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* Use properties of the dot product of two vectors.
* Find the angle between two vectors using the dot product.
¢ Find the direction cosines of a vector in space.

* Find the projection of a vector onto another vector.

* Use vectors to find the work done by a constant force.

The Dot Product

So far you have studied two operations with vectors—vector addition and multiplica-
tion by a scalar—each of which yields another vector. In this section you will study a

third vector operation, called the dot product. This product yields a scalar, rather than
a vector.

Definition of Dot Product . |

The dot product of u = (u;, u,) and v = (v, v,) is
u-v=uyv + u,v,

The dot product of u = (u,, u,, u;) and v = (v,, Vy, V3 i8

UV =uyv + U, + ugv,.

NOTE Because the dot product of two vectors yields a scalar, it is also called the inner
product (or scalar product) of the two vectors.

"THEOREM [1.4 Prop

fes of the Dot Product
Let u, v, and w be vectors in the plane or in space and let ¢ be a scalar.
lLL.u-v=v-u . Commutative Property
22u-(v+w=u-v+u-w Distributive Property
Jcurv)=cu-v=u-cv

4.0-v=0

5. v.v=|v|? S

Proof To prove the first property, let u = (u,, u,, uz) and v = (vy, v, vy). Then
WV =uv; + uyv, + ugvg ‘
Viity + vou, + vau,
=Vv-u
For the fifth property, let v = (v, v,, v,). Then
Vev=vZ+ 2 +v?
(T e)
=|vIP.

Proofs of the other properties are left to you.




782 CHAPTER 11 Vectors and the Geometry of Space

EXAMPLE I Finding Dot Products

Givenu = (2, —2), v = (5, 8), and w = (—4, 3), find each of the following
au-v b. (u - v)w

u- (2v)

Solution

au-v={(2-2)-(5,8) =25 + (-2)@8) = -

b. (u - v)w = —6(—4,3) = (24, —18)

c.u-(2v) =2u-v) =2(—6)=—12 Theorem 11.4

d. ”W”2 =W*'WwW Theorem 11.4

- (—4,3) - (—4,3) 4 Substitute {—4, 3) for w.

(—4)(—4) + 3)(3) : Definition of dot product
25 Simplify.

Notice that the result of part (b) is a vector quantity, whereas the results of th
three parts are scalar quantities.

Angle Between Two Vectors

The angle between two nonzero vectors is the angle 6, 0 < 6 < , betwe
respective standard position vectors, as shown in Figure 11.24. The nex
shows how to find this angle using the dot product. (Note that the angle bet’
zero vector and another vector is not defined here.)

Origin
: If 6 is the angle between two nonzero vectors u and v, then
The angle between two vectors :

Figure 11.24

u .
cos 0 = 7.
[l vl

Proof Consider the triangle determined by vectors u, v, and v — u, as sh
Figure 11.24. By the Law of Cosines, you can write

lv = ulP = ul? + [v|* - 2fuf {|v] cos 6.
Using the properties of the dot product, the left side can be rewritten as
[v-up=@(-u-(v-u
=v-uw-v—(v—u)-u
vev—u*v—-v-u+u-u
=|[v[P — 20 - v + [[u]?
and substitution back into the Law of Cosines yields
IvIP — 20 - v + [uf? = [[ul? + [|v|* — 2[uf |v] cos 6
~2u - v = —2/ul|v| cos @

_u-v
%0 Tullvl
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If the angle between two vectors is known, rewriting Theorem 11.5 in the form
Cuey = u”” v]cos 6 Alternative form of dot product

produces an alternative way to calculate the dot product. From this form, you can see
that because [[u|| and ||v| are always positive, u - v and cos @ will always have the
same sign. Figure 11.25 shows the possible orientations of two vectors.

Opposite u.-v<(0 u.-v=0 u-v>0 Same
direction ) direction
AL N he /
. U
Sou v : v A 2 v v
0= T/2 <0< 0=1/2 0<O<m/2 6=0
s = —1 —l<cosf<0 cos@=0 O<cosf<1 cosh=1

Figure 11.25

From Theorem 11.5, you can see that two nonzero vectors meet at a right angle
if and only if their dot product is zero. Two such vectors are said to be orthogonal.

Definition of Orthogonal Vectors -

The vectors u and v are orthogonal ifu + v = (,

NOTE The terms “perpendicular,” “orthogonal,” and “normal” all mean essentially the same
thing—meeting at right angles. However, it is common to say that two vectors are orthogonal,
two lines or planes are perpendicular, and a vector is normal to a given line or plane.

From this definition, it follows that the zero vector is orthogonal to every vector
u, because 0 - u = 0. Moreover, for0 < 6 < 7, you know that cos 8 = 0 if and only
if @ = 7/2. So, you can use Theorem 11.5 to conclude that two nonzero vectors are
orthogonal if and only if the angle between them is 7/2.

EXAMPLE 2  Finding the Angle Between Two Vectors

L T

Foru =3, -1,2),v = (-4,0,2), w = (1, =1, —2), and z = (2, 0, — 1), find the
angle between each pair of vectors.

a. uand v b. wand w ¢c. vand z

Solution ' .
u-v _ —1240+4 -3 —4

WVl ™~ 14y~ 27ias5 ~ g

—4
Becauseu * v < 0, 9 = ar —=== 2.069 radians.
CCOS N s

a. cos f =

u-w _3+1-4 __0 _ 0
lulllwl — /146 ~ /s
Because u * w = 0, w and w are orthogonal. So, 0 = /2.
vez _ ~8+0~-2_ -10 _
Avllllzl 2005~ 100

Consequently, § = 7. Note that v and z are parallel, with v = —2z, AN

b. cos § =

C. cos § =

.
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Direction Cosines

For a vector in the plane, you have seen that it is convenient to measure dir
terms of the angle, measured counterclockwise, from the positive x-axis fo th;
In space it is more convenient to measure direction in terms of the angles be
nonzero vector v and the three unit vectors i, j, and k, as shown in Figure 171
angles a, B, and 1y are the direction angles of v, and cos a, cos B, and co,
direction cosines of v. Because

v i=|v|llli] cos @ = |v|cos @

Ved=(v,v,v) - (1,0,0) = v,

X
it follows that cos @ = v, /||v||. By similar reasoning with the unit vectors j an

irecti
Direction angles have

Figure 11.26

cos o = D1 : « is the angle between v and
vl |
cos B = “1;—2” B is the angle between v and

v
Cos Yy = “_"3ﬂ v is the angle between v and k:
Consequently, any nonzero vector v in space has the normalized form
Va .

v V. V3
=l + + =%k = cos ai + cos Bj + cos yk
I~ P & Y

and because v/ v| is a unit vector, it follows that

cos? @ + cos? B + cos?y = 1.

EXAMPLE 3 Finding Direction Angles
L] .

Find the direction cosines and angles for the vector v = 2i + 3j + 4k, and s
cos? a + cos? B + cos? y = 1.

o= angle between vandi Solution Because [v = V22 + 32 + 42 = /29, you can write the followi

B = angle between v and j
¥ = angle between v and k

v 2
~ cosa = = e a = 68.2° Angle between v and i

vl 29
cos B = ”1;—2” = i 55 B =~ 56.1° Angle between. v jandj
cosy = HVTSII = % y = 42.0° Angle between v and k

Furthermore, the sum of the squares of the direction cosines is
4 9 16
2972072
=2

29
= 1.

cos?a + cos? B + cos2 y =

The direction angles of v r : :
Figure 11.27 See Figure 11.27.
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Projections and Vector Components

You have already seen applications in which two vectors are added to produce a
resultant vector. Many applications in physics and engineering pose the reverse
problem—decomposing a given vector into the sum of two vector components. The
following physical example enables you to see the usefulness of this procedure.

“Consider a boat on an inclined ramp, as shown in Figure 11.28. The force F due
to gravity pulls the boat down the ramp and against the ramp. These two forces, w,
and w,, are orthogonal—they are called the vector components of F.

F=w +w, Vector components of F

The forces w, and w, help you analyze the effect of gravity on the boat. For example,
w, indicates the force necessary to keep the boat from rolling down the ramp, whereas
W, indicates the force that the tires must withstand.

Let u and v be nonzero vectors. Moreover, let u = w; + w,, where w, is
parallel to v and w, is orthogonal to v, as shown in Figure 11.29.

1. w, is called the prejection of u onto v or the vector compbnent of u along
v, and is denoted by w; = proj.u.

2. w, = u — w, is called the vector component of u orthogonal to v.

0 is acute. 6 is obtuse.
____________________ I  REEEE R
1 1
! 1
! 1
! '
' |
u ' ! u
1
W2 . : W2
! '
' ]
1
' | 9
! !
0 v ' ! \ A4 ;
\ J W
ﬁwl 1 9

W, = proj,u = projection of u onto v = vector component of u along v
W, = vector component of u orthogonal to v
Figure 11.29

EXAMPLE 4 Finding a Vector Component of u Orthogonal to v
L ]
Find the vector component of u = (7, 4) that is orthogonal to v = (2, 3), given that
w; = proj,u = (4, 6) and
u=<(7,4)=w, +w,
Solution Because u = w; + w,, where w, is parallel to v, it follows that w,, is the
vector component of u orthogonal to v. So, you have
W, =u-—w,
= (3, -2).

Check to see that w, is orthogonal to v, as shown in Figure 11.30.

il

oy A1
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NOTE Note the distinction between
the terms “component” and “vector com-
ponent.” For example, using the standard
‘unit vectors with u = ui + Uyj, u, is
the component of w in the direction of i
-and u,i is the vector component in the
direction of i.

u=w +w,
Figure 11.31

Figure 11.32

vectorsu = 3i ~ 5j 4+ 2k and v = 7i + j — 2k shown in Figure 11.31.

direction of the ramp, as follows.

The magnitude of this forceé is 300, and therefore a force of 300 pounds is req
*keep the boat from rolling down the ramp. ;

From Example 4, you can see that it is easy to find the vector componep
you have found the projection, w,, of u onto v. To find this projection, ug
product given in the theorem below, which you will prove in Exercise 90.

THEOREM 11,6 Projection ':U‘si‘ngv't_he5‘b§t'iProdu]¢gf‘

If u and v are nonzero vectors, then the projection of u onto v is given by

proj,u = (lfITHZV) v.

the direction of v, That is,

| (IIIIT.HZY)vz (lﬂTﬁﬁ: (k)n%” | kleT‘;,IY:'lPllCos 6.

The scalar  is called the component of u in the direction of v.

Find the projection of u onto v and the vector component of u orthogonal to 3

Solution The projection of u onto v is

u-v 12 ' 14, 2. 4
= | — = { — i i — = 3 4+ =] — = .
w, (HVIF)V (54>(71 +_!] 2k) ol ty 9k
The vector component of u orthog{';nal to v is the vector

w2=u—wl=(3i—5j+2k)—(%i+§j—’gk)=19—3i—%7—j

EXAMPLE 6 Finding a Force
TR

A 600-pound boat sits on a ramp inclined at 30°, as shown in Figure 11.32. Wh
is required to keep the boat from rolling down the ramp? :

. . ‘ ‘
Solution Because the force due to gravity is vertical and downward, -
represent the gravitational force by the vector F = — 600j. To find the force
to keep the boat from rolling down the ramp, project F onto a unit vector

vV =cos 30° + sin 30°% = %gi + %_] Unit vector along ramp

Therefore, the projection of F onto v is given by

4

Wi = proj, F = (l,TVTZV)v =(F-vv= (—600)(%)v = —300 ‘/75 +
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3

Work
) The work W done by the constant force F acting along the line of motion of an object
F is given by
s T Ry —
' = (magnitude of force)(distance) = |[F| | PQ|
P " Qa5 shown in Figure 11.33(a). If the constant force F is not directed along the line of
Work = ||F|||| PG|l motion, you can see from Figure 11.33(b) that the work W done by the force is
wce acts along the line of motion. W = |lprojzsF|[|PQ|| = (cos 6)|F||| PG| = F - PQ.
This notion of work is summarized in the following definition.
F/
| K6 v o .
— o Definition of Work ;
projpg F . . Ll
The work W W done by a constant force F as its point of apphcat10n moves along
P Q2 the vector PQ is given by either of the following.
Work = I|proj17Q- FlllIPoll 1. W= ”pI‘OJT,Q‘ F| ”PQ i Projection form
rce acts at angle @ with the line of motion —
e 11.33 2. W=F - PQ Dot product form

EXAMPLE 7 Finding Work
PRSI

To close a sliding door, a person pulls on a rope with a constant force of 50 pounds at
a constant angle of 60°, as shown in Figure 11.34. Find the work done in moving the
door 12 feet to its closed position.

. Solution Using a projection, you can calculate the work as follows.
y = ||projz5 F|| IP0| Projection form for work
= c08(60°) gz
- = %(50)(12)
= 300 foot-pounds ' o —

xercises 1-8, find (a) u - v, (b) u - u, (c) [|uj?, (d) (u - vy, B.u=3i+jv=~2i+4j

©u-: 2v). . ”
14. u = cos|—Ji + sin| = j
=(3,4), v=4(2,-3) 2. u=(410), v=(-23) (6) (6)

= <51 _1>a ‘v= <_3’ 2) 4. u-= (—45 8)5 v= <69 3) V= COS(ST”T)i + Sln<—3'4z>j .
=(2,~-3,4), v=4(0,6,5) 6. u=14i, v=i . .
oo Y 15. u = (1,1, 1) 16. u = 3i + 2j + k
n=2i-j+k 8. u=2i+j-2% . .
: . . ] v=(21-1) v =2i— 3j
v=i—-k v=i-3j+2k ] .
17. u = 3i + 4j 18. u=2i —-3j+Kk
Exercises 9 and 10, find u - v. v=—2j+3k v=i-2j+k
: uf| =8, |[v]l = 5, and the angle between w and v is 7/3. In Exercises 19-26, determine whether u and v are orthogonal,
[u]| = 40, ||v| = 25, and the angle between u and v is 5 /6. parallel, or neither.

19. u=(4,0), v=(1,1)

Exercises 11-18, find the angle @ between the vectors. 3 1
: ; 20. u =(2,18), v= (5, —g)

u={(1,1),v=(2, —2) 12. u = (3,1),v = (2, - 1)
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21. u = (4,3) 22, u = —§(i - 2j)
v={(3-9 V=24

23. u=j+ 6k 24, u=-2i+3j—-k
v=i-2j-k v=2i+j-k

25.u=(2,-3,1) 26. u = {cos 6, sin 6, — 1)
v=(-1,-1,-1) v = (sin 6, —cos 6,0)

In A*Exercises 27-30, the vertices of a triangle are given.
Determine whether the triangle is an acute triangle, an obtuse
triangle, or a right triangle. Explain your reasoning,

27. (1,20),(0,0,0), (2,1, 0)

28. (—3,0,0),(0,0,0),(1,2,3)

29. (2,-3,4),(0,1,2),(—1,2,0)

30' (2, —75 3): (_1» 5; 8)3 (47 6, - 1)

In Exercises 31-34, find the direction cosines of u and demon-
strate that the sum of the squares of the direction cosines is 1.

M.u=i+2j+2k

.u=35i+3—-k
33. u = (0,6, —4)
34. u = {a, b, c)

In Exercises 35-38, find the direction angles of the vector.

35. u = 3i + 2j — 2k 36. u= —4i + 3j + 5k
37.u=(152) 38. u=(-2,61)

% In Exercises 39 and 40, use a graphing utility to find the
magnitude and direction angles of the resultant of forces F, and
F, with initial points at the origin. The magnitude and terminal
point of each vector are given.

Vector Magnitude Terminal Point
39. F, 50Ib (10,5, 3)
F, 80 1b (12,7, -5)
40. F, 300N (—20, —10,5)
F, 100N (5,15,0)

41. Load-Supporting Cables A load is supported by three cables,
as shown in the figure. Find the direction angles of the load-

supporting cable OA.
(-4,-6,10) |
B‘
4, -6, 10) (0, 10, 10)
[J L ]
C A

42. Load-Supporting Cables The tension.in the cable OA in
Exercise 41 is 200 newtons. Determine the weight of the load.

In Exercises 43—46, find the component of u that is ort
to v, given w, = proj,u.

43. u = (6,7), v=(1,4), proju=(2,8)
4. u=(9,7), v=¢(1,3), proju=(3,9)
45. u=1(0,3,3), v=(—1,1,1), projju=(—2,2,2
46. u = (8,2,0), v =:(2,1,-1), projou = (6,3, —3

In Exercises 47-50, (a) find the projection of u onto
(b) find the vector component of u orthogonal to v.

47. u=(2,3), v=¢(51) 48. u = (2,-3), v ;
49. u=(21,2) 50. u = (1,0,4)
v=1{0,3,4) v=(30,2)

55

58

S1.
52.

53.

54,

56.
57.

Define the dot product of vectors u and v.

State the definition of orthogonal vectors. If vects
neither parallel nor orthogonal, how do you find the
between them? Explain.

What is known about 6, the angle between two n
vectors u and v, if

@u-v=07 (M u-v>07 ()u-v<0

Determine which of the following are defined for»n
vectors u, v, and w. Explain your reasoning. :

@u-(v+w) (b) @-vw

@u-v+w (@ [u]-(+w
Describe direction cosines and direction angles of a ve
Give a geometric description of the projection of u

What can be said about the vectors u and v if
projection of u onto v equals u and (b) the projectio
onto v equals 0?

If the projection of u onto v has the same magnitude
projection of v onto u, can you conclude that |jul|
Explain.

59. Revenue The vector u = (3240, 1450, 2235) giv
numbers of hamburgers, chicken sandwiches, and chees
respectively, sold at a fast-food restaurant in one wee
vector v = (1.35, 2.65, 1.85) gives the prices (in dollars) p
for the three food items. Find the dot product u « v, and €
what information it gives. .

60. Revenue Repeat Exercise 59 after increasing prices b
Identify the vector operation used to increase prices by 4

61. Programming Given vectors u and v in component
write a program for a graphing utility in which the ou
(@) |u], ®) ||v]}, and (c) the angle between u and v.
62. Programming Use the program you wrote in Exercise
find the angle between the vectors u = (8, —4,2
v=14(2,5,2).
63. Programming Given vectors u and v in component
write a program for a graphing utility in which the outpu
component form of the projection of u onto v.




rogramming Use the program you wrote in Exercise 63 to
nd the projection of u onto v for u = (5,6,2) and
(—1,3,4).

About It In Exercises 65 and 66, use the figure to
mine mentally the projection of u onto v. (The coordinates
¢ terminal points of thé vectors in standard position are
n.) Verify your results analytically.

y 66. y
6.4)
T 64
g 69
v -t
L v
————t—x B 7 i e e S B
4\l 23456 “2“*246
u _ e
(2,-3) }:(_3’ -2)

xercises 67-70, find two vectors in opposite directions that
yrthogonal to the vector u. (The answers are not unique.)

68. u =
70. u

=21 -3
=(3,1,-2)

~8i + 3j
(0’ - 3’ 6)

raking Load A 48,000-pound truck is parked on a 10° slope
see figure). Assume the only force to overcome is that due to
vity. Find (a) the force required to keep the truck from
olling down the hill and (b) the force perpendicular to the hill.

(5,-5,20) 4B
ce 24 (-5,-5,20)

Figure for 72

ad-Supporting Cables Find the magnitude of the projec-
on of the load-supporting cable OA onto the positive z-axis as
hown in the figure.

Work  An object is pulled 10 feet across a floor, using a force
of 85 pounds. The direction of the force is 60° above the
horizontal (see figure). Find the work done.

Figure for 74
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74. Work A toy wagon is pulled by exerting a force of 25 pounds
on a handle that makes a 20° angle with the horizontal (see
figure in left column). Find the work done in pulling the wagon
50 feet.

True or False? In Exercises 75 and 76, determine whether the

statement is true or false. If it is false, explain why or give an

example that shows it is false,

75. fu-v=u-wandu # 0, thenv = w.

76. If u and'v are orthogonal to w, then u + v is orthogonal to w.

77. Find the angle between a cube’s diagonal and one of its edges.

78. Find the angle between the diagonal of a cube and the diagonal
of one of its sides.

In Exercises 79-82, (a) find the unit tangent vectors to each
curve at their points of intersection and (b) find the angles
(0 < 6 < 90°) between the curves at their points of intersection,
79. y=2x%, y=xl/3

80. y=x3, y=x/3

8LLy=1-x% y=x2-1

8. (y+ 1P =x y=28-1

83. Use vectors to prove that the diagonals of a rhombus are
perpendicular. v

84

Use vectors to prove that a parallelogram is a rectangle if and
only if its diagonals are equal in length.

Bond Angle Consider a regular tetrahedron with vertices
(0,0,0), (£, &,0), (k,0,k), and (0, k, k), where k is a positive
real number.

(a) Sketch the graph of the tetrahedron.
(b) Find the length of each edge.
() Find the angle between any two edges.

85

(d) Find the angle between the line segments from the centroid
(k/2, k/2, k/2) to two vertices. This is the bond angle for a
molecule such as CH,, or PbCl,, where the structure of the
molecule is a tetrahedron.

86. Consider the vectors

u = (cos a, sin a, 0)
and
v = (cos B, sin 3, 0)

where a > B. Find the dot product of the vectors and use the_
result to prove the identity

cos(a — B) = cos a cos B + sin a sin .

87. Prove that [lu — v|> = a2 + ||v|? ~ 2u - v. |

88. Prove the Cauchy-Schwarz Inequality |u - v| < |[u]||v].
89. Prove the triangle inequality [u + v||'< [lu|| + ||v].

90. Prove Theorem 11.6.

@
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