/ Calculus Ch. 3.1 Notes: Extrema and Critical Points

Extrema : maximums and minimums Closed interval
. Relative (local) '
«— maximum AND

Relative (local) absolute : absolute

maximum ____ maximum maximum only

\ Relative (local)

minimum and
absolute minimum

Relative (local)
minimum

Open Interval

Relative {local) extrema: any “hills and valleys” of graph

No absolute
. . . maximum
Absolute (global) extrema: highest or lowest points on the entire graph
*holes and +o0 can not be considered as absolute extrema.
Relative (local)

minimum and
absolute minimum

Extreme Value Theorem: If a function is continuous on a closed interval, then it has both an

(absolute) minimum and an (absolute) maximum on that interval.

Fermat’s Theorem: If a function is continuous on a closed interval, then the absolute extreme will

either be at the a) critical numbers or b) at an endpoint.

Critical numbers (values) : x-values in the domain of a function where the derivative of a function is

either 0 or undefined.

*Relative extrema ONLY occur at critical numbers, but not all critical numbers are where relative

extrema occur.

*Maximum and minimum values refer to the y-values of the point.




-Steps:

1. Find critical points
a. Setf(x) =0 N
b. Find where () is undefined (Set denominator of £(x)=0)

2. Plug all critical points and endpoints into f{(x)

3. C‘ompare y-values to determine absolute maximum(s) and absolute minimum(s)

Find all critical numbers for each. What are the values of the absolute extrema?

Example 1: f(X)=3X4——4x3 on [0, 2]
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Calculus Ch. 3.2 Notes: Mean Value Theorem (MVT) and Rolle’s Theorem

Mean Value Theorem (MVT): If a function, f(x), is continuous on [a, b] énd differentiable on (a, b),
then there must be at least one point, ¢ in (a, b) where the slope of the tangent (derivative) is equal to the
JSb)-f(a)

b—a

slope of the secant. f'(¢c) =

*In other words, set the derivative equal to the slope between endpoints (mavg.) *

—'"/7/ 7 £(b)-fla)
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'{'VCC) P b-a

MVT Steps:

1. Check Continuity (no breaks between endpoints)
a. Does f(x) have variables in the denominator? ( V.A. or holes)
b. If so, then look to see if the x-value lies in the closed interval [a, b]
c. If the x lies between the interval, then function is not continuous on the interval, MVT fails
2. Check Differentiability (smooth curve between endpoints)
a.- Does f’(x) have variables in the denominator? ( sharp points, slope undefined)
- b. Ifyes, then look to see if the x-value lies in the open interval (a, b)
¢. Ifthe x lies between the interval, then function is not differentiable on the interval, MVT fails-

**Note, all polynomials are continuous and differentiable everywhere**

3. Find maye. (This is the slope between your endpomts slope of secant line)
4. Set f’(x) Mayg and solve for x

Example 1: Determine if the mean value theorem can be applied to f(x) =2x> + x + 4 on the
interval [-2, 1]. If so, find the value of ¢ based on the theorem.
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Rolle's Theorem: If a function, f(x) is continuous on [a, b], differentiable on (a, b), and f(a) = f{(b), then
there must be at least one point on the function where the slope of the tangent (derivative) is 0.

*In other words, if the endpoints have the same y-values, then we can guarantee a relative maximum or .

relative minimum somewhere between the endpoints

*Rolle’s Theorem is just a specific case of the Mean Value Theorem

Rolle’s Theorem Steps:

1. Check Continuity (no breaks between endpoints) |
2. Check Differentiability (smooth curve between endpoints)

**Note, all polynomials are continuous and differentiable everywhere**

3. Test endpoints. Does f(a ) = f(b)? If not ,then Rdlle’_s fails / does not apply
4. 1If yes, then set £(x) ='0 and solve for x

e

D g

Example 2: Determine if Rolle's theorem can be applied to f(x) = x> — 3x + 2 on the interval [1, 2]. If

so, find the value of ¢ such that £'(c) = 0.
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Example 3: Determine if Rolle’s theorem can be applied for f(x) =3 - |[x - 3| on [0, 6]
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Calculus Ch. 3.3 Notes: First Derivative Test

! . f ' L e , > 3
What does the derivative represent? S ; & !‘3«& sf(g ‘Ii'-f“g "':'}’ ¢ ﬂ‘(’ /g”%& 7@* TU ﬁé%f&‘i" ( ¢ M&"ﬁe‘ﬂ?ﬁ._}

£
When the function is increasing, what is common about the derivatives at those points? v ( 3‘53 70

)<o

When the function is decreasing, what is common about the derivatives at those points? 'P (/ X

When £'(x) > 0, £x) IS _increéa sing
When f'(x) <0, 4 ( :é} (3 o{ji?wgw}ng
When f'(x) =0, ”F«,/)d} i's M%Sféz’}”f) (A@ ;Léﬂ('d iy~ (j%, i s Mﬁmﬁ

First Del'iv:_i;_tive Test Steps (Finds inc/dec and relative max/min)

1. Find f’(x), set equal to zero
a. .Find critical points from BOTH numerator and denominator
b. - Remember; critical points-also exist where function-is-not differentiable (sharp-point)
2. Put all critical points on sign line
3. Test intervals ‘
a. Plug values into f’(x) to determine slope
i. Positive (+) means increasing slope
ii. Negative( — ) means decreasing slope
%4 erte Because Statements
"Ta. f(x) increasing in interval (a,b) b/lc £’(x)>0
b.” f(x) decreasing in interval (a,b) ble £’(x)<0
c. Relative max at ( a, f(a) ) b/c f °(x) changes from + to —
d. Relative min at ( a, f(a) ) b/c f ‘(x) changes from — to +

Example 1: Determine the intervals at which the function f(x) = -;—xs + ;xz — 6x — 3 is increasing and

decreasing. Locate the relative extrema. »
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- | 3. Testintervals
First Derivative Test Steps (Finds inc/dec and relative max/min) a.  Plug values into f'(x) to determine slope
i. Positive (+) means increasing slope
ii. Negative(~ ) means decreasing slope
1. Find f(x), set equal to zero b
a.  Find critical points from BOTH numerator and denominator 4. Write Because Statements ‘
b. Remember, critical points also exist where function is not a.  f(x) increasing in interval (a,b) b/c £°(x)>0
differentiable (sharp point) b. f(x) decreasing in interval (a,b) b/c £’(x) <0
2. - Put all critical points on sign line ¢. Relative max at ( a, f(a) ) b/c f ‘(x) changes from + to —
d. Relative min at ( a, f(a) ) b/c f *(x) changes from —to +

is increasing and decreasing. Locate

Example 2: Determine the intervals at which the function f(x) = Sx+2

the relative extrema.
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Calculus Ch. 3.4 Notes: “Concavity Test” and the 2™ Dérivative Test

T
sy

Are both of these functions increasing? /€3 What do we know about their derivatives? ’V Aé’ ‘)‘P
Concowe Lp . concante dpurn 7 h!osz rs cﬁmzjfi:;f,
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1) Iff"(x) is > 0, then £'(x) is increasing and f(x) is concave up. g-
2) Iff"(x)1is <0, then f'(x) is decreasing and f(x) is concave down.
3) A Point of Inflection (POI) occurs whenever f "(x) changes sign. (f(x) changes concavity) PGI'
“Concavity Test” Steps (Finding interval Concave Up/Dowﬁ and POI) ' \ \Z

1. Find f " (x), set equal to zero
a.  Find critical points from BOTH numerator and denominator

2. Put all critical points on sign line U
3. Test intervals : -
a. Plug values into f "(x) to determine concavity : }

i. " Positive (+) means concave up
ii. Negative( —) means concave down
4, Write Because Statements
. Concave up in interval (a,b) b/c x>0
b. Concave down in interval (a,b) b/c £°(x) <0
5. Point of Inflection at ( a, f(a) Yb/c f "(x) changes signs

*Note: POl may exist on graph where f *(x) does not exist (sharp po .J}t-lt) POI e:?sts as long as graph is continuous and
f "(x) changes concavity (change of signs) o vehi, W, 1@ }?
. , : 19

Example 1: Find the points of inflection if f‘(x) —2x5 + = x3 - sfh“éf?fiv’a \
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.The 2™ Derivative Test

*The 2™ derivative test is a test for relative extrema (max/min) and NOT for Point of Inflection*

*The 2™ derivative test achieves the same as the 1% derivative test, | g
1) If you plug a critical number from £(x) into f ”(x) and if f”(x) >0, then that is the x-value of the relative minimum

2) If you plug a critical number from £(x) into f "(x) and if f"(x) <0, then that is the x-value of the relative maximum

3) If you plug a critical number from ’(x) into f ”(x) and if f "(x) =0, then the test is inconclusive. We need the first
derivative test to determine if critical number is a relative extrema.
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2" Derivative Test Ste s (Test for Relative Extrema, NOT Point of Inflection) iax a,’ff‘ = C)

1. Find £(x), set equal to zero

a. Find critical points. Set numerator and denominator of fx)=0. (These are candidates for relative max/min)
. Find f "(x)
3. Plug the critical points (from step #1) into f "(x).
a. Ifresultis positive value, then £°(x) > 0, concave.up, and therefore relative minimum exists at x-value
b. Ifresultis negative value, then £’°(x) <0, concave down, and therefore relative maximum exists at x-value

c. fresultiszero, then since £°(x) = 0, then this test is mconcluswe We cannot determine whether relative extrema
exists. (Use First Derivative Test)

Example 2: Find the relative extrema of f(x) = x* — 4x* - 3x ’W Ms/y ‘Q /}ﬁ?/llim Jﬁ/“a ﬁﬁ%
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