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2-1. If 23 is written as the sum of the squares of 4 positive integers (not
necessarily different), what is the largest square in this sum?

Answer Column

2-1.

2-2. One side of an equilateral triangle is the
diameter of a circle, and one vertex of
the triangle lies on a larger circle, con-
centric with the smaller circle, as shown.
If the area of the smaller circle is 167,
what is the area of the larger circle?

2-3. When ten mathletes huddled to-
gether, they spaced themselves
equally around a circle. The sum
of the numbers on their uniforms
was 300. If each number was the
average of the two numbers near-
est it, what was the largest of the
ten numbers on their uniforms?

2-3.

2-4. What are all real values of x # 0 that satisfy lxl’cz‘x'2 < 1?

2-4.

2-5. What is the smallest integer x > 1 for which VxVxv% is an integer?

2-5.

2-6. The length of each side of a triangle is the reciprocal of a different
integer. If one of these integers is 2015, what is the least possible
sum of the other two integers?
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Contest # 2

Answers & Solutions

11/10/15

Problem 2-1

Since 23 = 9 + 9 + 4 + 1, the largest square in this
sum is El

[By Lagrange’s 4-Square Theorem, every positive integer
can be written as the sum of the squares of 4 inte-
gers. This is the only way to write 23 as such a sum.]

Problem 2-2

The area of the smaller circle is
167, so its radius is 4 and a side A

of the triangle is 8. The larger m
. . . 4
circle’s radius, an altitude of the '

triangle, is 4v3. The larger cir-

cle’s area is T(4V3)% = .

Problem 2-3

We -shall show that all-ten-numbers are equal. If not,
then look at the largest one, which is the average of
~ its two nearest neighbors. If one neighbor were small-
er, the other would have to be larger. This is impossi-
ble, so all three are equal. Similarly, all ten numbers
must be equal, so each of the ten numbers is .

Problem 2-4

Clearly, |x| # 1. To find solutions, consider 2 cases:

Case I: If |x| > 1, the exponent must be negative.
Since x*—x—2 = (x=2)(x+1) < 04 -1 < x < 2, the
solutions in the interval |x| > 1 are {x|1 < x < 2}.

Case II: If |x| < 1, the exponent must be positive.
Since Z—x—2 = —=2)+1) >0 x < -l orx > 2,
there are no solutions in the interval |x| < 1.

Only Case I works, so the solutions are .

Problem 2-5
Method I: Square each side of n = YxVxvx 3 times

to get n® = x7. If this has a solution in integers, n
must be the 7th power of some integer and x must be
the 8th power of an integer. The smallest such x > 1

must be the 8th power of 2, so x = 28 = m

Method II: The innermost x will have its square root
taken three times in succession, so the least x > 1 for
which x\/o—c_\/.a—c is an integer must be a power of 2 for
which the exponent can be divided by 2 three times in
succession. That means that the exponent is 2° = 8,

sox = 28 = 256.

Problem 2-6
Call the integers a, b, 2015. To minimize a+b, make

a < b < 2015. In any triangle, the longest side < the

. , 1 1, 1 _2015+b
sum of the other sides, so - <73 +—————2015 S0T5E

2015b _ 20156
a> Lo < atb > 512015 + b. This inequali-

ty's right side is increasing as b increases. Its least val-

ue corresponds to b's least value. Since b > a, b’s least
value is a+1. The greater the sum on the right, the
1, i ince L 1
greater — is (<= the less a is). Since ~ < @D
we get a 24+a-2015 > 0. Equality occurs when

> 44.39. Thus, a =

+

2015 ’
-1+vB06L _ -1+89.783...
2 2

45 and a+b = 45+46 = [91].

a =
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