Calculus Notes Ch. 2.6 - Related Rates

Related Rates: Problems involving finding the rate of change for a variable with respect to time

This is also an application of imyplicit differentiation: Finding derivatives of variables with respect to

time t.

Related Rates Steps:

1.
2.
_3
4.
5.

Write what you are given
Write what you are trying to find

you are either given or are trying to find)"
Differentiate equation with respect to time ¢
Substitute and solve

- *Important Note: Remember that when the item is getting bigger, the rate is positive

If the item is getting smaller, the rate is negative — regardless of direction

-Example:d: The sides of a-square-arerincreasingiat a rate.of 5 com/min... How fast.is the.area.ncreasing when the.sides
measure 15 cm in length? T :

Example 2: A 25 foot ladder is leaning against a vertical wall. The bottom of the ladder is being pulled horizontally away

from the wall at the constant rate of 3 ft / sec. a) How fast is the top of the ladder moving and in what direction when the
bottom of the ladder is 15t from the wall? b) at what rate is the area changing when the bottom of the Jadder is 15 ft from

.the wall? . .



Exémple 3:- A spherical balloon is being inflated at a rate of 10 cubic centimeters per second. Find the rate of change of the Y
surface area of the balloon at the moment when the surface area is 64.

Example 4: Joe is standing 6 miles straight east of Moe. If Joe walks straight noxth at 3 mph while Moe walks straight
south at 1 mph, at what rate is the distance between them changing after 2 hours? . '

Example 5: A conical tank-(vertex down) is 10 feet across the top and 12 feet deep. If water is flowing into the tank at a
rate of 10 cubic feet per minute, find the rate of change of the depth of the water when the water is 8 feet deep.




A.P. Calculus AB  Worksheet 2-6 — Related Rates WS #1

1. A conical water tank with a height of 40 ft and a radius of 30 ft is leaking at the rate of 2 £ / min.
When the height (%) of the water in the tank is 30 ft, at what rate is the height of the water changing?
(Volume of a cone = Lar?h) :

2. The volume of a cube is decreasing at a rate of 10 m® / hour. How fast is the total surface area -

decreasing when the surface areais 54 m>2 :

3.A light is on the top of a 12 ft tall pole and a 5ft tall person is walking away fiom the pole at a rate of
2 ft/sec. " : ‘
(a) At what rate is the tip of the shadow moving away from the pole when the person is 25 ft from the pole?
(b) At what rate is the tip of the shadow moving away from the person when the person is 25 ft from the
pole? ' '



lE " 4. A tank of water in the shape of a cone is lealdné water at a constant rate of 2 ft*/hr. The base radius of

the tank is 5 ft and the height of the tank is 14 ft. -
' (a) At what rate is the depth of the water in the tank changing when the depth of the water is 6 fi?

(b) At what rate is the radius of the top of the water in the tank changing when the depth of the water is 6 ft:

5. Jet A travels due east from San Francisco toward St. Louis at 500 mph. Jet B travels due north from
New Orleans toward St. Louis at 600mph. Find the rate of change of the distance between, the two jets
when they are 300 miles-apart, and jet Ais 100 miles from St, Louis (round answer to 3 decimal places)
*Be suze to draw diagram, and watch your signs!) ' :

6./ The trough shown in the figuré below is 5 feet Iong, and its vertical cross sections are inverted isosceles triangles with base 2
feet and height 3 feet. Water is being siphoned out of the trough at a rate of 2 cubic feet per minute. At any time, 7, let hbe
the'depth and ¥ be the volume of water in the trough. _

) Find the volume of water in the trough when it is full. :
b) What is the rate of change in & at the instant when the trough is ¥4 full by volume?
¢) What is the rate of change in the area of the surface of the water (shaded in the figure) at the instant when the trough is ¥

full by vohime?
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. AP Calculus AB Related Ratesé{é Review

1. Aconical tank (vertex down) full of water is 10 feet across the top and 12 feet deep. If water is flowing out of

the tank at a rate of 12 cubic feet per minute, find the rate at which the water level is dropping when radius of
the water level is 4 ft. '

2. A conical tank-{vertex down) full of water is 10 feet across the top and 12 feet deep. If water is flowing out of
the tank at a rate of 12 cubic feet per minute, find the rate of change of the radius of water level when radius
of the water level is 4 ft.
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3. Helium is pumped into a spherical balloon at the constant rate of 25 ft’/min. At what rate is the surface
area of the balloon increasing the moment when the diameter is 16 {t? V= %m‘?’ S = 4mr?
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4. A 17 ft 1adder is leaning against a wall. If the bottom of the {adder is pulled along the ground away from

the wall at a constant rate of 5 /s, ,
a) how fast will the top of the ladder be moving down the wall when it is 8 ft above the ground?
b) At what rate is the area of the triangle changing when the ladder is 8 ft above ground?
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" 1) 1990 problem #4

/Zalculus AB Related Rates WS #2 -

The radius » of a sphere is increasing at a constant rate of 0.04 centimeters per second.

(Note: the volume of a sphere with radius »is V' = %ﬂ r?)

a) Atthe time when the radius of the sphere is 10 centimeters, what is the rate of increase of its volume?
—b)y~ At the time when the volume-of the-sphere is 36m-cubic centimeters, what is the rate of increase of the area-of a cross section

through the center of the sphere?
¢) At the time when the volume and the radius of the sphere are increasing at the same numerical rate, what is the radins?

Jet A travels due east from San Francisco toward St. Louis at 500 mph. Jet B travels due north from New Orleans toward St.

2.
Louis at 600mph. Find the rate of change of the distance between the two jets when they are 300 miles apart, and jet A is 100
miles from St. Louis (round answer to 3 decimal places) *Be sure to draw diagram, and watch your signs!)
3. A manis driving north at a rate of 17 m/s. He'sees a railroad tr‘ack 20m ahead of him that is perpendicular to 'the road, There is a

train going east on the track crossing the road and the man determines with a radar gun that the engine is 35 m from him and the
distance between his car and the engine is increasing at the rate-of 5 m/s. What is the speed of the train? :

b. What is the rate at which the area of the triangle is changing?
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4. A Irnaxi 5.5 ft tall walks away at a rate of 2 ft/sec away from a lamppost that is 12 feet above ground. When the man is 8 ft away
ffom the base of the light, ‘ '

a. At what rate is the length of his shadow changing? (ans: 1.69 ft/s)

b. At what rate is the tip of his shadow moving? (ans: 3.69 fi/s)

1

5. A spherical balloon is inflated so that its volume s increasing at the rate of 40 cubic feet per minute. How fast is the surface area
of the balloon increasing when the radius is 5 feet? Note: S = 4nr? and V= gan )

6. 2003 AB problem #5 ‘ A coffeepot has the shape of a eylinder with radius
5 inches, as shown in the figure above. Let /2 be the
, depth of the coffee in the pot, measured in inches,
where % is a function of time, #, measured in
seconds. The volume, ¥, of coffee in the pot is

changing at the rate of — 5717\/-]; cubic inches per
second. (The volume of a cylinder with radius » and

dh
height % is V= nr*h.) Find = as a function of .
(This means your answer will contain the variable
k). :

7. Water is leaking out of a full cylindrical container at a rate of 2 in*/hr. The container has a.diameter of 8 in. and height of 12 in.
At what rate is the height of the container changing when the container is half full?

V =m?h



Related Rates Notes 2 - Similar Triangies and Shadow Problems

Example 1:

A man who is 6 feet tall is walking away from a lamp post at a rate of 5 feet per minute.

‘The Jamp post is 20 feet tall. The person casts a shadow on the ground in front of them

a) How fast is the shadow growmg when the person is 30 feet from the lamp post'?
b) How fast is the tip of the shadow moving when the person is 30 ft from the lamp post?

-|-Notes:

1) '% = rate of person walking

2) -3—1—7:»: rate of change of shadow length
3) %’t—c % = rate of change of tip of shadow

2. A street light-is mounted at the top of:a 15 ft pole. A man 5 ft tall walks towards the pole at a
rate of 5ft per second. A) How fast is the tip of his shadow moving when he is 40 ft from the
pole? B) How fast is the length of the shadow changing when he is 40 ft from the pole?



3. A conical tank (vertex down) is 40 feet across the top and 40 feet deep. If water is leaking out
of the tank at a rate of 80 cubic feet per minute, find the rate of change of the radius of the water

when the water is 8 feet deep. (

4,

2003 AB problem #5

smr2h)

A coffeepoet has the shape of a cylinder with
radius 5 inches, as shown in the figure above. Let
h be the depth of the coffee in the pot, measured
in‘inches, where h is a function of time, £,
measured in seconds. The volume, V, of coffeein

the pot is changing at the rate of — 57?«/% cubic
inches per second. (The volume of a cylinder with

' dh
radius r and height h is V=mr2h.) Find -C—Zt— asa

function of 4. (This means your answer will
contain thewvariable h)

Nl



A. More Similar Triangles (Shadow Problem)

£ ~R.0.C. of length of shadow;

oA

dx .
- wtaw =R.0.C. of tip of shadow

. Example 1: A man 6 ft tall walks at a rate of 5 fi/s
towards the lamp post that is 15 f above ground. When
he is 10 ft from the base of the light

a) At what rate is the length of his shadow
changing?

b) . At what rate is the tip of his shadow changing?

Ch. 2.6b More Similar Triangle Related Rates , Linear Approximation, L’ Hopital’s Rule

B. Linear Approximation — Approximating nearby y-
values on a graph using the tangent line equation

Example 2: Use linearization to approximate v9.2 *

Linear approximation steps:

a)
b)
c)
d)
e)

Identify equation and .
Identify ordered pair of nearest integer x-value -
Find derivative to detefmine slope

Find equation of tangent line y—y; = m(x ~x;)
Plug decimal value into tangent line equation to
approximate function value: y(x) = mx + b



Linear approximation steps:
a) *" Identify equation and
b) Identify ordered pair of nearest integer x-value
¢) Find derivative to determine slope
d) Find equation of tangent line y—-n= mx—x%)

¢) Plug decimal value into tangent line equation to approximate function value: y(x) = mx.+b

Example 3: Use linearization to approximate V-8.1

L'Hopital's rule

fG) L@

L'Hopital's rule says that if tim L0220 o lim
x=eglx) 0 x=>¢ g(x) x-¥e g'(x)
. AJx+l-1 le 5: Find 1i x—8
Example 4: Find lim Example 5: Find lim
x>0 X . * ‘3X“"2
Ry 105x2-420x-+420 Db x2-10
Example 6: Find limyp o= ‘Example 7. Find limys pore
’ R . . 3x+1
Example 8: Find limyo 5"*: z Example 9t Find im0 o7 7
32341 3x+1

Example 10: Find .limx_,oo—;_—g

Example 11: Find 1imx_,mg-_—2—x~

N



AP Calculus AB Linear Approximation Homework ' : @

[0

i

1. .Find the local linear approximation of £ (x) = +/x and at @ =1 and use it to approximate +/0.9 and +/11.

1

.
and ——=.
V39 T 41

2. Find the local linear approximation of f(x) = r/l_—_ at a= 4 and use it to approximate
X

“

3. Use an appropriate local linear approximation to estimate the value of the giveri quantity.

a. +/36.1



‘ : Use an appropriate local linear approximation to estimate the value of the given quantity.

c. (1.97)

d. VY158 -

© (3.9)?

1.9v1.9

4 Suppose the only information we have about a function fis that f(1) = 5 and the graph of its derivative
- is as shown below.

a. Use alinear approx1mauon to estimate 7(0.9) and /'(1.1).
b. Are your estimates in part a too large or too small? Explain why
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