + continuity conditions to support your answer) | ¥/ H!@’rf\(a‘fé rc’/f?DVd//e 6’*&5‘6&9’?'}“?“’?2,”#)(’”

K] V’)H&M}Mutﬂzﬁj X=3 . kap 71
7‘; “ wTiUBS.
z)mf(z)w W«'a% > £05) bl ke L) continums | Lot

A3)=
'm )\ 7 i (x~ )(x»ﬁ) M%(

LLL) é%}‘@[’){) 3#«@(3) 0*1‘(” c:?w rm é‘@;& Iy & /Mﬂﬂ‘;
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Calculus Ch. 1.4b Notes Intermediate Value Theorem (IVT) }ij
Review continuity conditions:
i) f'(c) is defined i) lim f(x) exists ( ]im Sx)= Iim J(x) jii) lim f(x)= f(¢)

Warm-up problem: Prove thdt the following is dl%ontmuous clt x=2 Is 1tlemovable‘? If so, redefine
{{2) to make the function continuous. (step ﬂnough Contmulty conditions)

x4 i") 'P(CQ) d+5 (&/
() =TT X FEL , 4 2)(x+2
e xxm+25,x = 2 (o) famzxx a &Z G )W A=l
U"‘) xé?”y&) ’%‘ﬁ(&) ”7%6’?{?{3?@ i”.é’MDW"K[e eliseaalina / dﬂi Y*«

Continuity on a closed interval: If a function is continuous on an open interval (a, b) and
lim f(x)= f(a) and lir?. J(x) = f(b), then the function is continuous on the closed interval [a, b].
Xl X3 .

a | 4

Intermediate Value Theorem: If fis continuous on a closed interval [a, b] and k is any number
between f(a) and f(b) then thew 18 at least one number ¢ in [a, b] such that f(c) = k.

*In other words, if a function is continuous, then
the graph has to touch all the y-values between
the 2 endpoints (at least once)

o Ky»vwlws eﬂﬁ?fmlni".r o 0 and |

Emmple 1: Use the IVT to show that there is a zero in the interval [0, 1] for the function

efj:,&; fx)=%>+2x - 1. m@
AL 15 continmaus [Q}l] Wfs%«!/,%ﬁ anl Sygﬂggj wﬁ%a:j P ;'M/mr{é’”'é/
-Q(CJ) :‘:(334-2(0)«4 = - -3 Compare Hhese jmualuﬁj withh s ﬁvgfsjma
L0 = (Pra0d-1 = L o .
%IVT cince. P@)=-1< O < =£(1)
then Hhere must be a vakue oL e
wlj\em ‘\DCCD:::O‘
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Example 2: Verify the IVT applies to f(x) = = on the interval [ ] for f(c) = 6 and find c. F +A€ arJMj
¥ VA oF x=| ' fw«”‘

w L6 continupus [/él l”‘] )%ﬁ IVT” singe. 9.6 & f L) (<6
(%)= 4525 3 2258 F)=C o intenl (% 4]

2.5~

z§ o= w%w_aewg; L)%m,ﬂc set ()= 6 selve for X,

, X x 4% 6
6»{ S EET s ><+><:*z((><‘wt) )
5 4 = XHX =60 > Kax-(x 4= 0 [(F 3N

Additional Continuity Practice Problems: | Continuity conditions: ><2-5x+ é -0 X=3 X a
1. f{c)is defined ez=3
“:Making a Function Continuous . Tn Bxerdises 61-66,imd | 2, limf(x) exists  (lim f(x) = limjr f(x)

X-¢C X3¢ x>

the Gonktint.g, oF the congtns o ind B, siteh that the fuetion
. 18 cantinnous on tho entive.real mumber line, .. .. . 3. limf(x) = f(c)
X
a4

w/‘j\g L\ I
i e ﬁv | : ;
fap, lxe 1) gmj v
5= {f:f i 'iﬂ, 66 5(1) = { ot MR W\V
‘ et o] 8, TR
¥T ")%ls { Cawrse *?wé“ﬁm’w de 'WBO’“ WEic B T )
:;e-gnepo’l Separate. mloé,s( hat may or ¥ I, ﬂur /ameww ‘f’\“ﬂé«"f’m o¢ é?j‘“"“%'@“’\
My not be comec jéa(y ) Jeﬁ"« Aa g /UK ‘*W‘/A /ﬁ‘/\; “ ’"‘f’y or
J ””””” J not @ ')Ll//é%? /mn {/i '7%6 A’ {’ﬁ«wg%am

’*’ S‘/‘c?" ‘/fwu L @‘”v‘/}nw# é@m@!’/t’éﬂj
b @ frod covaluz. ] by Jookin 4 fhe. (Jgpﬂd# a/a amf)
restriction el jn%g CTQ» Py

cesonn . o — P

oo

T A R R R Y

WY

W

3% N # ~

L DR =30)=3 () 4(2)=9 |

i “,

; Ly ’p’”” ax- .= a(f)»z#" fim 3= 30743 ]\ fin X= o o i (503004
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Calculus Ch. 1.5 Notes: Limits Approaching Infinity (Vertical Asymptotes) o

Infinite Limits: a limit where the function increases or decreases without bound (toWards infinity) as x
approaches ¢

*If the limit as x approaches ¢ from either right or left is 100, then x = ¢ is a vertical asymptote

g0

Example 1: Find all the vertical asymptotes of f(x) = f—-—-—m ‘ (XWD(X/gj
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* Rational Functions: y = If g(x) has no factors that cancel then there is a vertical asymptote.

Finding One-Sided Limits approaching Vertical Asymptotes:

Steps:

1) Evaluate Limit using the argument (plug in the value)
2) If Limit is undefined (Hfﬂfﬁiﬂ) then there is a vertical asymptote

3) To further evaluate the one-sided limit (determining the direction of arrows as +w or ~oo )
a. Test decimals 0.1 to the left of the argument x-value

b. Test decimal 0.1 to the right of the argument x-value i Z‘ﬁ’ﬁﬁ
4) Determine if the resulting fraction is a positive or negative value ,‘5 ) ',”j
a. A positive decimal value indicates the one-sided limit is -+-co Vf‘ !
b. A negative decimal value indicates the one-sided limit is oo : gﬁ‘f
P XL cZ‘f' (N j X= ek,
Example 2: Determine lim f(x) for f (x) = xl x,,,' K 52”52 w
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Find the following:
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Non-AP Calculus 1.4-1.5 Continuity/IVT/Limits Classwork Problems

Non-Removable discontinuity: point where graph is not continuous and Limit does not exist

Removable Discontinuity: point where graph is not continuous but the [imit

Ke [

exists

1) Identify values of x and determine the types of discontinuity for the below graph:

Non-Removable Discontinuity: -
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Removable Discontinuity:
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2) Identify values of x and determine the types of discontinuity for the below graph:
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Non-Removable Discontinuity:

X:-«Q«

Removable Discontinuity:

X=3
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Continuity Conditions

1. f(c) is defined (point exists on the graph)
2. The lim,._ f(x) exists [lim,¢+ f(x) = lim, - f(x) ]

3. flc) =lim,._, f(x)

3)  Use the definition of continuity

determine whether the function f(x)

graphed below is continuous at x= 2.

H+(2)=0
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4)  Use the definition of continuity
determine whether the function f(x)

graphed below is continuous at x= -6.
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Continuity Conditions

i) f{c) is defined (point exists on the graph)

i) The limy_.f(x) exists [lim, ¢+ £(x) = limy - F(x) ]

i) fc) = limy, f(x)
Use Continuity Conditions to show that f(x) is discontinuous at a point and state reason for discontinuity. Then
determine if the discontinuity is removable or non-removable and state why.
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Find the following:
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Finding a One-Sided Limit In Exercises 33-48, find the
one-sided Limit (f it exists), | ‘
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Calculus

Ch, 3.5 Notes

Limits at Infinity { End behavior)

A. Checking for Horizontal Asymptotes (H.A) (}glrg) fx) or xgtnmf(x))

px)

If f(x) = provy then compare the degrees between numerator and denominator

i) If Numerator degree < Denominator degree, then the H.A. is y = 0

Example 1: lim 2527 = O
xample x-00 2x3+1 . .

. : - X \ numerator coef ficient

i) If Denominator degree = Numerator degree, thenHA. isy = denominator coef ficlont
Example 2: Jim Szx *3 ,ﬂm S‘x +3 - ,5:

X200 2X“+4x~9 cQ. 35 0 ‘qu%{‘“%
i) = If Numerator degree > Denomlnator degree, then H.A. does not exist {limit is therefore
+00 07 — 00) wetxsee L o 2w -
v g Y

Example 3: lim
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Note: a H.A. is a description of end behavior, not a boundary that the graph can't cross. A function can NEVER

cross a vertical asymptote, but it might cross a horizontal asymptote.
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B. Firiding Horizontal Asymptotes with Radicals in denominator

Ex. 10: Find the Horizontal asymptotes for:
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C. Comparative Growth Rates

*Families of Functions grow at predictable rates in relations to
each other as x approaches oo

{fastest)

(slowest)
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*Logarithms < Radicals < Polynomial (Algebraic) < Exponential
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*Note: Comparative Growth Rates relationship only apply when limit approaches infinity. (NOT —0)
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